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Abstract—By means of a three-step linear optical transformation
method, material parameters of a three-dimensional diamond-shaped
electromagnetic concentrator composed of tetrahedral homogeneous
blocks has been derived in this paper. The performance of the
concentrator has been confirmed by full-wave simulation. The designed
concentrator can operate in a wide bandwidth due to the line
transformation. It represents an important progress towards the
practical realization of the metamaterial-assisted concentrator.

1. INTRODUCTION

The idea of transformation optics generalized by Pendry et al. [1]
has attracted keen interest in designing conceptual devices that
can control electromagnetic waves with unprecedented degrees of
freedom. The most interesting application of this idea might be
the invisible cloaks [2–13], which can hide arbitrary objects from
exterior electromagnetic illumination and suppress all the scattered
waves. Besides, some other devices with novel functions have also
been reported, such as imaging with unlimited resolution [14], field-
rotating device [15], field concentrator [16], illusion device [17],
superscatterer [18], beam splitter [19], and so on. Reviews of this
large body of work have been provided by Jiang et al. [20] and Kwon
and Werner [21]. Among various novel applications, the phenomenon
of near-field concentration of light plays an important role in the
harnessing of light in solar cells or similar devices, where high field
intensities are required. Since the circular cylindrical electromagnetic
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concentrator was firstly proposed by Rahm et al. [16], much attention
has been drawn to the design of concentrator based on transformation
optics. Jiang et al. [22] presented the analytical design of arbitrary
shaped concentrators, of which the geometry boundary is represented
by a non-uniform rational B-spline. Yang et al. [23] derived the
generalized material parameter equations for an arbitrary shaped
electromagnetic concentrator, of which the contour can be described
by a continuous function R(θ) with period 2π. Later, Yang et
al. [24] developed an inverse method based on numerical solution of
Laplace’s equation to design irregular shaped concentrators. However,
the practical fabrication of these concentrator devices has so far not
been achievable, since the material parameters are usually highly
anisotropic, inhomogeneous and even singular.

Recently, Li et al. [25] proposed a two dimensional homogeneous-
materials-constructed electromagnetic field concentrator whose energy
concentrating ratio varies with the incident angle of the electromag-
netic wave. Although the two dimensional model can help us to under-
stand the electromagnetic properties of the homogeneous concentrator,
it is just the first step towards the realization of electromagnetic con-
centrator. Therefore, it is urgent to develop the three-dimensional
(3D) concentrator with non-singular and homogeneous material pa-
rameters. Inspired by the work of Li et al. [25] and Wang et al. [26]
who developed a three-step coordinate transformation method for de-
signing invisible cloak, a 3D diamond-shaped concentrator composed
of tetrahedral homogeneous blocks is presented in this paper. Permit-
tivity and permeability of the concentrator is derived, and validated
by numerical simulation. Compared with a traditional electromag-
netic concentrator, material parameters of the concentrator are homo-
geneous and non-singular, which dramatically reduce the difficulty in
practical implementation. Furthermore, we find that the 3D concen-
trator can operate in a wide spectral range, which is a key issue for the
application of solar energy.

2. METHOD AND SIMULATION MODEL

According to the coordinate transformation method, under a
space transformation from the original coordinate (x1, x2, x3) to
a new coordinate (x′1(x1, x2, x3), x′2(x1, x2, x3), x′3(x1, x2, x3)), the
permittivity ε′ and the permeability µ′ in the transformed space are
given by [27]

ε′ = AεAT /detA, µ′ = AµAT /detA (1)
where ε and µ are the permittivity and permeability of the original
space. A is the Jacobian transformation matrix with components
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Aij = ∂x′i/∂xj . It is the derivative of the transformed coordinates
with respect to the original coordinates. detA is the determinant
of the matrix. The determination of matrix A is the key issue for
designing the transformation medium.

The 3D diamond-shaped electromagnetic concentrator is divided
into eight parts by the x, y, z coordinate axes. The schematic
diagram of the coordinate transformation for the design of the
first part of the 3D concentrator in the first quadrant is shown
in Fig. 1. The other parts are axially symmetrical to the first
part, and it is not shown here for brevity. Figs. 1(a)–(d) show
the original Cartesian space (x, y, z), the transitional Cartesian
space (x′, y′, z′), (x′′, y′′, z′′), and the transformed Cartesian space
(x′′′, y′′′, z′′′), respectively. The 3D concentrator can be obtained
through a three-step linear transformation. The first step (step 1)
is to compress OD to OD′ in the x-axis direction, while keeping the
y-axis and z-axis undistorted. The second step (step 2) is similar to
the step 1 but in the y direction, that is, to compress OE to OE′. The
last step (step 3) is only to compress OF to OF ′ in the z direction.
Let OA = a, OB = b, OC = c, OD = d, OD′ = d′, OE = e, OE′ = e′,
OF = f , and OF ′ = f ′. Transformation steps are described as follows.

In step 1, the original space (x, y, z) is transformed into the
transitional space (x′, y′, z′). The region 1 (ABCD) in Fig. 1(a) is
stretched into region 1 (ABCD′) in Fig. 1(b). Similarly, regions 2,
3 and 4 in Fig. 1(a) is compressed into the corresponding regions in
Fig. 1(b). For each region, the coordinate transformation equations
can be described as follows.

(a) (b)

(d) (c)

Figure 1. Schematic diagram of the coordinate transformation for the
design of 3D concentrator.
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Region 1:

x′ =
a− d′

a− d
x− a(d− d′)

b(d− a)
y− a(d− d′)

c(d− a)
z +

a(d− d′)
d− a

, y′ = y, z′ = z

(2)
Region 2:

x′ =
d′

d
x, y′ = y, z′ = z (3)

Region 3:

x′ =
d′

d
x, y′ = y, z′ = z (4)

Region 4:

x′ =
d′

d
x, y′ = y, z′ = z (5)

In step 2, the transitional space (x′, y′, z′) is transformed into
(x′′, y′′, z′′), and OE is compressed to OE′ in the y direction.
From Fig. 1(c), it can be seen that region 1 keeps unchanged;
region 2 is stretched; regions 3 and 4 are relatively compressed.
The corresponding mapping for each region can be expressed by the
following equations.

Region 1:
x′′ = x′, y′′ = y′, z′′ = z′ (6)

Region 2:

x′′=x′, y′′=− b(e−e′)
d′(e−b)

x′+
b−e′

b−e
y′−b(e−e′)

c(e−b)
z′+

b(e−e′)
e−b

, z′′=z′ (7)

Region 3:

x′′ = x′, y′′ =
e′

e
y′, z′′ = z′ (8)

Region 4:

x′′ = x′, y′′ =
e′

e
y′, z′′ = z′ (9)

In step 3, the transitional space (x′′, y′′, z′′) is further mapped
onto the transformed space (x′′′, y′′′, z′′′), as shown in Figs. 1(c)–(d).
The line segment OF is compressed into OF ′ in z direction, and then
region 3 is stretched and region 4 is compressed. It should be noted
that regions 1 and 2 experience no distortions during step 3. The
transformation equations of the four regions can be written as

Region 1:
x′′′ = x′′, y′′′ = y′′, z′′′ = z′′ (10)



Progress In Electromagnetics Research M, Vol. 18, 2011 123

Region2:
x′′′ = x′′, y′′′ = y′′, z′′′ = z′′ (11)

Region 3:

x′′′ = x′′, y′′′=y′′,

z′′′ = −c(f−f ′)
d′(f−c)

x′′− c(f−f ′)
e′(f−c)

y′′+
c−f ′

c−f
z′′+

c(f−f ′)
f−c

(12)

Region 4:

x′′′ = x′′, y′′′ = y′′, z′′′ =
f ′

f
z′′ (13)

Combing these three steps, the transformation equations from
original space to the transformed space are summarized as follows.

Region 1:

x′′′=
a−d′

a−d
x− a(d−d′)

b(d−a)
y − a(d−d′)

c(d−a)
z +

a(d−d′)
d−a

, y′′′=y, z′′′=z

(14)
Region 2:

x′′′=
d′

d
x, y′′′=−b(e−e′)

d(e−b)
x+

b−e′

b−e
y− b(e−e′)

c(e−b)
z+

b(e−e′)
e−b

, z′′′=z

(15)
Region 3:

x′′′=
d′

d
x, y′′′=

e′

e
y, z′′′=−c(f−f ′)

d(f−c)
x−c(f−f ′)

e(f−c)
y+

c−f ′

c−f
z+

c(f−f ′)
f−c

(16)
Region 4:

x′′′ =
d′

d
x, y′′′ =

e′

e
y, z′′′ =

f ′

f
z (17)

Finally, substituting Eqs. (14)–(17) into Eq. (1), the permittivity
and permeability of regions 1, 2, 3 and 4 in the first quadrant can be
obtained.

Region 1:

ε1 = µ1=




(A2 + B2C2 + B2D2)/A −BC/A −BD/A
−BC/A 1/A 0
−BD/A 0 1/A


 (18)
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Region 2:

ε2 =µ2 =




M/E −FG/E 0
−FG/E (F 2G2 + E2 + F 2H2)/(ME) −FH/(ME)

0 −FH/(ME) 1/(ME)




(19)
Region 3:

ε3 =µ3 =




M/(NI) 0 −JK/(NI)
0 N/(MI) −JL/(MI)

−JK/(NI) −JL/(MI) (J2K2+J2L2+I2)/(MNI)




(20)
Region 4:

ε4 = µ4 =

[
M/(NR) 0 0

0 N/(MR) 0
0 0 R/(MN)

]
(21)

where A = (a− d′)/(a− d), B = (d− d′)/(d− a), C = a/b, D = a/c,
E = (b − e′)/(b − e), F = (e − e′)/(e − b), G = b/d, H =
b/c, I = (c − f ′)/(c − f), J = (f − f ′)/(f − c), K = c/d,
L = c/e, M = d′/d, N = e′/e and R = f ′/f .

Similarly, material parameters of the remaining parts of the
concentrator can be obtained by means of axial symmetry. Taking
the xoy plane as an example, the permeability and permeability
distributions of the concentrator are shown in Fig. 2. It indicates that
the permittivity and permeability tensors are spatially invariant and
symmetric, and there is no singularity. These features are distinguished
from the current concentrator case [23, 24], and thus greatly enhance
the realizability of the concentrator in practice.

Figure 2. The permittivity and permeability distributions for the
concentrator in xoy plane.
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3. SIMULATION RESULTS AND DISCUSSION

In this section, we carry out full-wave simulations using the commercial
finite element solver COMSOL Multiphysics to demonstrate the
designed formulae of Eq. (18)–Eq. (21), and show the performance
of the electromagnetic concentrator we develop. The geometry
parameters related to the shape and size of the concentrator in the
simulation are set to be a = 4 m, b = 8 m, c = 2 m, d = 3 m,
d′ = 2 m, e = 6 m, e′ = 4 m, f = 1.5m and f ′ = 1 m. In the
whole computational domain, both the inner and outer boundaries
of the concentrator are continuous boundary conditions. The outer
boundary of the domain contains four PEC boundaries and two wave
ports. A 60 MHz uniform plane wave with electric field along z axis
is incident onto the concentrator. S parameters and electromagnetic
field distribution of the transformation devices can be flexibly obtained
by using this method [13, 26].

Figure 3(a) shows the electric field (Ez) distribution in 3D
profile of the concentrator when the incident wave propagates along

(d) (e) (f)

(a) (c)(b)

Figure 3. Electric field (Ez) distributions in the vicinity of the
3D concentrator when the incident wave propagates along x axis. (a)
3D profile; (b) xoy plane; (c) xoz plane. (d), (e) and (f) are the
corresponding power flow distributions of (a), (b) and (c).
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x axis. The simulation area is 25m × 20m × 10 m. The electric field
distributions in xoy and xoz plane are illustrated in Fig. 3(b) and 3(c),
respectively. It can be seen that the electromagnetic waves are focused
into the compressive region when passing through the transformation
region. In order to give a more convincing and clearer illustration
for the electromagnetic performance of the concentrator, we further
investigate the time average power flow distribution. The power flow
distributions corresponding to Figs. 3(a)–(c) are shown in Figs. 3(d)–
(f). From Figs. 3(d)–(f), it is obvious that the power flow in the
compressive region is spatially uniform and strongly enhanced. It
confirms the effectiveness of the material parameters we develop.

To study the influence of wave direction on the performance of
the concentrator, electric field (Ez) and power flow distributions are
simulated when the incident wave propagates along the y axis. Results
are shown in Fig. 4, where the simulation area is 20 m× 25m× 10m.
From Figs. 4(a)–(c), we can observe that the incident waves are
perfectly focused by the concentrator into the compressive region
without any distortion. The corresponding power flow distributions

(d) (e) (f)

(a) (b) (c)

Figure 4. Electric field (Ez) distributions in the vicinity of the
3D concentrator when the incident wave propagates along y axis. (a)
3D profile; (b) xoy plane; (c) yoz plane. (d), (e) and (f) are the
corresponding power flow distributions of (a), (b) and (c).
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shown in Figs. 4(d)–(f) are strongly enhanced. Therefore, the
performance of the concentrator is independent on the direction of
the wave. Interestingly, much stronger power flow enhancements can
be achieved by diminishing the size of the compressive region through
decreasing the ratio of d′/d = e′/e = f ′/f = τ . The power flow
distribution along z axis for different values of τ is plotted in Fig. 5.
It is seen that the power flow of the compressive region with τ = 1/6
is about 16 times that of the compressive region with τ = 2/3. The
enhancement theoretically diverges to infinity as the volume of the
compressive region goes to zero.

Since almost 95% of the solar radiation is concentrated within
the wavelength range from 250 nm to 2500 nm, solar concentrators
should operate in a wide spectral range. Fig. 6 shows the power flow
distributions of the concentrator for the different frequency. It can
be seen that the power flow distribution in the compressive region
keeps unchanged within ten octave bandwidth. Therefore, based on
coordinate transformation method, the concentrator can operate in
a wide bandwidth. Similar broadband properties of cloak have been
confirmed by Wang et al. [26] using linear transformation. The “step-
like” pattern is believed to be induced by the numerical method due
to discretization. It can be improved by fine mesh with the cost of
memory consumption and computation time. With the development
of metamaterial technology, if the concentrator is designed to work in
optical frequency range, high efficiency conversion of solar energy could
be achieved.

Figure 5. Power flow distribu-
tion along z axis for the different
values of τ .

Figure 6. Power flow distribution
along z axis for different frequency.
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4. CONCLUSION

Based on a three-step coordinate transformation method, a 3D
diamond-shaped concentrator is proposed in this paper. The
relative permittivity and permeability tensors are derived, and verified
by full-wave simulation. The linear coordinate transformation
avoids the singularity in the material parameters. Moreover, due
to homogeneously stretching and compressing at the orthogonal
directions during the transformation, the resulted material parameters
are homogeneous. Simulation results show that the performance of the
concentrator is in dependent on the directions of the incident wave, and
it operates in a wide spectral range. It is expected that our works are
helpful for speeding up the applications of the concentrators in solar
cells or similar devices where high field intensity are required.
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