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CURVED FIBER SCATTERING
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Abstract—Extinction and backscattering from thin curved fibers of
finite conductivity are computed by solving the Pocklington integro-
differential equation using the Moment Method with point matching
scheme. For simplicity of interpretation these computations were
performed at long wavelengths, in the Drude domain. The effect of
the degree of curvature on the cross sections is examined for high and
low fiber conductivities, and for two incident geometries: normal and
parallel to the plane of the curved fiber. The computations show a
narrowing and decreasing cross sections with increased fiber curvature
for both low and high conductivities. The normal geometry produces
larger cross sections than the parallel case.

1. INTRODUCTION

The subject of electromagnetic scattering by small particles has been
under investigation for a number of decades with recent developments
in both particles and theory [1]. The electromagnetic scattering
and absorption of a small particle depends on the size, shape and
the material content (as found in the complex dielectric function) of
the particle. Communications, atmospheric imagery, environmental
(radiative transfer) and astronomical interests, among others, are
involved.
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Straight, thin, finite conducting fibrous particles have also long
been used for electromagnetic shielding, both in airborne and in solid
matrices. In the last few years [2–6] the theory for this form of particle
has been solidified and confirmed in a number of publications, from
short wavelengths to the microwave. One of these theories [2] also
applies when the fibers have a finite diameter (kD/2 < 1), where k is
the free space wave number and D is the diameter of the fiber, although
the extent of the aspect ratio L/D (for small values) is somewhat
circumscribed, where L is the fiber length. Here we are concerned
with the effects of fiber curvature on the effective cross sections.

To a very good approximation, the electromagnetic scattering
and absorption of finite conducting straight thin fibers are described
by the Pocklington integro-differential equation. Both analytical and
numerical solutions have been obtained and verified by means of
measurements and theoretical comparisons [2–11]. To study the effect
of fiber curvature on electromagnetic scattering, we present a numerical
solution for the Pocklington integro-differential equation that describes
the curved fiber scattering. The moment method of reference [2] with
point matching scheme (using short range pulse basis functions) is
used to obtain the solution. The fiber has been modeled as a half arc
ellipse wherein the eccentricity of the ellipse is changed from 1 (straight
fiber) to 0 (half circle) to illustrate the spectrum of responses. Also,
the problem is solved for two polarizations of incident orientation: In
the first case the incident plane electromagnetic wave encounters the
fiber with the k -vector directed parallel to the plane of the fiber, and in
the second case the electromagnetic wave hits the fiber with direction
normal to the fiber plane.

The computations reported here for long wavelengths can be
scaled to short wavelengths (IR and Visible), providing that the
dispersion theory is used for the dielectric function of the fiber material.
Even though the same computational technique in [2] is used here, the
computations for curved fibers reported here are important for those
dealing with micro and nano fibers, which mostly tends to be curved
rather than straight as the diameter becomes smaller, and those fibers
include artificial and air born fiber like particles in the atmosphere.
This is particularly relevant as man-made fiber diameters decrease and
become more flexible.

2. FORMULATION OF THE PROBLEM AND THE
MOMENT METHOD

Consider a curved elliptical thin conducting fiber with eccentricity
(ε), Diameter (D), length (L), conductivity σ, relative magnetic
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Figure 1. Geometry for a plane wave impinging a curved fiber.

permittivity µr, and relative dielectric constant εr lying in the x-y
plane as shown in Figure 1. When a plane electromagnetic wave (with
time dependent e−iωt) impinges the fiber, assuming that the aspect
ratio L/D >> 1 and kD/2 < 1, the dimensionless induced surface
current u(~r ) is determined by the Pocklington integro-differential
equation [2–5]:

ŝ · ~E0e
i ~k·~r =

∫

l
ds′u

(
~r ′

) (
ŝ · ŝ′ − 1

k2

∂2

∂s∂s′

)
G(~r, ~r ′)− ηu (~r ) (1)

where R = |~r − ~r ′|, G (~r, ~r ′) = eikR

R is the free space Green’s function
and ŝ is the tangent to the fiber at the field point. To avoid the
singularity in the Green’s function during the calculations of the matrix
elements in the Moment method, the source point ~r ′ is always assumed
to be on the wire surface, while the field point ~r is on the wire axis, as
shown in Figure 1. η is the dimensionless surface impedance which
is defined in terms of the first two Bessel functions and the bulk
parameters of the fiber material [5].

The equation of an ellipse, with major axis a and minor axis b,
in Cartesian and polar coordinates for an origin at the center of the
ellipse is given by, respectively:

r (θ) =
ab√

(b · cos(θ))2 + (a · sin(θ))2
(2)

x2

a2
+

y2

b2
= 1 (3)

From these two equations, the tangential angle ϕ is related to the polar
angle θ through the relation:

tan (ϕ) = − b2

a2
cot(θ) (4)
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Also the eccentricity and an element of length of an ellipse are given
by:

ε =

√
1−

(
b

a

)2

, ds =

√
(r(θ))2 +

(
dr(θ)
dθ

)2

· dθ (5)

If Equations (2)–(5) are implemented in the Pocklington Equation (1),
Equation (1) will have the following form in terms of the polar angle
(θ) for normal and parallel incidence geometries, respectively:

cos (φ)
{

1
E0e

−ikr sin(θ) =
∫ 0

π
dθ′u (~r )


cos(θ − θ′)− 1

k2 ·
√

(r(θ))2 +
(

dr(θ)
dθ

)2

∂2

∂θ∂θ′


G(~r, ~r ′)− ηu (~r ) (6)

The Moment method of reference [2] will be used to solve Equation (6)
for both incidence cases. For the computation using the Moment
method, the fiber length is divided into N intervals (number of
matching points), and the current is expanded in terms of a short range
pulse basis function over the fiber length. Then we assert that the
Pocklington equation be satisfied at the center of each interval. This
converts the Pocklington equation into a system of linear equations
whose solution is the current over the fiber. Once we have the current in
hand, one can easily obtain the scattering, absorption, backscattering,
and extinction (absorption + scattering) cross sections from the far
field amplitude [2–5]. The number of intervals N , is doubled until
convergence is achieved over the cross sections.

3. RESULTS AND DISCUSSION

Fortran codes were written based on the Moment Method to solve the
system of Equation (6), and extensive computations were performed
with convergence achieved for both cases of incident geometries with
in an error less than 0.001. The computational CPU times are
comparable with those reported in reference (2) for straight fibers.
Figures 2 and 3 show an example of the convergence of the extinction
cross section for a lowly conductive curved fiber as the number of
matching points (number of basis functions) N increases for the two
incidence geometries. As a validation of the computational model,
the solution obtained satisfies the boundary condition that the current
vanishes at the end points of the fiber as seen in the examples below.
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Figure 2. Extinction cross section versus number of matching points
N for a lowly conductive fiber of total length 6mm, diameter 8µm,
conductivity 7× 104 mho/m at frequency 35 GHz for normal incidence
geometry.
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Figure 3. Extinction cross section versus number of matching points
N for a lowly conductive fiber of total length 6mm, diameter 8µm,
conductivity 7×104 mho/m at frequency 35 GHz for parallel incidence
geometry.

Another test of the computational model is that the solution should
satisfy the energy balance condition: the extinction cross section,
when calculated from the forward scattering amplitude, should equal
the addition of the scattering and absorption cross sections [2, 5].
Table 1 shows calculations for various cross sections for a highly
conductive curved fiber for the two incidence geometries; the table
shows that energy balance condition is perfectly met. Also, in both
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Table 1. Calculations of various cross sections for a highly conductive
curved fiber of total length 4mm, diameter 8µm, conductivity 6 ×
107 mho/m at frequency 35 GHz.

Cross

Section

×10−5 m2

Normal

incidence

(ε = 0.0)

Normal

incidence

(ε = 0.5)

Normal

incidence

(ε = 0.75)

Normal

incidence

(ε = 0.0)

Normal

incidence

(ε = 0.5)

Normal

incidence

(ε = 0.75)

Extinction 3.260 3.330 3.380 2.460 2.650 2.920

Scattering 3.051 3.122 3.176 2.257 2.448 2.720

Absorption 0.209 0.208 0.204 0.203 0.202 0.200

Scattering

+

Absorption

3.260 3.330 3.380 2.460 2.650 2.920

cases of incidence geometries, as the curvature decreases the cross
section solution converges to the straight wire solution as seen in the
examples below, another evidence of the accuracy of the solution. It
should be mentioned here that another computational approach and
experimental data are needed to verify the results reported here.

The results that follow are for incident plane waves, frequency of
35GHz and a fiber of (4µm) diameter. The objective is to use these
parameters to compare cross sections for straight fibers and several
degrees of fiber curvature, for both incident geometries, and for low
and high conductivities.

3.1. High Conductivity Fibers

Figures 4 and 5 show the extinction and backscattering cross sections
as a function of fiber length, for a conductivity of 6×107 mho/m (close
to that of silver, copper and aluminum). The range of lengths includes
the first resonance length region for scattering by a straight fiber.

Figures 4 and 5 show that, for normal incidence geometry,
as the fiber curvature increases, the cross sections (extinction and
backscatter) both become narrower compared with the straight fiber
response. Also there is a slight shift of the resonance peak.

Figures 6 and 7 show the extinction and backscattering cross
sections for the same parameters of Figures 4 and 5 but for parallel
incidence geometry. These figures show that as a fiber becomes
progressively more curved the cross section decreases and becomes
narrower with the same slight resonant shift.

In order to understand this behavior, the induced current is
plotted for the fiber lengths: 4.1 mm (peak length), 6mm (off peak
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Figure 4. Extinction cross section versus fiber length at 35GHz
incident plane wave for normal incidence geometry, D = 4 µm, σ =
6 · 107 mho/m.
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Figure 5. Backscattering cross section versus fiber length at 35 GHz
incident plane wave for normal incidence geometry, D = 4 µm, σ =
6 · 107 mho/m.

length), for ∈= 0.5, and for both incident geometries. Figures 8 and 9
show these current plots as a function of the polar angle (θ).

From these figures, we see that:
1) For the resonant length the current becomes more peaked toward

the fiber center as the fiber curvature increases, with the value at
the center of the fiber slightly higher for normal geometry than
for parallel geometry. For the off peak length, the currents are
all considerably lower. The curved fibers are still more peaked
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Figure 6. Extinction cross section versus fiber length at 35GHz
incident plane wave for parallel incidence geometry, D = 4 µm, σ =
6 · 107 mho/m.
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Figure 7. Backscattering cross section versus fiber length at 35 GHz
incident plane wave for parallel incidence geometry, D = 4 µm, σ =
6 · 107 mho/m.

than that for the straight fiber but less so and with lower relative
amplitude at the center of the fiber for both cases of incident
geometries.

2) The resonance shift might be explained by saying that, for
the curved fibers, the apparent projected fiber length decreases.
Notice that for normal incident geometry, the entire fiber is excited
in phase. That excitation in the parallel geometry is not in phase
might suggest the source of the lower cross sections for this case.
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Figure 8. Amplitude of induced surface current versus polar angle at
35GHz incident plane wave, at the straight wire first resonant peak
length L = 4.1mm, D = 4 µm, σ = 6 · 107 mho/m.

0

0.05

0.10

0.15

0.20

0 1 2 3

Parallel Incidence (  = 0.5)
Normal Incidence (  = 0.5)
Straight fiber (  = 1)

θ (Radians)

 u
( 
θ
 )

 |
|

Figure 9. Amplitude of induced surface current versus polar angle
at 35GHz incident plane wave, at an off peak length L = 6mm,
D = 4 µm, σ = 6 · 107 mho/m.

3.2. Low Conductivity Fibers

Figures 10 and 11 show the extinction for fibers with a conductivity of
σ = 7× 104 mho/m, (graphite like conductivity). It is well known that
low conductivity fibers are essentially not resonant and so, for curved,
low conductivity fibers in the Drude, low wavelength domain, cross
sections simply decrease as expected with no appearance of resonance.
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Figure 12 shows the corresponding current at 4.1mm length fiber.
One can see that the current reduced, so the efficiency is reduced for
fiber curvature for both cases of incident geometry. Again the normal
geometry is more efficient than the parallel geometry due to the same
reason (reduced excitation efficiency).
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Figure 10. Extinction cross section versus fiber length at 35 GHz
incident plane wave for normal incidence geometry, D = 4 µm, σ =
7 · 104 mho/m.
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Figure 11. Extinction cross section versus fiber length at 35 GHz
incident plane wave for parallel incidence geometry, D = 4 µm, σ =
7 · 104 mho/m.
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Figure 12. Amplitude of induced surface current versus polar angle
at 35GHz incident plane wave, fiber length L = 4.1mm, D = 4 µm,
σ = 7 · 104 mho/m.

4. CONCLUSION

The problem of electromagnetic scattering by finite conducting thin
curved fiber has been solved numerically using the moment method
with point matching scheme. The problem has been solved for two
different geometries to indicate the effect of fiber curvature on its
response to electromagnetic radiation. Characterizing the effect of
curvature to the electromagnetic response is relevant to those having
an interest in attenuation efficiencies of very thin fibers. It has been
shown in this paper that curvature of the fiber reduces its response
except at the resonance peak length for the normal geometry while the
parallel case experiences a reduction in response due the variable phase
excitation along the fiber, with a slight resonance shift for both cases.
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