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Abstract—This work presents a theoretical method to solve metal-
stub photonic-band-gap (PBG) problems based on the multiple-
scattering and modal analysis methods. The multiple-scattering
method is generalized, which replaces the scattering coefficient by a
mode-coupling matrix. Corresponding sizes between the full dielectric
cylinder and the metal stub could be determined based on modal
analysis. The metal stub can generate a similar frequency response
to that of the full dielectric cylinder, implying that the metal stub is a
good substitute for the dielectric cylinder. An experiment conducted
at a low terahertz region verifies the theoretical predictions. This work
offers a possibility to design two-dimensional photonic crystals using
metal stub by adjusting its height for low terahertz applications.

1. INTRODUCTION

Previous studies have demonstrated that the metal parallel-plate
waveguide (PPWG) is capable of propagating terahertz pulses [1—
6]. With no group-velocity dispersion, the transverse electromagnetic
(TEM) mode of PPWG is characterized by undistorted and low-loss
wave propagation. The two-dimensional (2D) PBG [7] structure is
also brought up many applications in terahertz range, most using full
metal or dielectric cylinders/holes [8-12]. Using dielectric cylinders or
holes must consider their dielectric properties and frequency response,
while using full metal cylinders generally has an extremely low
transmission [13,14]. A previous work devised a metal-stub shape for
a 2D-PBG structure [13], in which an air gap is maintained between
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the metal stubs and another waveguide plate. This feature offers
an additional degree of freedom in the design of the PBG structure
since the metal stub height can be adjusted; in addition, the aspect
ratio is not necessarily so high, making it relatively easy to fabricate.
Unfortunately, the metal stubs break the 2D symmetry, which is
not easily analyzed by the plane-wave expansion method or other
theoretical methods. It could be solved by finite-difference time-
domain method [15-20] or finite element method [21,22], but they
may need much computing time. Therefore, a theoretical method is
developed to calculate this problem.

The third dimension of the wave is bound by PPWG, which differs
from 2D-PBG structures in the optical ranges bound by total reflection
between two dielectric materials [23]. Therefore, only the E-polarized
wave (TEM mode, not transverse-magnetic-like, TM-like, mode) can
be propagated in PPWG under the cutoff frequencies of other high
order modes; in addition, no fundamental H-polarized wave could
exist in PPWG [24]. Although this is an advantage for a single mode
operation for the E-polarized wave, the PPWG systems cannot apply
directly to the published theory of H-polarized wave. Therefore, this
work focuses on the E-polarized wave.

This work presents a theoretical analysis of metal-stub PBG
structures based on multiple-scattering [25-27] and modal analysis
methods [28-31]. A PBG structure in the low terahertz region (W-
band, 75-110 GHz) [11] is also exemplified to verify the theoretical
prediction accuracy. Both theoretical and experimental results
correlate well with each other.

2. MULTTIPLE-SCATTERING METHOD

By using the multiple-scattering method, the transmission in the
frequency domain for a finite crystal is obtained to locate the
band gap [25-27]. All definitions are described first, followed by a
generalization of the method to solve metal-stub problems in the final
paragraph of this section. The incident wave is a plane wave e*** with
a finite range w (from y = —w/2 to y = w/2) located at x = —[ in
Cartesian coordinates (x, y), where k represents the wave number and
i = v/—1. The Kirchhoff integral formula [32] with the infinite-space
Green function [33] leads to
k. w/2
E[(z) = 4€Zkl/ dy' [Ho (kr') +iH,y (kr') cos '], (1)
—w/2
where Ej represents the incident electric field whose direction is
perpendicular to the plates, ' = +/(x +1)2+ (y —y)%, cosd’
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(x +1)/r', (r,0) denotes the polar coordinates, z denotes the observer’s
coordinates (z, y), and Hy/H; denotes Hankel functions of the first
kind of zero/first order. The incident wave can be rewritten as the sum
of the Bessel functions of the first kind Jy; for a particular cylinder j
located at z; = (r;,6;),
e .
Er(Zoj) = Y onr(f)Ia(kroy)e e, (2)
M=—o0

where z,; = 7 — xj = (745, 0,;), and ays (j) represents the complex
coefficient of the incident wave for cylinder j. By considering just one
cylinder at the origin, the scattering wave is a linear combination of
Hankel functions of the first kind Hy(kr)e'™? to match the radiation
boundary condition. For the boundary condition at » = a (where a
denotes the radius of the cylinder), e™? is orthogonal for different M,
so the coefficient of Hys(kr)e"™? is determined simply by the coefficient
of Jyr(kr)et™? of the incident wave. The ratio of those two coefficients
is often defined as scattering coefficient Aps. In the multiple-scattering
case, the scattering wave is

ERj(To)) = Z B (§) Har (krog)e™ e, (3)
M=—occ

where (s (j) represents the complex coefficient of the scattering
wave for cylinder j. For cylinder ¢, the equivalent incident wave
is Er(z,;) + > it ERr;(z,;). Based on the addition theorem for
iMo

cylindrical harmonics, Hps(kry;)e*"?» can be expanded in terms of

Jur (kr;)et™%i, which gives

Bu(@)=An [an(@)+) ZﬁN NG Hy (kr) |5 (4)
j#i N==0
where z = z;—x; = (r 7»07). For all different i, they form a set of
self-consistent linear equations. After the equations are derived, By (7)
can be obtained, which is equivalent to solving the entire problem. The
sum of M cannot be infinite due to the calculation capability. Actually,
our calculation converges for the sum of M running from —2 to 2.
The transmission coefficient can be defined in the far field
region kr > 1 and § = 0. Now the incident wave can be
approximated to Ho(kr)kw/2 [25,34], and the total field amplitude

is Ho(kr)kw/2 + Ho(kr) 32, > 37— o0 (= )M B (5) exp(—ikrj cos ;).
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Thus, the transmission coefficient is
_1+7Z Z (—i) M/GM (j)e —ikr;cos0; (5)

For a PBG, the transmission is low, regardless of the direction of
incident wave.

For either the metal or dielectric cylinder case, the scattering
coefficient Aps can be derived by matching the boundary condition
at r = a, in which only one TEM mode is considered. However,
for metal-stub structures that break the 2D symmetry, some higher
TE (transverse electric) and TM modes are generated when a TEM
mode wave contacts the discontinuous boundary of a stub, further
complicating the problem. In that case, the scattering wave includes
the different multi-modes in PPWG, so aj(7) and /(7)) now denote
vectors composed of the TEM, TE, and TM modes in Eq. (4). Also,
the scattering coefficient Aj; should transfer to a matrix in order
to represent the coupling of different modes, called a mode-coupling
matrix. The transmission coefficient should be reconsidered for the
other high order modes in Eq. (5) if the propagating constant of the
high order mode is real. The following modal analysis demonstrates
how to derive the mode-coupling matrices of scattering coefficients.

3. MODAL ANALYSIS IN THE CYLINDRICALLY
SYMMETRIC CASE — M=0

The following analysis is performed for the mode-coupling matrix of
scattering coefficient Ag for metal stubs at the origin. The electric and
magnetic fields in PPWG for TM modes for cylindrical symmetry are
as follows [24]:

E, = Xo(ktmr) cos(kmz) (6)

E, = —Fm X (kg sin(kpy, 2) (7)
ktm

By = X (k) cos(kim2) (8)
ktmc

where Fy = B, = B, = 0, Xy denotes the Bessel function of any
kind of order zero, z represents the coordinate of the height in PPWG,
km = mm/h, m is a positive integer, h denotes the air gap between
the parallel plates, ki, = /k? — k2, k = w/c, and ¢ represents the
speed of light. TE modes are orthogonal to TM and TEM modes
in cylindrically symmetric case, so the TE modes do not require
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Figure 1. Schematic diagram of a metal stub in the PPWG.

consideration. The TEM mode can be treated as the lowest mode
of the TM modes with m = 0.

The incident wave can be expanded as E, = > " 6 Jo(kynr) cos
(kmz) (other field components are similar). The reflected wave
equation should satisfy the radiation boundary condition. This
equation can be assumed as E, = > " Cp, Ho(kimr) cos(kpmz). The
transmitted wave equation can be E, = Y >° Dy,Jo(kj,r) cos(k;,z)
because it should be well-defined at r = 0, where k/, = nn/d and d
represents the height of air gap from the lower plate to the bottom of
the metal stub, as shown in Fig. 1.

At the boundary r = a, the equation of FE,. is z-partial differential
equation of By multiply multiplied by —ic/k. Therefore, only the
equations of E, and By should be considered as follows:

> [6mJo(kima) + Con Ho(kuma)] cos(kp2)

m=0
o0
B S>> DyJo(kj,a) cos(klz) 0<z<d ()
- n=0 ’
0 h>z>d
[6mJo(ktma) + Cr Hy(ktma)| — ? cos(kmz)
— 0 tm
— . 1
= Z anfjé(kzna) cos(klz) 0<z<d. (10)
-0 tn

Multiplying Eq. (9) by cos(kn,z) followed by integration with z from
0 to h, and multiplying Eq. (10) by cos(k},z) followed by integration
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with z from 0 to d reduce those equations in matrix representations as
follows:

Jo(ktma
C = MyD — ng((kttmaﬁ(s

Tt (ktma ; (11)
M, [C + H%((kt,gma)) 5} = Jo(kina)D
where My and M, are defined as follows:
d
Jo(k,a) [y cos(k} z) cos(kmz)dz
[M2]mn = H k,t 0 h (12)
o(ktma) o cos?(kmz)dz
K, H! (Fma) [ cos(kmz) cos(k,z)dz
[M4]nm =2 ]2 ' 0 d 9 ) (13)
tm Jo cos?(kl,z)dz

where m = 0,1,2,3,...; C, D, and § are column vectors defined
with [C)y, = Cpmy [D]m = Di, and [0]y = 0pm; Jo(kema)/Ho(kuma),
J(kema)/ H) (kyma), and J)(kj,a) are diagonal matrices defined as
[JO(ktma)/HO(k'tma)]m,m = JO(ktma)/HO(ktma)-

Solving the equations gives,

1 Jo(k‘tma) _ J(’)(k:tma)
Ho(k‘tm(l) H(’)(k:tma)
The mode-coupling matrix of the scattering coefficient is
Jo(ktma) . J(')(ktma) :|
Ho(k:tma) Hé(ktma)

D = [MyMs — Jy(kj,a)] My [ } 5. (14)

Ay = My [MyMy — Jy(kja)] ' My [
_ J()(]Ctma)
Ho(ktma) '

The matrix converges when the number of modes exceeds 10. For
M # 0, Appendix provides details of the derivation.

(15)

4. CASE STUDY — DIELECTRIC CYLINDER AND
METAL STUB

If the air gap of PPWG is such smaller that cutoff frequency of any
high order mode is higher than the operating frequency, those modes
cannot propagate and decay quickly in a small range when they are
generated. In this case, the multiple scattering for the high order modes
is negligible. The mode-coupling matrices of scattering coefficients
can be reduced to a scalar form as the mode-coupling coefficient from
TEM mode to TEM mode. The problem is thus the same as the full
cylinder case when the scattering coefficients are determined. If the
scattering coefficients of the metal stub are occasionally the same as
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the dielectric cylinder, a similar PBG is obtained based on the plane-
wave expansion method [35,36] in the dielectric cylinder. After the
mapping between the metal stub and the dielectric cylinder is obtained,
a similar property of PBG is also obtained for the metal stub structure.
However, owing to the difficulty in matching all scattering coefficients
in a board frequency range, a small radius of cylinder is chosen in
this work to allow the high order A,, to be significantly smaller than
Ap [34]. Thus, only one Ay should be considered.

When selecting a dielectric cylinder with a radius of 0.15 mm and
relative dielectric constant of €, = 8.9, there is a PBG in 95 ~ 99 GHz
for the lattice constant 1.5 mm, as shown in Fig. 2(a). The dielectric
cylinder corresponds to a metal stub with a radius of 0.2 mm and height
of 0.53mm (h = 1.27mm), the property of the scattering coefficients
Ap, as shown in Fig. 2(b). Figs. 2(c) and 2(d) show the multiple-
scattering calculation results for two incident wave directions. In
Fig. 2(c), for the incident wave in the crystal’s I'-X direction, the stop
band is around 79 ~ 99 GHz for the dielectric cylinders correlating
well with Fig. 2(a). However, the stop band changes to 79 ~ 103 GHz
for the metal stubs because the scattering coefficient A; of the metal
stub is higher than that of the dielectric cylinder, especially for a
frequency exceeding 95 GHz. In Fig. 2(d) for incident wave in I'-M
direction of the crystal, the dielectric cylinders and the metal stubs
resemble each other in terms of multiple-scattering calculation results.
This finding suggests that PBG is larger (about 92 ~ 103 GHz) for
the metal stubs, which agrees well with the eigenfrequencies based on
HFSS (High Frequency Structure Simulator, ANSYS) in Fig. 2(a).

Figure 3 shows the simulation results of HF'SS for the field patterns
of the stop band and the pass band. The transmission is large at the
pass band in Fig. 3(a), and there is some focus of the incident wave,
which responds to the transmission peak at approximately 76 GHz in
Fig. 2(c). The incident wave decays rather quickly when it contacts
the crystal, resulting in nearly no transmission at the stop band in
Fig. 3(b). Notably, the theory presented in Section 2 is unable to
consider the reflection effect of the source/receiver horn, while HFSS
can verify such an effect. The source/receiver horn is designed properly
to reduce the reflections bases on the HFSS simulations. Thus, the
experimental apparatus is constructed using this structure.

Figure 4(a) displays the experimental apparatus whose interior
is the same as in Fig. 3. Details of the apparatus can be found in
Ref. [34]. Connected to a W-band network analyzer, the transmission
can be measured from 75 GHz to 110 GHz. The crystal consists of a
15 x 15 grid with a space of 1.5 mm, and it is cut off 4 corners and
forms an octagon, as shown in Fig. 4(b). The octagon preserves the
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Figure 2. (a) Band structures of the crystals. The solid lines indicate
the dispersion relation, and the hatched region indicates the band gap
of 95 ~ 99 GHz of dielectric cylinders with a relative dielectric constant
of e, = 8.9, radius of 0.15mm, and lattice constant of 1.5 mm. The
black circles indicate the initial two eigenfrequencies of the metal stubs
with a radius of 0.2 mm and height of 0.53 mm based on the eigenmode
solution type of HFSS, and this band gap is 92 ~ 103GHz. (b)
Absolute values of the scattering coefficient |Ag| versus frequency. The
solid and dash lines indicate the scattering coefficient of the dielectric
cylinder [34] and the metal stub, respectively. Normalized transmission
field amplitudes versus frequency for incident wave in (¢) I'-X and (d)
I'-M directions. The solid and dash lines indicate the field amplitudes
of the dielectric cylinders and the metal stubs, respectively. The
calculation settings are the same as the following experimental setting.

cross-section of the crystal for any direction of incident wave.

Figure 5 indicates that the experiment results that agree well with
the calculation results by using the multiple-scattering method with
w = 20mm and [ = 30mm. The incident wave almost reflects to the
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Figure 3. Simulated diffraction patterns using HFSS at the
frequencies of (a) 75 GHz (at pass band) and (b) 96 GHz (at stop band).
The incident wave originates from the left-hand side, and the receiver
is placed at the right-hand side. I'-X direction of the crystal is parallel
to the incident wave.

* detector

@ (b)

Figure 4. Photographs of (a) experimental apparatus and (b) metal-
stub PBG structure. Despite the numerous machining traces on the
surface in the photo (b), its surface roughness is much smaller than
the wavelength.

incident horn in the stop band such that the ripples are obvious, which
are attributed to the connection gap of the horn in the apparatus. The
machining error is larger than 0.01 mm, explaining why the height of
metal stub is difficult to fabricate precisely; the experimental results
thus converge slightly from the calculation results. Stub height (h-d)
is critical to the overall performance, which could be proven in the
modal analysis. Thus, accuracy of (h-d) for PBG applications using
metal stubs should be of priority concern. In the transmission peak,
although the some frequency shifts slightly, the calculation results and
the experimental results closely correspond to each other.
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Figure 5. Normalized transmission field amplitudes versus frequency
for incident wave in (a) I'-X and (b) I'-M directions. The solid and
dash lines indicate the field amplitudes of the experimental results and
the multiple scattering calculations, respectively.

5. CONCLUSIONS

This work described a generalized multiple-scattering method for
metal-stub structures and modal analysis for scattering coefficients
(matrices) of a metal stub in PPWG. The transmission (even full field
patterns) can be calculated based on these theoretical methods. The
proposed method can also analyze other 2D-PBG structures that break
the 2D symmetry like holes.

A case study involving photonic band gap verifies that the
dielectric-cylinder structure can be replaced with metal stubs in a
PPWG. Additionally, the air gap can always be shortened to raise
the high-order-mode cutoff frequency over the operating frequency
range. When an adequate dielectric material cannot be obtained or
is too difficult to fabricate, the metal-stub structures can be used to
substitute the dielectric structures.
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APPENDIX A.

The following analysis is performed for the mode-coupling matrix of the

scattering coefficient Ajys for metal stubs at the origin. The electric and

magnetic fields in the PPWG for TM and TE modes are as follows [24]:
TM mode

E, = XM(k:tmr)eiMa cos(kmz)

ko ,
E, = - Xf\/[(ktmr)e’Me sin(ky,2)
tm
ik M A
Ey = ;2 Xog (kggr) €™M0 sin (ky 2)
tmT
kM ~
B, = e CTXM(k:tmr)elMe cos(km2)
tm
ik / M6
By = : CXM(ktmr)e cos(kmz)
tm
B, =0, (A1)
TE mode
E, =0
kM .
E, = 5 XM(k:tmr)eZMH sin(kp,z)
tm”T
—ik iMO
Ey = k—XM(k:tmr)e sin(kp,z)
tm
kom .
B, = : ch\/[(k:tmr)eZMecos(kmz)
tm
ik M i
By = WXM(kztmr)e M6 cos(kmz)
tm
1 .
B, = EXM(ktmr)elMe sin(kn2), (A2)

where Xj,; denotes the Bessel function of any kind of order M, z
denotes the coordinate of the height in PPWG, k,, = mn/h, and
ktm = /K% — k2,.

The incident TM wave can be expanded as E, =Y~ 0 ar (Kimr)
e'MY cos(ky,2); the incident TE wave can be expanded as B, =
S0 Apl/ed (ki)™ cos(kmz). The reflected TM wave can be
assumed as E, =Y ConHor (ki) e™? cos(kp,2); the reflected TE
wave can be assumed as B, = Y oo, P 1/cHpr(kipmr)et™? sin(kp, 2).
The transmitted TM wave equations can be amused as E, =
> o Dndur(kp,r)et™ cos(kl,z); the transmitted TE wave equations

M6
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can be assumed as B, = > o0 | QnJas(kl,7)e™? cos(k/,2), where k|, =
nm/d.

At the boundary r = a, the equation of FE, is the By’s z-partial
differential equation multiplied by —ic/k then plus the B,’s equation
multiplied by —cM /(kr); the equation of B, is the FEjy’s z-partial
differential equation multiplied by i/(ck) then plus the E.’s equation
multiplying M/(ckr). So only the equations of Ey, F., B, and By
should be considered, which show as follows:

3 {’ZQM (Con g (k@) + ST (o)

m=1

—|—k— [P Hyy (ktma) + A J iy (ktma)| } sin(kp,z)
tm

_ [ M Dy I (K a )+k,LQnJ§W(k,’ma)} sin(kl,z) z<d (A3)

n=1
0 z>d
Z [Con Hyp (ktma) + 0m I pr (kema)] cos(k z)
m=0
< /
_ ngo Dy (ky,a) cos(kl,z) z<d (A4)
0 z>d
P o H v (kima) + Ap g (kema)] sin(kp, 2)
m= 1
= QuJu(kf,a)sin(k,z) z<d (A5)
n=1
[ k
Z{kt [ConH (ki) + 0 Ty (ima)]
n=0 m
ke M
+k;2 [P Hnr (ktma) + A Jyr (kema)] ¢ cos(kmz)
[k ) k! M ,
= D nThr (Kipa) + e M Quut ()| cos()2) 2<d (A6)
n=0

Multiplying Eq. (A3) by sin(k,,z) then integrated with z from 0
to h, multiplying Eq. (A4) by cos(k,,z) then integrated with z from
0 to h, multiplying Eq. (A5) by sin(k/,z) then integrated with z from
0 to d, and multiplying Eq. (A6) by cos(k},z) then integrated with z
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from 0 to d give four equations as follows:

kmM HM(ktma) JM(ktma) J]’V[(ktma)
Kok [ ' (ktma)c H; (kma)‘S I E (ma)
JM k:tma
Cm+ —7F—"75 HM ktma mO - ZMan (A8)
- JM(ktma) /
M. P Ayl = A
";) 3nm|: m T HM(ktma) m:| JM(ktna)Qn ( 9)
o0 /
Z M4nm |:Cm + J])/[(ktma) 5m0
m—0 HM(k:tma)
Hyy(kyma) kM I (kyma)
P, A
= (koma) konka Hor (komat)
! / k’;lM /
= JM(ktna)Dn+ 7 JM(k;tna)Qn (AlO)
ky,ka
where
d_. .
ktm sin(k!,z) sin(kp,2)dz
Ml = oy P e (A
ki Hyp (Ktma) f sin? (ky,2)dz
AT J (kl,a) fo cos (k] z) cos(kmz)dz (A12)
Hp (kima) fo cos?(kpz)dz
d_. .
sin(kpz) sin(k,z)dz
(M3, = HM(ktma)fo CE : 2) in2) (A13)
Jo sin®(kl,z)dz
d
My, = Ky Hy (kima) f cosd(k:mz) cos(k;z)dz‘ (AL4)
Km Jo cos?(kl z)dz

Note where [Mi]o, = 0, and [Ms3]p,, = 0 for the convenience of the
subsequent calculation.

Now we use reduced symbols to express the equations, defined
as follows: M/(ka) — a, Hy(kyma) — H) HM(ktma) — Hp,,

lew(ktma) - J JM(ktma) - Jma JM(kJ ) Z’ J},, and ']M(kllﬁna) -

n?
n-
In the matrix representation defined as Section 3, they should be
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written as
kma Jm J;n . k;za
pe (HC o+ o) + P g s = (3 Q)
C+ 4 L 5 = MsD A
M3 meA) = nQ ( 15)
M, kma HmP + k& kma Jm A) J
The solution is
_ _ JIm
C = (MQMG Hm) § + MyM,A (A16)
P = (M, + My.J!, M,M,) M6 + M.A
where
_ , Im J), J
M, = Mme—i-MlJnMy M, My, + H7m - i, H/ , (Al?)
kma H,y, kla k: a H,,
M, = M, |M;-"> — n AL T
b [ Yo HI (k’ I = MaZ ™ H 1J> ]
JIm J),
(Hm _ Hy,ﬂ) , (A18)
Im J!
M, = -M, M, —— -2, Al
4 (Hm o ) (A19)
kma H,p,
M, = " MyMy — M- M,
[J 4 Mo e i,
K a k a Hy, -1
AT ) MM, A2
(- N ) aan] s
M, = (Jo — MyM1J) ™" Ms, (A21)
kK a kona H,
M, = M;->—J, — - A22
Yk kem H! (A22)

The mode-coupling matrix of the scattering coefficient Ap; is a
rearrangement of Eq. (A16).
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