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NEGATIVE REFRACTION IN AN ANISOTROPIC META-
MATERIAL WITH A ROTATION ANGLE BETWEEN
THE PRINCIPAL AXIS AND THE PLANAR INTERFACE

S.-H. Liu and L.-X. Guo

School of Science
Xidian University, Xi’an 710071, China

Abstract—The propagation characteristics of electromagnetic waves
at the interface between an isotropic regular medium and an
anisotropic metamaterial for arbitrary orientation of principal axis are
investigated. In terms of the different sign combinations of the tensor
components along principal axes, the anisotropic media are divided
into four classes. The existence conditions of negative refraction are
discussed in different cases, indicating that the conditions for the
existence of negative refraction are closely dependent on the principal
components and the rotation angle. Furthermore, the influence of the
rotation of the principal axes on the incident angle region is analyzed
for each case, and the optimal material parameters are attained for
the maximum area of the incident angle region of negative refraction
occurrence.

1. INTRODUCTION

Artificial metamaterials have received much attention in the past few
years [1–10]. The concept of such materials with negative permittivity
and permeability in a certain band of frequency was first proposed
by Veselago in 1968 [1], who anticipated many unique electromagnetic
properties exhibited by the media such as negative refraction, reversed
Doppler effect and reversed Cerenkov radiation. It was not until 2001
that the phenomenon of the negative refraction was experimentally
verified first by using artificial metamaterials realized by periodic
arrays of split ring resonators (SRRs) and wire strips [4]. Based on
the negative refraction, the metamaterials have found several potential
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applications in subwavelength image reconstruction [5, 6] and wave
guiding [7].

However, the isotropic three-dimensional metamaterials are
difficult to be prepared. Thus, the electromagnetic characteristics of
anisotropic metamaterial, in which the components of the permittivity
and permeability tensors are not all of the same sign, have been
discussed theoretically and experimentally in many literatures [11–
23]. Lindell et al. have demonstrated that the occurrence of negative
refraction at the interface associated with uniaxially anisotropic media
requires only one tensor component with a negative value [14]. Hu
and Chui compared the characteristics of anisotropic metamaterial
with that of isotropic metamaterial further. They have found that
in a uniaxially anisotropic metamaterial it is the approximately left-
handed waves that may be able to propagate (~E, ~H, and ~k form an
approximately left-handed triplet of vectors and the direction of energy
flow is in the backward but not exactly opposite direction of wave
vector), and besides, the left-handed waves are not necessarily tight
to the negative refraction [15]. Ding et al. simulated the negative
refraction of the continuous-wave Gaussian Beam passing from free
space into biaxially anisotropic metamaterial by the finite difference
time domain (FDTD) method [16]. In addition, the negative refraction
has also been demonstrated experimentally at the interface associated
with a wedge composed of anisotropic metamaterial cut along
nonprincipal axes [17], indicating that certain classes of anisotropic
media have identical refractive properties as isotropic negative index
materials [18]. Such materials can be readily constructed using
different resonant inclusions such as SRRs and rods to demonstrate
negative refraction, and they have potential applications in imaging,
polarizing beam splitter, and wave guiding [19–21].

To the authors’ knowledge, however, most of the theoretical
studies reported previously are limited in special cases that the planar
interface coincides with a principal axis. Recently, some characteristics
of wave propagation in anisotropic media for arbitrary orientation of
principal axis, such as group delay [24], Goos-Hänchen shift [25], and
amphoteric refraction [26], have been discussed. Nevertheless, the
property of negative refraction is closely dependent on the parameters
of the anisotropic metamaterial, and a detailed investigation on the
effects of the constitutive parameters and rotation angle has not yet
been accomplished.

In this paper, we discuss the approximately left-handed
behavior and negative refraction in an arbitrarily oriented anisotropic
metamaterial. Taking TE-polarized waves as an example, we derive
the existence conditions of negative refraction. Furthermore, we
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present our numerical results and analyze the influence of the principle
components and rotation angle on negative refraction for each case
of the anisotropic medium graphically. For TM waves, the negative
refraction properties can be analyzed similarly.

2. CONDITIONS FOR THE OCCURRENCE OF
NEGATIVE REFRACTION

A plane wave is incident from region 1 at an incident angle θi into
region 2, as shown in Fig. 1. Region 1 is filled with isotropic regular
media with the permittivity ε1 and permeability µ1. Region 2 is
occupied by anisotropic metamaterial. The interface formed by the
two media is in the xy plane, and the normal direction is the z
axis. We assume that the permittivity and permeability tensors can
be simultaneously diagonalizable in the principal coordinate system
(X, Y, Z):

¯̄ε2 =

[
εX

εY

εZ

]
, ¯̄µ2 =

[
µX

µY

µZ

]
(1)

where not all of the principal components have the same sign.
Without loss of generality, we present a discussion of negative
refraction at the interface associated with an arbitrarily oriented
anisotropic metamaterial. Thus, in the coordinate system (x, y, z),

Figure 1. Geometrical structure of the problem. The rotation angle
between the principal axis X of the anisotropic metamaterial and the
planar surface is θ.
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the permittivity and permeability tensors become

¯̄ε2 =

[
εxx εxz

εy

εzx εzz

]
, ¯̄µ2 =

[
µxx µxz

µy

µzx µzz

]
(2)

with

εxx = εX cos2 θ + εZ sin2 θ (3a)
εzz = εX sin2 θ + εZ cos2 θ (3b)
εxz = εzx = (εZ − εX) sin θ cos θ (3c)
εy = εY (3d)

where the rotation angle θ is made by rotating one of the
principal axes X on the fixed Y axis, and 0 ≤ θ ≤ π/2 is
considered for the convenience in the following analysis. The tensor
permeability components can be obtained from the expressions above
by substitution of ε → µ.

For TE waves, the wave vector ~k is assumed in the xz plane, so
the electric field vectors of the incident and reflected waves in region 1
are expressed as

~E1i = ŷE+
1 e−j(kxx+k1zz) (4)

~E1r = ŷRE+
1 e−j(kxx−k1zz) (5)

In region 2, the electric field vectors of the refracted waves can be
written as

~E2t = ŷTE+
1 e−j(kxx+k2zz) (6)

The magnetic field vectors in region 2 are governed by equation
~k × ~E = ω ¯̄µ · ~H, which gives

~H2t =
[−(k2zµzz+kxµxz)TE+

1

ωµXµZ
x̂+

(kxµxx+k2zµzx)TE+
1

ωµXµZ
ẑ

]
e−j(kxx+k2zz)

(7)
where R and T are the reflection and transmission coefficients at the
interface respectively, and k2z can be determined by

αk2
x + βk2

2z + γkxk2z = ω2 (8)

where
α =

µxx

εY µXµZ
, β =

µzz

εY µXµZ
, γ =

µxz + µzx

εY µXµZ
(9)

The time-averaged Poynting vectors of the refracted waves can be
written as

~S2t =Re
[
kxµxx + k2zµzx

2ωµXµZ

∣∣TE+
1

∣∣2 x̂ +
kxµxz + k2zµzz

2ωµXµZ

∣∣TE+
1

∣∣2 ẑ

]
(10)
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Then, the product ~k2 · ~S2t reduces to

~k2 · ~S2t = Re
[ωεY

2

∣∣TE+
1

∣∣2
]

(11)

From these expressions, we can see that the condition of approximately
left-handed wave propagation for TE waves is εY < 0, and other tensor
components do not need to be negative.

Here, we will discuss the conditions of negative refraction at the
interface in the case of approximately left-handed wave propagation
by following principles. Plus, a restricted range of incident angles
0 < θi < π/2 is assumed. To ensure the approximately left-handed
behavior, εY < 0 is a precondition.

(i). The occurrence of refraction requires that the z component of
the refracted wave vectors must be real. It follows from Eq. (8) that

k2z =
−γkx + σ

√
A

2β
(12)

where σ = ±1. That is, the refraction will occur if the following
inequality is satisfied:

A =
−4ω2

εY µXµZ

(
µ1ε1 sin2 θi

εY
− µzz

)
> 0 (13)

When A ≤ 0, k2z is complex. The normal component of the energy
current density of the refracted waves is equal to zero and the total
reflection phenomenon will occur. The critical angle can be obtained
from A = 0, which gives

θc = sin−1

√
εY µzz

ε1µ1
(14)

where µzz < 0. If εY µzz > ε1µ1, the critical angle θc will be
equal to π/2. The condition of the total reflection occurrence at
such interface is quite different from that at the general anisotropic
metamaterial interface along a principal axis, which requires k2z must
be imaginary [15].

(ii). Energy conservation defines one of the two possible solutions
for the refracted wave vector k2z. When εY < 0, we take σ = −1.

(iii). The negative refraction occurs when the Poynting vectors of
the incident and refracted waves appear on the same side of the normal,
which requires ~kx · ~S2t < 0. According to Eqs. (10) and (12), the last
condition is obtained as

~kx · ~S2t = Re

[
kx(2kx −

√
AµzxεY )

4ωβεY µXµZ

∣∣TE+
1

∣∣2
]

< 0 (15)
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3. ANALYSIS OF NEGATIVE REFRACTION IN FOUR
CLASSES

In terms of the signs of the principal components of the permittivity
and permeability tensors, the existence conditions of negative
refraction for TE waves are discussed under the condition for
approximately left-handed wave propagation. For simplicity, we define
t1 = εY µZ , t2 = εY µX in later analysis and classify them into
the following four classes. The obtained results are summarized in
Table 1. Moreover, the dispersion of anisotropic metematerial is taken
into account in the numerical example. The tensor components along
principal axes in Eq. (1) can be expressed by the cold plasma media
model as follows [5, 12]:

ε(ω) = ε0

(
1− ω2

ep

ω2

)
, µ(ω) = µ0

(
1− ω2

mp

ω2

)
(16)

where ωep and ωmp are electric and magnetic plasma frequencies. The
required principal components can be realized by changing ωep, ωmp

and the operating frequency ω0.

3.1. t1 > 0, t2 > 0 (εY < 0, µX < 0, µZ < 0)

From Eq. (13), we can find that when the incident angle θi < θc,
the wave vector k2z becomes real and the refraction can occur. From
Eq. (15), we know that the conditions of negative refraction are
dependent on the sign of µzx. Thus, we shall consider the problem in
two cases. (i) µX < µZ . The inequality (15) is satisfied for any incident
angles, the negative refraction can thus occur for any refracted waves.
(ii) µX > µZ . From the inequality (15), we can see that if the following
condition is satisfied:

θi > θa = sin−1

(
|µxz|

√
εY

ε1µ1µxx

)
(17)

the negative refraction will occur. The angle θa is the particular
incident angle when the refraction angle of Poynting vector is equal
to zero, and it can be solved from ~kx · ~S2t = 0. If µ1ε1 < µ2

zxεY /µxx, θa

will be equal to π/2. The negative refraction phenomenon thus can’t
exist for any incident waves. It should be noted that the inequality
θc > θa is always valid. From these restrictions mentioned above, the
conditions of the negative refraction occurrence in this section, with
special cases of θc = π/2 and θa = π/2 included, are listed in Table 1.

Wave vector surface can be used to describe the refractive
characteristics at the interface between two media efficiently. In this
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Table 1. The existence conditions of negative refraction for εY < 0.

Media conditions
Incident angle

conditions

εY < 0, µX < 0, µZ < 0
µX < µZ |θi| < θc

µX > µZ θa < |θi| < θc

εY < 0, µX < 0, µZ > 0
tan2 θ < −µZ/µX Non-existence

tan2 θ > −µZ/µX |θi| > θc

εY < 0, µX > 0, µZ < 0

tan2 θ < min(−µZ/µX ,−µX/µZ) |θi| > θc

−µX/µZ < tan2 θ < −µZ/µX θc < |θi| < θa

−µZ/µX < tan2 θ < −µX/µZ All incident angles

tan2 θ > max(−µZ/µX ,−µX/µZ) |θi| < θa

εY < 0, µX > 0, µZ > 0 Non-existence Non-existence

(a) (b) (c)

Figure 2. Diagram for wave-vector surfaces corresponding to the
isotropic media and anisotropic metamaterial with εY < 0, µX < 0,
µZ < 0. The incident, refracted wave vectors and energy current of
the refracted waves are indicated by the solid arrow. The angles θc

and θa are indicated by the dashed dotted line. The refracted waves
with the refraction angle of Poynting vector zero are determined by
the small circle on the ellipse. (a) µX < µZ , (b) µX > µZ , with the
wave incident in the range of θa < θi < θc, (c) µX > µZ , with the wave
incident in the range of θi < θa.

section, the dispersion curve for anisotropic media is an ellipse. When
µX < µZ , the long axis of the ellipse is the Z axis. We take the
wave incident in the range of θi < θc. Then the wave vector and
Poynting vector are negatively refracted, as shown in Fig. 2(a). When
µX > µZ , the long axis of the ellipse becomes the X axis, as we can
see from Fig. 2(b). The incident angle in the range of θa < θi < θc



250 Liu and Guo

is employed, and the refraction angles of wave vector and Poynting
vector are always negative. Note that because of the existence of
the angle θa, the refraction of Poynting vector may be positive or
negative depending on the range of incident angles. However, there is
no such amphoteric refraction phenomenon at regular interfaces. We
can further give physical insight into the appearance of amphoteric
refraction from the wave vector surface. At the noted point shown in
Fig. 2(b), dkz/dkx = 0 is satisfied. By solving the equation we find
that, when the refracted wave vector and the ellipse intersect at this
point, the corresponding incident angle is just the angle θa in Eq. (17).
In Fig. 2(c), the incident angle in the range of θi < θa is employed,
and it yields that the refraction of Poynting vector becomes positive
in this case.

Next, we will focus our attention on the effect of the rotation angle
on this phenomenon. In order to observe the incident angle region of
negative refraction occurrence for µX > µZ , we choose ωepY = ωmpX =√

2ω0 and ωmpZ =
√

7ω0 in Eq. (16). Then the component parameters
εY = −ε0, µX = −µ0 and µZ = −6µ0 can be obtained. The graphs of
θc and θa versus θ are shown in Fig. 3(a). It is seen that the incident
angle region (shade part) becomes narrow initially, and then becomes
wide with the further increasing rotation angle θ in this case. In our
numerical example, by simple derivations we know that when θ > θ1 =
63.4◦, where θ1 = sin−1

√
(ε1µ1 − εY µZ)/[εY (µX − µZ)], the total

reflection occurs. Moreover, the phenomenon of negative refraction
vanishes when µ1ε1 < µ2

zxεY /µxx, so the corresponding rotation angle
range is 26.6◦ < θ < 39.2◦. Thus, the ampoteric refraction that the
refraction can be either positive or negative depending on the incident
angles can only occur for the rotation angle chosen properly. The
shaded area can be expanded by changing the material parameters.
To obtain the maximum of the area of region S1, the optimal value
µX = µZ and εY µX > ε1µ1 should be taken.

3.2. t1 < 0, t2 > 0 (εY < 0, µX < 0, µZ > 0)

The sign of µzz will have effect both on the occurrence of refraction
and the conditions of negative refraction, so we further discuss them
in two cases. (i) µzz > 0. In such a case the critical angle does
not exist. Electromagnetic waves can always be transmitted into the
second medium. From Eq. (15), we know that the positive refraction
can occur for any incident waves. (ii) µzz < 0. According to Eq. (13),
the occurrence of refraction requires θi > θc. If θi < θc, the incident
waves will be totally reflected. This phenomenon is called anomalous
total reflection. If εY µzz > ε1µ1, θc will be equal to π/2. Thus, k2z will
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be complex and the total reflection can exist for any incident waves.
This is the so-called omnidirectional total reflection [23]. Besides, the
inequality (15) is always satisfied and the negative refraction will occur
for any refracted waves.

In this section, the dispersion curve is a hyperbola with its real
axis Z. When tan2 θ < −µZ/µX , we take the wave incident at
an arbitrary angle to the interface. Fig. 4(a) shows that the wave
vector is negatively refracted, while the Poynting vector is always
positively refracted. Fig. 4(b) illustrates the dispersion curves for
the two media in the case of tan2 θ > −µZ/µX . The incident angle
in the range of θi > θc is employed, and the refraction of Poynting
vector is negative even if the wave vector refraction is positive. Note

(a) (b)

(c) (d) 

Figure 3. θc and θa as a function of the rotation angle with ε1 = ε0,
µ1 = 2µ0. (a) ωepY =

√
2ω0, ωmpX =

√
2ω0, ωmpZ =

√
7ω0; (b)

ωepY =
√

3ω0, ωmpX =
√

2.5ω0, ωmpZ =
√

0.5ω0; (c) ωepY =
√

7ω0,
ωmpX =

√
0.2ω0, ωmpZ =

√
1.4ω0; (d) ωepY =

√
2ω0, ωmpX =

√
0.9ω0,

ωmpZ =
√

1.6ω0. The negative refraction, positive refraction and total
reflection can exist respectively in incident angle regions S1, S2 and S3

for different rotation angles.
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(a) (b)

Figure 4. Diagram for wave-vector surfaces corresponding to the
isotropic media and anisotropic metamaterial with εY < 0, µX < 0,
µZ > 0. The incident, refracted wave vectors and energy current of
the refracted waves are indicated by the solid arrow. The angle θc

is indicated by the dashed dotted line. (a) tan2 θ < −µZ/µX , (b)
tan2 θ > −µZ/µX .

that the wave vector k2z chosen in this case is the lager one since
β < 0. From the analysis above, it is concluded that the conditions
of negative refraction are strongly dependent on the rotation angle
θ, which can further be explicitly seen in Fig. 3(b). As the rotation
angle increases, the incident angle region of shade part becomes narrow.
When θ > θ2 = 30◦, where θ2 = tan−1

√
|µZ/µX |, it is interesting to

observe the existence of anomalous total reflection phenomenon, which
indicates the qualitative characteristics of reflection are altered with
the rotation angle changing. When θ > θ1 = 60◦, the omnidirectional
total reflection occurs. Thus, the smaller the anisotropy parameters
|εY | and µZ , the larger the shaded area, and the maximum value is
limited by the artificial metamaterial constructed in practice.

3.3. t1 > 0, t2 < 0 (εY < 0, µX > 0, µZ < 0)

The occurrence of refraction depends on the sign of µzz, and the
conditions of negative refraction are determined by the sign µxx. For
µzz < 0, we can find that when θi > θc, the refraction occurs.
Otherwise, the critical angle does not exist and the refraction can thus
occur for any incident angles. Then we discuss the existence conditions
of negative refraction in two cases. (i) µxx > 0. The negative refraction
can exist for any refracted waves because the inequality (15) is always
satisfied. (ii) µxx < 0. It is found from Eq. (15) that the negative
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(a) (b)

Figure 5. Diagram for wave vector surfaces corresponding to the
isotropic media and anisotropic metamaterial with εY < 0, µX > 0,
µZ < 0. The incident, refracted wave vectors and energy current
of the refracted waves are indicated by the solid arrow. The angles
θc and θa are indicated by the dashed dotted line. (a) tan2 θ <
min(−µZ/µX ,−µX/µZ), (b) −µX/µZ < tan2 θ < −µZ/µX .

refraction only occurs for the branch θi < θa. The inequality θc < θa is
always true in this case and the obtained results are listed in Table 1.

The dispersion curve is a hyperbola with its real axis X in this
section. When tan2 θ < min(−µZ/µX ,−µX/µZ), we take the wave
incident in the range of θi > θc, and the refraction angles of wave
vector and Poynting vector are always negative, as shown in Fig. 5(a).
When −µX/µZ < tan2 θ < −µZ/µX , the incident angle in the range
of θc < θi < θa is employed, and the Poynting vector is negatively
refracted, as we can see from Fig. 5(b). If the wave is incident in
the range of θi > θa, the refraction of Poynting vector will become
positive. This phenomenon of amphoteric refraction has also been
described in Section 3.1. The wave vector diagram in the case of
µzz > 0 is omitted here for the sake of brevity. Considering the cases
of |µX | > |µZ | and |µX | < |µZ |, we find it necessary to discuss the
influence of the rotation angle on negative refraction properties in two
cases, as shown in Figs. 3(c) and 3(d). In the first case, the incident
angle region S1 is broadened first, goes through a maximum width
and then becomes small. When θ < θ2 = 35.3◦, the phenomenon
of anomalous total reflection occurs. As the rotation angle increases
further, the qualitative characteristics of reflection are altered. When
θ > θ3 = 54.7◦, where θ3 = tan−1

√
|µX/µZ |, the ampoteric refraction

may occur for the rotation angle chosen large enough. Thus, the
smaller |µZ | and 1/|µX |, the larger the area of region S1. Similar
to the analysis in the corresponding Section 3.2, the maximum value
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Table 2. The existence conditions of negative refraction for εY > 0.

Media conditions
Incident angle

conditions

εY > 0, µX > 0, µZ > 0
µX < µZ Non-existence

µX > µZ θi < θa

εY > 0, µX > 0, µZ < 0

tan2 θ < min(−µZ/µX ,−µX/µZ) θi > θa

−µX/µZ < tan2 θ < −µZ/µX Non-existence

−µZ/µX < tan2 θ < −µX/µZ θi > θa

tan2 θ > max(−µZ/µX ,−µX/µZ) Non-existence

εY > 0, µX < 0, µZ > 0
tan2 θ < −µZ/µX Non-existence

tan2 θ > −µZ/µX All incident angles

εY > 0, µX < 0, µZ < 0 Non-existence Non-existence

is limited by the material parameters in practice. In the other case,
with the increase in θ the incident angle region also becomes wide
first, and then becomes narrow for smaller rotation angle because of
the occurrence of θa.

3.4. t1 < 0, t2 < 0 (εY < 0, µX > 0, µZ > 0)

The inequality (13) can’t be satisfied for any incident angles and the
refraction can never occur in such a case.

It is worth pointing out that when −π/2 < θi < 0, the existence
conditions of negative refraction for the four classes mentioned can
be obtained from the results shown in Table 1 by substitution of
Sections 3.2 ↔ 3.3, the signs “>” ↔ “<” and “min” ↔ “max” in
the expressions of media conditions.

When εY > 0, the existence conditions of negative refraction can
be analyzed in a similar way, and they are summarized in Table 2. It
is found that, by substitution of Sections 3.2 ↔ 3.3, the signs “>” ↔
“<” and “min” ↔ “max” in the expressions of media conditions in
Sections 3.2 and 3.3, the incident angle conditions in Table 1 are just
the conditions of positive refraction occurrence for εY > 0.

4. CONCLUSION

In this paper, we present an investigation on the negative refraction
properties of electromagnetic waves at the interface containing
arbitrarily oriented anisotropic metamaterials. We analyze the effect
of the rotation angle on the negative refractive incident angle region
under the condition for approximately left-handed wave propagation
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in different cases. In contrast to an isotropic medium and a general
anisotropic metamaterial, we obtain some peculiar properties of this
medium. (i) The existence conditions of negative refraction are
determined not only by the physical parameters of the anisotropic
medium but also by the rotation angle. (ii) The existence of total
reflection requires the normal component of the refracted wave vectors
must be complex, and the qualitative characteristics of reflection are
altered by the rotation of the principal axes under the hyperbolic
dispersion. (iii) Under suitable media conditions, the amphoteric
refraction may occur, which has also been found in this kind of
anisotropic medium with elliptical dispersion relation [26].

The investigation may be helpful for understanding the
complicating phenomenon at the anisotropic metamaterial interface
along a nonprincipal axis. It should be pointed out further that
when the rotation angle is equal to 0 or π/2, arbitrary oriented
anisotropic media can be reduced to general anisotropic media as
presented in [14, 15], which makes the conclusions in this paper more
general and practical.
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