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POTENTIAL GENERATED BY ROTATING CHARGED
CYLINDERS

T.-C. Toh™

Lexmark International Inc., 740 W New Circle Rd., Lexington,
KY 40550, USA

Abstract—The potential field generated by two charged cylindrical
perfect electrical conductors sandwiching a dielectric plane of finite
thickness, and the influence of the dielectric plane on the field,
is analysed. In particular, the field profile is examined when the
cylinders are (i) rotating at some constant angular velocities, and
(ii) surrounded, respectively, by uniform dielectric tubes of finite
thickness.

1. INTRODUCTION

A toy model is developed to study the potential field generated by two,
infinitely long, charged cylindrical perfect electrical conductors (PEC)
sandwiching an infinite dielectric plane of finite thickness. This has
obvious applications in the colour laser printer industry. An immediate
application of this work is to determine the force exerted on small
charged particles between a charged cylinder and the dielectric plane;
more precisely, the dynamics of transferring charged particles from a
rotating cylinder onto a moving dielectric plane, where the dielectrics
are assumed to be imperfect. In particular, it provides a foundational
framework for studying toner transfer on a photoconductor onto a belt
in a laser printer — this work is pursued elsewhere.

The paper is organized as follows. Section 2 examines the
potential generated by charged PEC cylinders in the absence of a
tubular dielectric of finite thickness surrounding the PEC cylinders.
Charged cylinders having constant angular velocities are investigated
in Section 3, along with the presence of dielectric tubes of finite
thickness surrounding the charged cylinders. Section 4 concludes the

paper.
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2. ELECTROSTATIC TOY MODEL

In this section, the charged cylinders are assumed to be PEC
surrounded by an infinitesimally thin insulation. The cylinders and the
dielectric plane are assumed to be surrounded by air. The dielectric
plane separating the two cylinders is assumed to be a perfect dielectric
of thickness h and electric permittivity €. The axes of the cylinders are
parallel to the z-axis. Since the cylinders and dielectric are of infinite
extent, the 3D Dirichlet problem of determining the potential reduces
to a 2D Dirichlet problem. Thus in this paper, Laplace’s equation is

solved in 2D. Set D = R x [—3h, 1], f{i = {(z,y) eR*:y > 1h}
and R2_ = {(:L‘,y) eR?:y< —%h}. Cf. Fig. 1 below.

2.1. Proposition

Let Cy = {(:L‘,y) € Ri rx? 4 (y —0r F3h)?2 < ai} be PEC disks of
radii ay respectively, for some fixed §_ < 0 < 04, where |[04| > ax.
Given (Ri,&‘o) and the strip (D, ¢), if the potential ¢ satisfies the
following boundary condition

_J o4y ondCy,
Y= { w_ondC_, (1)

side view

Cylinders and dielectric cross-section at z=0

extend out to infinity

C+
a4 radius of C+
a_: radius of C_ €
R}
» 5, [ (dielectric) y = Sh
L D H "1_ € infinite plane
5 y=-3h of thickness h
€, : vacuum permittivity R’ e
- 0
€: dielectric permittivity C_

Figure 1. Two charged cylinders separated by a dielectric medium
D.
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then, pon Q@ =R?—(CyUC_) is given by
= 1 _

27780)\+1n +(y_y+)2 27[_50/\( )h’l\/x2 y+y+ _ h)Q +

271'50 ln \/1‘2 y + 94+ + h)

BN e S = v OESS
- %{)\ﬁrlnm+mln\/ﬁw—,y~+)z
AP I /2% + (v + gy +h)2} +

27ra {)\, In \/W‘F A_lIn ( g_)Q
O/ (y+ 5 — R}, onD,

27750 NoIny/a? 4 (y = §1)% — Qﬂso N n /22 + (y — §4)2+

A /2 (=G — g A2 (g - )%+

27rao 27ra

—%60 Y ln\/x2 +(y+9-—h)? onQ_.

where Q04 = f{i — Oy, yr = £4/6%2 —d%, and §y = y4 + %h are the

y-coordinates for the equivalent charges {S\i, ~’i, ~’i, 5\;1 ), 5\2:2 )} defined
by

1(2) 2 e+eo e—€q ln)g++ gh‘ 3 5
)‘Jr ~ &teo ) <o + e+eo ln)y_,_f 1h) Ay =Gy,

N, = (€+€0 Gy — 1) A=A and

W)
h‘} Ao =a_A_,

Nl = (1—ap)hy,

AP = 26 ) eter | s m)y
- eteo ) e—e0 | eteo ln)y +

DO w\c.o

o= (226 -1) A =2 and X = (1-a)A
Ay = (90— - %Sﬂ) (5— - LBJF)_l and

5\7 = % <§0+ — B+)\+> with
By = — s {hl“hr’ + (1 - ii—igm) In |2y, —ay

+ay In|2(y4 + ) —aq |},
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Yy = —grlay Inlyy —y- +h—ay| and
5—: 271’150§+28a ln’y—_y+_h+a—‘a
o= 27r60 {ln|a | + < - Zf—ig&_> In|2y_ +a_]|

+a_In|2(y- —h) +a_|}.

Proof. Set 0Dy = {(m,y) Ty = i%h}, and let 0+ be the distance of
the center of C'y above 0Dy respectively. Then, potential ¢ satisfies
Laplace’s equation Ap = 0 on Q = R? — (C UC_), together with the
following boundary conditions: (1) and

00y ,_lhf = an(p|y:—%h+’ (3)
anwl 1h* = EanSoyy: lh+a (4)
Pyt = ¥yt (5)

(6)

@’y: %h, = 90|y: %h+‘
Now, recall that a charged cylinder of radius a4, a distance J;
away from the origin along the y-axis can be represented by a line

charge A, at a distance y, = \/53 — ai away from the origin along
the y-axis [1,2]. The image 5\&1) of Ay on D, on is considered first,
and then followed by the image S\f) corresponding to the reflection of

g\_i_ on OD_. By the method of images, the potential ¢ resulting from
)\.,. is:

pt = 27r£0 A#“\/W zmo 1n\/x2+ (y+79+—h)? +
— m A ln\/ 24 (y+§s 4+ h)? on Q4

ot = 27rs)\/+ /2% + (y = §4)2 = e e In /a2 + (y — 54 )% +
27rz—:0 ln\/ﬂ?2 +(y+ 9+ +h)? onD,

Pt = 27rz—: )‘,+1n\/3w 27r50 /\"+1H\/m on f{Q_,

where 5\;,)\’4,5\&1),5\9 are determined as a function of :\+ via the
boundary conditions on 0D, and ¢y = yy + %h is the y-coordinate
of the equivalent charge Ay. The corresponding y-coordinates of the

image charges AL )()\( )) relative to 0D4(0D_) is y+ — h(y+ + h),
respectively.
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Applying condition (3) yields A’ = Ay — N, whilst
condition (4) yields :\3_1) = —XN,. The boundary condition (5)
gives S\Sf) = A\ + %)\N’Q + (% —1) %Xq, and 5\’+ =

A+ i—zg;\f) Furthermore, (6) gives \, = = A+ %S\S:) +

_ 3
c—eo 0 [G++ §h|5\(2)‘
0 Injge— 5hlT T

Whence, substituting 5\;1) = A\ — 5\’+ yields

VRIS SRS LIV L5 (N NS (0
Y= gt 8+80m T n particular, A}
2

_ 3 -1
_eo Inlg++ 5N T o~ 1 3 ~ 5
g {en e satlt gl Lsa ¥, - (226 -k -
1) ~ o
—AS_), )\/_,'/_ = (1 — a+)>\+. ~ ~
To complete the proof, ¢ is solved for A_ in the absence of ..

Clearly, the proof follows that of /~\+ mutatis mutandis. In particular,
with a little bit of thought, it can be seen from the symmetry that
ot — = under the following transformation:

Ap = A, yyr —y- and h— —h.

The complete solution is obtained by superposing the respective
potentials from the line charges:

P04 + 9724 onQy,
o=<% ¢"|D+¢ |D onD,

e+ o722 onQ_,

where f|X denotes the restriction of a function f to the space X.
Lastly, the boundary condition (1) is required to express At

as functions of ¢y. Indeed, it will suffice to consider the point
(0,y+ + 2h —ay) € Cy as ¢y are constants on 0Cy. From (1),
¢(0,y+ + 3h —ay) = 4. Hence, solving it gives ¢ = By Ay + T4 A,
where
Be =~y {las |+ (- 22206, ) nf2ys —asl+6 204 +h) —as |}
X 1 e+eo 5

T+ = T are 575004+1n|y+ —y-+h—al.

Likewise, at the point (0,y_ —$h+a_) € C_, 30(9, Y—— %~h+a_) =
w_. Hence, solving for the expression gives p_ = S_A; +7_A_, where

5 _ 1 e+eq
- 2weY E—EQ

F_ = 1 {ln\a,|+ @—iﬁ—gd,) In2y_+a_|+a- 1n|2(y,—h)+a,|} )

~ 2meo

Golnly- —ys —h+a],
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Thus, solving for the pair of equations yield A= (cp_—Z—;cp+) (ﬁ_—% B+)_1
and A_ = %(gmr—ﬁ;;ur), as desired.

A plot of the above potential for a4y = 30mm, a_— = 15mm,

h = 0.5mm, 6+ = 500 um, ¢, = 500V and ¢ = —1000V, where
€ = 2g, is presented in Fig. 2 below.

2.2. Corollary

Given conditions described in Proposition 2.1, the potential difference
across D at y = :l:%h is given by

5o =~ {2 In [ 1 4 In P E (g T ORP -
xIn/2? + (y4+ + h)2} Ay + ﬁ {83580 In /22 + (y_ — h)?
+—0 0y fa? 4yt —In /22 + (y4 + 2h)2} G,

where the coefficients were defined in Proposition 2.1. In particular,
lim dp — 0.

T— 00
Corollary 2.2 is evident, and the last statement follows

1 3 E+eo _ 2
immediately from S+ 1= =

Electrostatic potential of 2 charged cylinders

500
0
=
S
<
s
=
<
9]
2
S]
o
-500
02 : -1000

distance (cm) %4 04 distance (cm)

Figure 2. Potential resulting from two infinite charged cylinders.
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2.3. Corollary

Suppose D is moving at a constant velocity v = wve,. Then, the
potential ¢ induces a displacement current density through D given
by j(x) = fv0:0p(x). Explicitly,

. _ _lz, N = e+eo 1 _ 2 1
j(x) - 2 hv)‘+a+ {5 €0 x2+y2 + 2+ (y++2h)? e—eq x2+(y++h)2} +

2¢e 1 ete 1 1
_ﬂﬁv)‘ o {z—:—eo 22+ (y_+h)2 5—68 22492 224 (y— +2h)2} :
Proof. From @ = CV, where Q,C,V are charge, capacitance and
voltage respectively, let Q = CV denote the charge density (charge
per unit area), where C is the capacitance per unit area on D. Then,

1
~ ~ .sh
j = —th =-C[? hatE -dl is the current density across D. Now,
T2

observe that C = % and OE = GIE% = —v0, V. Hence,
h sh
hatE -dl=v Gxaggé(w, y)dy=v0,(¢(z, %h)—gp(m, —%h)) =v0,0¢,
2 2
and the result thus follows from Corollary 2.2.

3. EXTENSION OF THE MODEL

There are two parts to this section: the incorporation of (i) constant
rotation about the axes of the cylinders, and (ii) surrounding each
cylinder with a uniform tubular dielectric of finite thickness. Suppose
that C+ has an angular velocity of wy. Let Ay denote the surface
charge density of Cy. Then, the axial rotation generates a surface
current density given by

Ji =Xt V:Piwiaﬁ:< C(S)lsne )7

Consequently, the vector potential [3, p. 238] or [4] is

%uo)\iwiair —sing ) forr < ag,
cos 0
Ay = . (7)
1y a3 [ —sind ‘
SHOALWE = cos 0 orr > a4,

at any point (r,0). From By = V x AL, in cylindrical coordinates,
B, = ezra (rAy ) gives

| porrwratr onz? + (y — 64 — %h)2 <al,
By = { 0 otherwise. (8)
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Thus, as expected, there is an absence of magnetic field in 2
since the rotating, charged, infinite cylinder is equivalent to an infinite
solenoid carrying a constant current. Hence, the electric field remains
the same as the non-rotating case: 0;A = 0. That is, 0;:B+ = 0 =
V xE =0=E = -V and the following trivial result is established.

3.1. Proposition

Given the conditions stated in Proposition 2.1, suppose Ci rotate
about their respective centers at constant angular velocities wy. Then,
the potential ¢ on € is independent of wy and is defined by (2). In
particular, the electric field remains the same also.

Note that if the surface charge density is not uniform, that is, if
p+ = p+(60), as will be the case if Cy were surrounded by a uniform
tubular dielectric, then the above results do not hold. So, suppose that
0C4 are surrounded by a tubular layer of dielectric of thickness d
with electric permittivity 1 respectively, and set a+ = at +dr. Next,

define Cy = {(x,y) a4 (y — by — th)? < di}, where 0_ < 0 < &,
and |d1| is the distance of the center of Cx to the plane dD.. The
resultant potential field as a result of the dielectric layer is given below.
3.2. Lemma

Under the conditions given in Proposition 2.1 wherein Ci is
surrounded by some dielectric medium (Cy — Cy,e4), the solution
@ on Cp UC_ is given by

g,rs AQnW 111\/952 (y+9+—h)*+

27Ts+ P /a7t y+y++h)

~ e AL mW T N Iny/z%+(y—g-)% on 1,

— o AL Iny /2% 4 (y — 547 — 5 N Iny/22 4 (y— 91 ) 2+
—27387 Alny/z2+(y—9-)%2— 52— ln\/x2+ (y+y—+h%+

1 3@y VZ2 4+ (y+9- — k)2 onC_,

©
I

where y+ = wi + %h, W = i\/ﬂ, and a4+ is the radius of
Ci. Finally, A = aihy, NV = (E+8¢di_1> e = =30 and

e—e4




Progress In Electromagnetics Research B, Vol. 33, 2011 247

g+ 3\

i oA N A 2e et+eq E—E4 n’y++ 2 ’

" =1 — d&x)As, where &y = v <€_€+ t e lh’ and
Y+— 3

—1
N 3
& = —2¢ ete_ 4oe=e- ln)y*_ §h“
_ ete_ | e—e_ ete— |, g+ %h‘

Proof. Without loss of generality, it may be assumed initially that
the spaces 2+ have electric permittivities e+ respectively. Then, the
solution ¢ of Proposition 2.1 on C+ becomes ¢ with the following
replacement: ot — G4 = Q|ep=c,, 0+ — Si , ay — a4+ and h — —h.

The next result involves solving the Laplace equation in an
inhomogeneous dielectric medium. The proof relies implicitly on the
fact that the axes of the two cylinders are symmetric about the z-
axis. The ploy is to conformally transform the difficult problem
in the original coordinate system into a simpler problem in a new
coordinate system whereby the two circles in the original system form
two concentric circles in the new coordinate system such that the x-
axis is transformed into a concentric circle lying in the annulus. The
Dirichlet problem then becomes a simple matter to solve when e # e_.

The proof of Lemma 3.3 is an extension of various works found
in the literature wherein the potential are induced by either a point
charge outside of two dielectric spheres [5] or some uniform electric
field at infinity outside of two dielectric spheres via bispherical
coordinates [6,7]. Thus whilst solutions exist for solid spheres, it is
difficult to find explicit solutions for cylinders.

3.3. Lemma

Let Q = Q+ U Q_, where the pair of spaces (Qi,ei) are
defined by Q, = {(m,y) eR*-Cp:y> %h} —Cy and Q_ =

{(x,y) eR2-C_:y< %h} —C_. Suppose further that \/53 —a% =

62 — a2 is satisfied, where 4 are the respective distances from the

centres of Cy to the points (0, :t%h). Then, the solution of Laplace’s
equation Ay = 0 on ) satisfying the following boundary conditions

_ [ f(8) ondCy,
7= { g(0) onaé’: (10)

5+ay90’y: %th = 6—8y80‘y: %hﬂ (11)
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lim = lim ¢, (12)
v —0 as |r| — oo, (13)
is given by
—27r1£+ {ag +bolnr' + 3, - (anr™+byr’~™) cos nb’
) (e +dpr' ) sinnd’}  on Q. (14)
L QWL {ap+bpInr’ +>°, - (al,r"™+b,1'~™) cos nd’
+ (" +d ") sinnd}  on Q_,
where
ool ﬁ)2 2_% (2r3/7) cos 0—rg
(r',0") = <\/< 2) +rg5——2 cost, arccos e T et
2 2 1
by = {g+ f(e)de—s_/ g(9)d0}{(2§j—1> Inr’, +1n r’_} :
0 0
2m
ag = —ey f(0)df — boInr!,,
0
a, = % (i—; + 1) Gy, + % (i—; — 1) bnr’fn and
o, =1 (j - 1) > + 1 (i + 1) b,
d, = % (z—; + 1) cn + % (i—; — 1) dnr’f” and
d, = % (z—; — 1) '3 4 3 (i—; + 1) dn,
Gy = {Gl— (BT’T_L +ar':n) Fﬂ“”j_} {a (r”ifr’:nr'in>
1—n m2n -1
—i—ﬂ(r, —r,r+)} ,
b, = Flrﬂfr — anr'in,
cn = {GQ_ <ﬁrﬂi —i—ar':n) Fgr/i} {a (T‘/Ti —T':nr/in) +8(" "
_7,./717,,/177/)}_1 ,
dn, = Fngi — cnr’in,
2m 2w
F, = -2, f(0) cosnfdh and Fy = —25+/ f(0) sinnhdo,
0 0
2m 2m
G = —26/ g(0) cosnfdf and G = —25/ g(0) sinnbde.
0 0
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o, C:(r,a).-\-(zT’n?,a)
z > qp
a C",“ttransforms to é’;
y-ads X transforms to circle X

Origin O transforms to origin O
3, transforms to £ fold

Figure 3. Transformation under the inversion of a circle in polar
coordinates.

Proof. Using the inversion of a circle transformation [5, Section 2],
¢:(r,0) — (£,0), the Dirichlet problem can be converted to a simpler

one; c¢f. Fig. 3 below, where 7/, is the new radii of Cy in the new
coordinate system under the (-transformation, and the x-axis X is the
translated axis defined by X = {(z, 3h) : —00 < z < oo}

The constant ¢ = 272, where 7y = \/Si —a% is the radius of

the circle of inversion. This defines the radius of the z-axis in the
new coordinate system. Now, by choosing O as the origin for the
center of inversion where the circle of radius ry intersects the y-
axis,! the two circles are transformed into concentric circles in the
new frame — c¢f. Fig. 3, where O is the origin of (r,0) whilst O* is
the origin of the (-space (r*,6), and the center O" of the concentric

circles to O* is of length ro, with r* = . Here, C% = ¢(Cy) and in

: oL ® : * 3++&+—1"0
particular, Qi = ((£24+). Under the transformation, ri = ro Fitar e
and r* = T07§*IZ*+:O. Finally, translate the origin O* to O’ under

—+a_—ro

71 (r*,0) — (',0') defined by [5, p. 1162] 7' = /72 + 12 — 2ror* cos §

and cosf = r” cosf—rg )
\/r*2+r(2)—2r0r* cos 0

Note that the translation 7 preserves distance; hence, 1/, = 7% is

the radius of CQE(: C’jc) as can be easily verified. In particular, it is a
conformal transformation as angles are also preserved.

T The choice of the origin O determines the outer circle of the annulus in the new coordinate
system and it depends on which circle the origin O lies in. In the above proof, the origin
lies in the lower circle and hence, the lower circle forms the outer boundary of the annulus:
see Fig. 3 below.
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Under the conformal transformation 7o, the equivalent Dirichlet
problem is:

AW =0 on X=70C¢(Q)=Q,UQ_
subject to

;) f(O) for =1,
v = { g(0) for =1,

€+8r’¢/’r_>(R’)* = 5—8r’¢/’r’—>(R’)+ and lim 1/) lim wl,

r—R/* r—R/—

where A’ = 62, + %87«/ + (%)2 97 is the Laplacian with respect to the
new coordinate system defined by 7o (.

The solution for the annulus is well-known; c¢f. [8, p. 273] or [9,
p. 203]:

27ra+ {ao +boInr’ + 3 o (apr™ + bpr'™™) cosnd
+ (CnT'n +d,r' ”) sin n@} on Q
_ﬁ {a{) +bopInr’ +3° oo (anr™ + b, r'~™) cosnd
+ (c,r"™ + dpr' ") sinnd} on QO

where, for n = 0,

Y =

27
H, = —5+/ f(0)d0 = ap +bylnr'y and
0

2w
Hy = —¢_ / g(0)d0 =d'o + 0 gInr'_,
0

and for n > 0,

27
Fi=-2 | f(0)cosnfdf = an(ry)" + ba(r,) ™",

Fo=—2¢, f(0)sinnbdb = ¢, (r)" + dp(r') 7",
0
2
G = —25_/ g(0) cosnfdf = a,, (r' )" + b, (r" )",
0

2
Gy = —2_ / 9(8) sinnfdf = ¢, (r )" + d, ()"
0

The condition €+8 1l (rry- = €Ol (gry+ yields by = by,

an’y = byr +(n+1) = a'nr'ifl - b;Lr'_T_(nH), (15a)

ear’" Tt — ! T = L D), (15b)
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and the continuity requirement yields ag 4+ boInr'y = (aj +
b6 In T,+)7
anr’y 40t = ( L b n) , (16a)
'+ dyr’ =5 (c’ '+ dr ’+n) . (16b)

Whence, substituting aj, = i—;ao—k (i—; - 1) boIn7’ into Hs, together
with Hy, give

by = {5+ O%f(H)dGe/OQWg(Q)cH}KZ;* - 1) 1nr’++1nr’_}71,

2m
ap = —e4 f(6)df — by Inr’,;
0
whilst the two pairs (15a), (16a) and (15b), (16b) give:
ap = 3 (E—‘ +1)an+3 (E—‘ — 1) bnr’_T_Zn and

(
)
b, = %(j—; — 1) am’i"—i—%(if—i—l) b,
)
)

c%:%(i—jr—kl Cn+%(§f 1>dnr’+2n and
d;:%C—;—l cnr’in+%(%+l>dn

Finally, substituting a/ d), into the equations for G, G5 and using

Fl,FQ yleld
G = (ar’ﬁ—i—ﬂr':n—(ﬂr’ﬁ—i—ar )r’2n> ( r +ar’:n> ' Fy,

Gy = (ar'ﬁ+ﬁr’:n—(ﬁr'ﬁ+ar ) '2n) c,ﬁ—(ﬁr +ar’:n> r”}ng,

ny e

where o = 1 (i—; + 1) and (= § (6—‘ — 1) . Hence,
-1
an—{Gl— (ﬁr "rar’” )Flr }{ ( r' nr'i”)—l—ﬁ(r':n—r'ﬁr'in)} ,
12n

m
bp= Fir'y —apr'’,

1
Cp = {G2 - (ﬂr”i —|—ar':"> Fgr'i} {a (r”i— r’:nr’in)—i- 5(7“’:”— " r'i")} ,

12n
dp= F27“+ (S AT

To complete the proof, it remains to translate the transformed
solution back to the original problem. That is, given (', "), find (r*, 6);
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then, the solution on  is given by the composition ¢ = 1)’ o 7 0 (.
Explicitly,

ToC:(r0)— (1,0) =

2\ 2 3 2 _
\/(2%) +r2 — 28 ¢os 6, arccos (2r8/r) cos6—ro :
' " \/(QTO/T’) +r3— (47‘0/7”) cos 6

So, define 1 (r,0) = ' (r'(r,0),6 (r,0)) under the transformation 7o (,
and the proof is complete.

3.4. Lemma

Consider the infinite strip D = {(z,y) € R? : —%h <y< %h}, and
suppose that Ay = 0 on D satisfies the following boundary conditions:

hi(z) ondDy = DN {y = 3h},

= 17

v { h-(z) ondD_ = D {y = —Lh}, (17)

where ligl hi(z) =0and hy € C(0D+). Then, V§ >0, 3¢ > 0 and

g on D satisfying Aty = 0 on Dy = [—10, 3] x [—3h, $h] such that
|t —1by| < § on D.

Proof. Fix some ¢ >> h, and impose the periodic boundary

condition ¢,(—1l,y) = 0 = (3¢,y) for any y € [—3h, 3h]. Then,
the general solution on Dy is given by

S Z 0 (an, cos ax + by, sin ax) (¢, cosh ay + dy, sinh ay),
n

where o is some constant to be determined. Since 1(1¢,y) = 0, it will

suffice to set a, = 0 and %Ea =nm Vn = 1,2,.... So, absorbing the
constants b,, into (¢, d, ), define

W:{ > ns0Sin 2282 (¢, cosh 228y + d,, sinh 22%y) on Dy,

onD — D,.
Then, Hy = c,cosh™F htd,sinh T h, where Hy = ef 02l z)sin?E vda
H_+H H_ —H_
and hence, Cpn = W”M and dn = m for all n = ].,2, e

To complete the proof, for any § > 0, lim hy(x ) = 0 implies dxg > 0

such that = > $xo = max |hy(z)| < & and r < —izo = max|hy(z)| <
6. Choose £ = 2xy. Then, by the maximum moduh principle, || < §
whenever (z,y) € D — Dy and [¢) — 1y| < § on D, by construction.

As a side remark, observe that on setting w, = 2”7" and
oW = Wpyl — Wy = 27“ Vn, and noting that the pair (c,,d,) can

be written as (c,,d,) = QZ(cn,dn) from the above proof, then, at
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an informal level, it can be seen intuitively that Elim vy — P =
—00

Iy sinwa(é, coshwy + dp sinhwy)dw on D. Furthermore, as A = 0

and Ad = 0, it is clear that Ay = 0 on D. However, it is not at all
obvious whether v satisfies the Dirichlet boundary condition on 0D.

3.5. Theorem

Let C’i be disks in f{i of radii a+ respectively such that C’i =
{(x,y) € f{i cx? + (y—92)? < &i}, for some fixed 6_ < 0 < 44,
where ‘&[‘ >y, Jr = 04 £ %h, f{i = {(z,y) € R?:y > %h} and
~2, = { r,y) eR?:y < —lh} Moreover, set )4 = f{i — C4. Given

~ 2
the pair of spaces (Ri,e0) and (D,¢), if the potential ¢ satisfies

Ap = 0 on Q= Q+ UDUQ_ together with the following boundary
conditions:

f(e) on 60—0-7

= - 1
7 { 4(0) om0, (18)
508y90|y: %h+ = 68ySO|y: %h_’ (19)
58y‘p|y:_%h+ = 5an90|y:_%h—a (20)
¢ iscontinuouson dD, (21)
v —0 as |r| — oo, (22)

where 0Dy = {(:U y) 1y = £3h}, then the solution in ) is given by
{ao +bolnr' 4+ 3 oo (anr™ + bpr'™™) cos nd’

27r60
+(enr™ + dpr’ ") sinnd’} on Q.
" 27eg {a6 + 66 Inr’ + Zn>0 (a;ﬂ"m + b;’l“lin) cosné’

+(c,r"™ + dyr' ") sinnb'} on Q_,

(p:

where

I gl _ % 2 2 40 (2r2/r) cos —rq
(r',0") = (\/( . ) +7r5— cos 0, arccos N Ry cos@) ,

and all the coeflicients were defined in Lemma 3.3.
In particular, the solution ¢|D may be approximated by ¢, such
that V§ > 0, 3¢ > 0 satisfying |¢|D — ¢¢| < d, where

o = { Zn>0 sin 2’2’7:1: (cn cosh 2””y + d,, sinh QT?J) on Dy,

nD — Dy,
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and D, = [—%E, %5] X [—%h, %h]
Proof. Apply Lemma 3.4 to the case wherein e, =¢p and e_ = ¢.
Then, the solution ¢ obtained applies to the region .. Likewise,

on setting e, = ¢ and €_ = gg, the solution ¢y is obtained for Q.
Finally, the last assertion follows immediately from Lemma 3.4, where
hy = @|0D4.

3.6. Corollary

Given the conditions of Theorem 3.5, the potential difference across D
is given by dp = hy — h_. Explicitly,

Sp =— 2}rE{ao ao—i—bolﬂ +Zn>o<<an '+ bar’ ) (I L n>>

cos n9'+z -0 <(cnr'i + dnr’;n) — (c’nr”i + d:lrlin> ) Sinnﬁl} .
n

Repeating the proof of Corollary 2.4 mutatis mutandis, the result
J = 7;v0;6¢ below follows from Corollary 3.6 and by noting that

1
d 9/ _ 1 1 1 2ror— 2 lh2 2 2
dz Y 4o 27r02+a:2+ h2

(2I—T0)(I2+ ihQ — 27’0(1))
ré—roz+a?+ %hQ '

1 (2(r0—3:)+

>< . —
ré+az+ th

3.7. Corollary

Suppose D is moving at a constant velocity v . = wve,. Then, the
potential ¢ induces a displacement current density through D given
by j(x) = $v0z0¢(x). Explicitly,

jlx)= th {ao ag + bo ln — + Z 1rg ((anr’f + bnr:”)

n>0
) 1
172 2
_ 2roz—22— 7h
)omo gl —n 1 Z0 4 !
_ X | 1—| 1=
<an7“ — b >> ( (47“0 Tg—roﬂc+$2+y2) ) rg+a?4 7 1h?
1
(2:1377"0)(962+Zh2—27”0x> 1 2oz~ 7h2
% 2(ro—$)+ ) sin ArCCoS - —2
ré—roztat Zh 0 7'0_"103:_‘—m2+ h

SR (Rt B R AR
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o\ — =
1 2ror—x— ihQ 1 2ror—r2— %h2 2
xcos|narccos - ———5 | (1 = | - —— 25
0 r2roz+at Zh 0 r2—roata?t Zh

172

1 (2z—ro)(z2+ Zh — 21"0:L‘)

X ———1-5 | 2(ro — .
ot ihg < (ro —x)+ 72 rom bt %hQ

4. CONCLUSION

It is clear from Section 2 that the potential field and hence the electric
field are symmetric about the y-axis, wherein the cylinders were not
rotating. In particular, when the dielectric plane is moving at a
constant velocity, the symmetry of the field profile remains unchanged.

It is equally clear from Section 3 that when the cylinders are PEC,
introducing a constant rotation does not impact the symmetry of the
potential and electric fields in the domain of definition. However, a
moving dielectric plane will experience a displacement current as the
fields are non-uniform along the z-axis; that is, the fields tend to zero
in the limit as + — +oo. Hence, along the moving dielectric plane,
each differential element sees a changing electric field.

Finally, it is evident that the dielectric constant of the plane
and that of the tubular medium surrounding the cylinders impact the
field profile. From an application perspective, changing the dielectric
constants will change the dynamics of charged particles on the cylinder
moving onto the plane via convection. This has strong implications in
certain research and development industries, one of which is the printer
industry mentioned in the Introduction. For instance, it furnishes a
theoretical basis for modelling toner transfer in laser printers.
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