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ON SMALL-SIGNAL AMPLIFICATION IN A GYRO-TWT
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Abstract—The corrected dispersion relation governing the linear
interaction of a TE mode in a circular cylindrical wave guide with
an annular beam of gyrating electrons in a gyro-TWT configuration
is derived. The derivation of the correct dispersion relation no longer
involves any integration with respect to the radial coordinate r, of the
electron guiding center as the relevant equilibrium distribution function
turns out to be independent of r,. When the cyclotron resonance
condition is satisfied by the TE mode for a positive s-number, the
small-signal theory is shown to predict an initial exponential growth
of the mode with interaction length over a small but finite band of
frequencies around the design frequency.

1. INTRODUCTION

The mechanism of small-signal amplification in gyro-TWTs and
cyclotron resonance masers (CRMs) was actively studied by many
researchers in the 1980s [1-4] culminating in the derivation of the
dispersion relation in the form of an infinite series. The celebrated
(Doppler-shifted) cyclotron resonance condition

w — 'Uzﬁmn(w) - SQG/’Y =0 (1)
was identified as a sufficient requirement for small-signal amplification.
In (1), w is the operating (radian) frequency, By, (w) is the unperturbed
propagation phase constant of the mnth waveguide mode, v, is the
axial speed of the electrons, Q. = eB,/m, is the electron cyclotron
frequency corresponding to an applied uniform magnetic field zZB, in
the axial direction and ~ is the relativistic factor. In the expression
for €2, and in the sequel, —e and m, are respectively the charge and
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the rest mass of an electron. When the cyclotron resonance condition
is satisfied by a particular wave-guide mode for a given s = s,,
the dispersion relation may be reduced to an algebraic equation by
retaining only the significant contribution from the s,th term of the
infinite series. The resulting biquadratic algebraic equation may be
solved for the (complex) propagation phase constant as a function of
the operating frequency. The works of Edgcombe [1], Chu et al. [2],
Fliflet [3] and Chu and Lin [4] may be cited as being specifically
directed towards a derivation of the linear dispersion relation for
circular cylindrical wave-guide modes. Edgecombe [1] assumes without
adequate justification that the r.f. charge and current densities depend
linearly on the electric field of the TE mode in the derivation of the
dispersion relation. Also, the need for maximizing
1
Imsséz(l + Omo) (Js2+m(kc7’g) + Jg—m(kcrg)) )

where 7, is the gyro-radius and k. is the mode cut-off wave number,
with respect to k.ry to arrive at the biquadratic algebraic equation
satisfied by the normalized phase constant k/k. has not been brought
out clearly by him. Although the derivation of the dispersion relation
by Chu et al. [2] for TE modes is free from any of these drawbacks, their
treatment is too sketchy leaving out many details of analysis. However,
a complete derivation with all details filled in has been provided by Chu
etal. in a subsequent paper [4]. Fliflet [3], on the other hand, gives
a detailed derivation of the linear dispersion relation together with a
description of the single-particle quasilinear theory for both TE and
TM modes. Finally, Kou et al. [5] have, in the recent past, presented a
linear theory, using Laplace transforms, that is applicable to both gyro-
TWTs and gyro-BWOs, and used this theory to study the stability of
harmonic gyro-TWTs.

All of the above derivations of the dispersion relation make
use of kinetic theory based on linearized Vlasov equation and a
transformation from the polar coordinates (r, 8, p;, ¢) of the transverse

position and momentum to the gyro-co-ordinates (r,, 8, L, ¢)
(Edgcombe starts initially with Cartesian coordinates of position and

momentum) where p; = (p2 + pz)% = (p? + pg)% is the magnitude of
the transverse momentum, ¢ = arctan(p,/pz), 7o is the distance of the
electron guiding center from the waveguide axis, rp = p;/m.Qe is the

gyro-radius and ¢ is the gyro-phase (See Figure 1) [3].

It is well known that the functional dependence of the axially
symmetric equilibrium distribution function f, on the position and
the momentum variables can only be through the single-particle
constants of motion. For an z-directed uniform magnetic field zB,,
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Figure 1. Geometry of Interaction [3].

such constants of motion in absence of space-charge fields are the total
energy

H = [m2c* + & (p} +pz)]% — mec?

the canonical angular momentum Py = 7pg — %eBoé and the z-
component of the linear momentum p, [6] where ¢ is the vacuum
speed of light. The relation Py = im.Q(r? — r2) implies that the
axisymmetric equilibrium distribution function

ﬁ(npta ¢7pz)éfo(H(ptap2)7 P9(pt7 ro)apz)éﬁ)(rmptapz)

is a function only of r,, p; (or equivalently r7) and p,.
Fliflet’s derivation of the dispersion relation is based on the
observation that, “for configuration which optimize the cyclotron

maser interaction, f, may be assumed to be independent of r, with

negligible error”, and he sets 8]/";/ 0r, equal to zero on this ground.
However, he contradicts this hypothesis in a subsequent step by

~

assuming a ‘delta-function’ dependence for f, on r,. Chu and Lin [4],

on the contrary, do no drop the Jf,/0r, terms at any stage of their
derivation of the dispersion relation except that they too assume a
‘delta-function’ dependence for a differentiable function of r,!

It is shown in Section 2 that the axially symmetric equilibrium
distribution function corresponding to an applied axially directed
uniform magnetic field will be independent of r,. As a consequence, the
derivation of the correct dispersion relation requires integrations with
respect to the momentum variables p; and p, only. This is in marked
contrast to everyone of the ‘derivations’ of the dispersion relation,
which necessitates an integration with respect to the position variable
r, also, attempted so far in the literature.
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2. EQUILIBRIUM DISTRIBUTION FUNCTION

It is quite surprising that every one of the derivations of the
dispersion relation attempted so far in the literature has failed to
take the following fact into account; whenever an axially-symmetric

equilibrium distribution function fo for an applied axially directed
uniform magnetic field ZB, turns out to be a function only of the
position variable r, and the momentum variables p; and p,, the steady-

state linearized Vlasov equation for fo reduces to

0fo/0ro =0 (2)
Proof of (2): The steady-state linearized Vlasov equation satisfied by

an axially-symmetric equilibrium distribution function fo(r, Dty O, D2)
for an applied axially directed magnetic field ZB, is

V.Vefo— eV X ZBy.Npfo =0 (3)

in absence of any space-charge electric field. In (3), v is the electron
velocity. With the help of the mutually orthogonal unit vectors

e = pi/pe = T cos(¢ — 0) + Osin(¢ — 0)
and
€y =6 xz=—Tsin(¢p —0) + §COS(¢ —0),

Equation (3) may be expressed as

(s +0.5) 7202 4 Pip ( 0 1o, L0 Aa)ﬁ)

or — mey “ops pt 09
Dt afo eB, afo
oMy cos(¢ — 0) 8r mey Op (4)
since - ~
Ofo _0fo
00 0z
and

€p-ep=¢6p-2=0
Under a transformation of coordinates from (r, 8, ps, ¢) to (1o, 0, pt, gg),
the left side of (4) becomes

To _~  eB,r1] 8/,
(ro —rpsing) —
MY T mey | 01y

sin qb
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since

8]70 - 8f0 cos% 8]?0 singg lafo

Ot O mee Oro Mo

of, e ~0f,  (ro—ry cosd) if
¢ N meS2e Slngbaro * To 85

and % = 0 (Recall that ]?0 is a function of only 7,,p; and p, by

hypothesis). Canceling, the non-identically zero common factors, the
steady-state Vlasov equation for f, assumes the form

~

s afo o
—rr(rp — rocos @) o, 0
that is
af,
or, 0

since neither r; nor r; — 7, cos ¢ vanishes identically. The proof is

complete. Equation (2) implies that (7) ﬁ, does not depend on the
position variable 7, and (%) there is no restriction on the functional

dependence of fo on the momentum variables.

3. CORRECTED DISPERSION RELATION

In order to arrive at the correct dispersion relation resulting from the
linear interaction of the T'F,,,, mode of a circular cylindrical wave guide
with an annular beam of gyrating electrons, we follow the approach
and the notation of Fliflet [3] to the extent possible. The small-signal
assumption permits the electromagnetic field of the T'F,,,, mode in the
presence of the electron beam to be represented as

~

E= Re{HOCmn[(jme(kmnr) )T+ kan;n(kmnr)e}expj(oﬂf—ﬁz—me)} (5)
HOCmn
w

B= Re{ [—Bkmn ", (kymnt)T + jmﬂ(Jm(kmnr)/r>5}

— ik (kyn) 2]/ 170570y (6)

In (5) and (6), the prime superscript denotes differentiation with
respect to the argument, II, is an amplitude constant, kpn = Tyn/Tw
is the cut-off wave number of the TE,,, mode, Cy,, = {[r(z2,, —

m2)]1/2Jmn(a;mn)}_1 is the normalization constant, z,,, is the nth
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zero of Jp', 7, is the waveguide wall radius and [ is the a priori
unknown value of the perturbed propagation phase constant of the
TFE,,, mode linearly interacting with the electron beam. Closely
following the standard procedure adopted by Fliflet for analyzing the
linear interaction of a TE mode with an annular electron beam, we
arrive at the equation

2
(5 - 80— 0°) P (L ) o)

62Mo 00 2d (rw—+bw)/2 g 27rd ood 27rd9
T ;; /0 be pt/(rw—bw)/2 ' T/o ¢/0 pz/o

|:F8T77§’L (r07 P, pz)J;n_i_q(k?mn’l"L)Jq(k‘mnro)ej(q—s-‘rm)qﬁ

/me’)/(w — P, — 396/7)]} (7)
corresponding to the Equation (30) in [3]. In (7)

Fg;f;; (rmptypz) = J;(kman)Js—n/z\(kmnro> [(w_ﬁpz/me’)/)aﬁ)(ptypz)/apt
+(ﬁpt/me'7)afo(ptapz)/apz] (8)

and we have assumed an annular beam of width b, centered around
the cylindrical surface r = r,/2. Making a change of integration
variables from (7,0, p;, @) to (70,0, pt, q~5) with the help of the Jacobian
8(r,9,pt,¢)/8(r0,9,pt,$) = ropt/r, and performing the 6 and 5
integrations of the resulting multiple integral, we have

(w?/c® = kp, — B%) 12 (L= m?/2},) T2 (T

Tw +bw —ry 00
Todro / dp.
o

—47e?
_ —AameT o Z / dpt /
w-H“L

{ smn TOaptapz)J (k'mnTL)J —m(kmro)/ [v(w — Bu,) — 596]} 9)

The requirement

b _
Tw‘; w_rL>Tw2 w+TL
implies that
ry < bw/2
or equivalently
Pt < Oy éTneerw/2 (10)

Substituting for FZE from (8) and carrying out the integration with
respect to r, in the triple integral appearing under the summation in
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(9), we have

. (@Y = Bp=/me)d o/ Opy
L +(Bpt/me)8fo/apz]
/ / </bz+rL - (ker)TOdro> Y(wy — Qe — Bpz/me)
P2 (! (k1) 2dpdp; = / : / D2 (kv 2))? [ o (o (s — 71))

~Paun (kb + 7)) { | 07 = Bp2/me)0fo/Ope + (Bpi/me)0Fo/ Op.|

/7(”7 — 50, — /sz/me)} dp.dp; (11)

where by, A (1 + by) /2 and by A (ry — byy) /2 are respectively the upper
and the lower boundaries of the electron beam and

Psmn(X)éXg [Jsg—m(X) - JS*mfl(X)JS*m+1(X)}/2kz’m

Performing integration by parts with respect to p; and p, in (11), the
correct form of the exact dispersion relation works out to be

w? 46 T

[ (2 —ﬁ?)ﬁHsmn(m) (wv ?,f;)czsmnm)
Y2 (w

wy =B 5002 y(wy - 22 s ] Folpe,p:) (12)

Hsmn(TL) = [J;(kman)]Q[Psmn(kmn(bu - TL)) - Psmn(kmn(bl + rL))];
Qsmn(rL) =2 [(32 - k2 2 )Js(kman)/kmanJ/(kman)] Hsmn(TL)
~kmnrr(J; (k'mnTL)) [Pémn(kmn(bu — 1)) + Py (Binn (b1 +71))],

and we have assumed that fo(pt,pz) has compact support within the
open rectangle (0,0,) x (0,00) in order to make the integrated parts
vanish. It is to be emphasized that the coefficients Hgy,pn and Qgmy are
functions only of the gyro-radius 7. In order to evaluate the double
integral appearing in (12) in closed form, we choose the functional

dependence of the equilibrium distribution function J/”; on p; and p, to
be

]?o(pta pz) = NoON (pt - pt0)5N (pz - pZO)/QWpto

where 0y () is a smooth (C! at least) function with support contained
within the interval [—=1/N,1/N] tending to the Dirac delta “function”
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in the sense of distribution theory [7] as N — o0, n, is the number
density of the electrons in the beam, and py, € (0, 0y) and p., € (0, 00)
are respectively the mean values of the magnitudes of the transverse
momentum and the axial momentum with which the electrons enter
the interaction region. For the above choice of f,, the double integral
n (12) is well approximated by its limit as N — oo provided N is
sufficiently large. Evaluating the double integral in closed form in this
fashion for a sufficiently large value of N, the dispersion relation (12)
takes on a familiar look:

2
w 2 2
(5 =)

2¢ g1 W2 Bpzo 2
- Z Pio(w? /¢ =) Hon(rro) / <w%— - —sﬂe>

o~ K 2
me'}’o mnr e

_(W'}’o - ﬁpzo/me)Qsmn(rLo)/(w'}/o - szo/me - SQe)] (13)

where

o= {1+ (5}, +p2,) /"

A closer look, however, reveals that (13) is fundamentally different from
what is available in the literature as the coefficients Hgpp and Qsmn
are no longer dependent on the radial coordinate r, of the electron
guiding center.

It is clear from the form of the dispersion relation that the
principal contribution to the infinite sum in (13) arises from that value
s, of s for which

WY — 5pzo/me - Ser ~ 0

which may be identified as the cyclotron resonance condition (1) since
the magnitude of the fractional deviation |AB/Bmn| Al(B — Bmn)/Bmn]|
of B from S, is < 1 in small-signal interactions. Retaining only this
contribution, the dispersion relation simplifies to

(WP k2, —B%) (WYo—BPso/Me —562) 2 +0, [P (w? /2 = 5) Hynn
—(WYo = BPzo/Mme)(WYo — BPzo/Me — 500e)Qsmn] = 0 (14)
where, in terms of the beam current
Iy = enemrybyvso,
0o = 2e2u0no/me’yoKmanD = 2euoIb/7Tmeribwvz0’yoKmn,

Hoppn, = Hsmn(rLo)y Qsmn = Qsmn(TLo> and 77, = pto/meQe
The one-term approximation (14) to the dispersion relation (13)

may be recast as a biquadratic algebraic equation for Z A 3/Bmn:

ZY 42723 + (A + Q2% +2(A - 0Q/2)Z — (K2, /B2,)A =0 (15)
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where the non-dimensional coefficients A and 2 and the parameter o
are defined in terms of the non-dimensional quantities

7{:\mn = @mn = kmn/klly W= W/kllcv Emn = 5mn/k11
by .
Aéao(pto/pzo)2Hsmn/kll7 QéGonmn/kflﬁmna

0 = Ca/vzoﬁmn -1

From the wave-guide dispersion relation we have B, = (@* —

k:?nn)l/ 2 which is real for & > ©pmn = kmn (normalized cut-off frequency
(wave number)) of the TE,,, mode. In arriving at (15) we have not
resorted to the standard approximation of dropping the second term
within the square brackets of (14) in comparison with the first term.
This approximation is equivalent to setting @ = 0 in (15). Such a
step cannot be justified a priori. The biquadratic equation (15) has
always a pair of real roots and a second pair complex conjugate roots
if the ratio pio/p.o is not too small. Thus, the interacting T'F,,,, mode
splits into a growing wave, a decaying wave, and a pair of waves not
subjected to any attenuation or amplification. However, all four waves
undergo a shift in their propagation phase constant relative to that of
the unperturbed wave-guide mode as a result of the interaction with
the electron beam.

4. ILLUSTRATIVE DESIGN EXAMPLE

We now illustrate the small-signal theory developed in this paper by
indicating the steps involved in the preliminary design of a typical
gyro-TWT amplifier. The design specifications are collected together
in Table 1.
For the data in Table 1, we compute

w11 = ckyp = cxy1/ryy = 1.0221 x 10M rad/sec

Wq =27 fq/wi1 = 5.778508
and the required values of the axial electron speed v,, and magnetic
field strength B, to be

Vo = /1 — (z0pc/2mr f)2 = 0.751737¢

Bo = meckog/e\/ Sg — (IE02/8)2 = 1.23127T

The following performance curves are plotted in Figs. 2-5 against the
normalized frequency variable & = w/w;;:

and
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Table 1. Design Specifications.
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Beam current 500 A
Wave-guide radius rw = 0.54dcm
Operating (center) frequency fa =94 GHz
Annular beam width by = T /2
Beam upper boundary by = 31y /4
Beam lower boundary by =1y /4
Gyro radius at design frequency | rro, = by /4 = 1ry/8
Operating mode TFEys
s-number So =2
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Figure 2. Variation of (piw/p.0)
required for cyclotron resonance.
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(i) Value of the ratio pi/p.o required for cyclotron resonance as
function of @.

(ii) Variation of the normalized initial growth rate |[ImAfS|/k1; with
respect to the normalized frequency @.

(iii) Perturbed non-dimensional propagation phase constant (5p2 +
ReAp)/k11 of the exponentially growing wave as a function of
w.

(iv) Normalized deviation ReAg/ki;; of the propagation phase
constant Ref from the unperturbed propagation phase constant
Bo2 of the T Ego mode as a function of @.

5. CONCLUDING COMMENTS

It may be seen from Figs. 2 and 3 that the drop in gain around the
design frequency, which corresponds to the flat maximum in the ps,/p.o
plot, arising from the slight mismatch is not significant. This means
that the amplifier is capable of a reasonable operating bandwidth
around the design frequency. Since, the perturbation of the electron-
beam characteristics arising out of the interaction is neglected in
a small-signal theory, it does not make sense to discuss about the
performance indices like power gain, efficiency, optimum interaction
length etc. on the basis of a small-signal analysis of the gyro-TWT
amplifier.

Work on a large signal field theory for a gyro-TWT amplifier
incorporating space-charge effects is in progress and will be reported
in due course.

ACKNOWLEDGMENT

The second author thanks Mr. G. Naveen Babu for helping her with
the numerical computation.

REFERENCES

1. Edgcombe, C. J.; “The dispersion equation for the gyrotron
amplifier,” Int. J. Electronics, Vol. 48, No. 6, 471-486, 1980.

2. Chu, K. R., A. T. Drobot, H. H. Szu, and P. Sprangle, “Theory
and simulation of the gyrotron traveling wave amplifier operating

at cyclotron harmonics,” IEFEE Trans. Microwave Theory Tech.,
Vol. 28, No. 4, 313-317, 1980.



86

Kalyanasundaram and Saini

Fliflet, A. W., “Linear and non-linear theory of the doppler-
shifted cyclotron resonance maser based on TE and TM waveguide
modes,” Int. J. Electronics, Vol. 61, No. 6, 1049-1080, 1986.
Chu, K. R. and A. T. Lin, “Gain and bandwidth of the gyro-TWT
and CARM amplifiers,” IEEE Trans. Plasma Sci., Vol. 16, No. 2,
90-104, 1988.

Kou, C. S., Q. S. Wang, D. B. McDermott, A. T. Lin,
K. R. Chu, N. C. Luhmann, “High-power harmonic gyro-TWTs-
Part-1: Linear theory and oscillation study,” IEEE Trans. Plasma
Sei., Vol. 20, No. 3, 155-162, 1992.

Davidson, R. C., Physics of Nonneutral Plasmas, World Scientific,
2001.

Lang, L, Real and Functional Analysis, 3rd edition, Springer, 1993.



