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Abstract—Microwave properties for a bilayer structure made of the
high-temperature superconducting and the ferromagnetic materials are
theoretically investigated. The properties are explored through the
effective surface impedance calculated by using the enhanced two-
fluid model for high-temperature superconductors together with the
transmission line theory. The calculated effective surface impedance
will be numerically analyzed as a function of the frequency, the
temperature, and the thicknesses of the constituent layers. It is found
that, for a thinner superconducting film, the effective surface resistance
is a strong function of the frequency, and the effective surface reactance
exhibits a peak and a dip in the frequency-domain. In the study
of the effect of thickness in ferromagnetic substrate, there is a peak
frequency in the surface reactance for a thinner substrate. There is
also a threshold thickness for the ferromagnetic substrate such that
it behaves like a bulk substrate when its thickness is larger than this
threshold value. In the temperature dependence of surface reactance,
the peak near critical temperature is shifted to lower temperature and
broadened as the film thickness decreases.
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1. INTRODUCTION

It is known that the microwave surface impedance is a useful quantity
in the description of the response to an electromagnetic microwave field
for a superconducting material [1–10]. For a superconductor occupying
the half space, z ≥ 0, the microwave surface impedance is defined as

Zs = Rs + jXs =
Et(z = 0)
∞∫
0

Js(z)dz

, (1)

where the Et (z = 0) is the tangential electric field at the plane
boundary of z = 0, and Js is the surface current density flowing
parallel to the plane boundary. In Equation (1), the real part, Rs, and
the imaginary part, Xs, are called the surface resistance and surface
reactance, respectively. According to the London local electrodynamics
and the two-fluid model, at microwave frequencies which are well below
superconducting gap frequency, expressions for the surface resistance
and surface reactance read [11],

Rs =
1
2
ω2µ2

0σnxnλ3
L, (2)

Xs = ωµ0λL, (3)
where µ0 is the free-space permeability, ω is the angular frequency
of the microwave radiation, xn is the fraction of the normal fluid,
σn is normal-state conductivity, and λL is the temperature-dependent
London penetration depth. The study of surface impedance has two
important aspects. The first is from the applicational viewpoint,
i.e., the knowledge of Rs indicates the electromagnetic dissipation
of the superconductor, which in turn determines the performance
of the superconductor-based devices. The second is of fundamental
importance because a basic parameter of superconductivity, the
superconducting penetration length, can be extracted from the
measurement of Xs according to Equation (3).

Equations (2) and (3) derived from the definition of Equation (1)
indicate the microwave surface impedance of a bulk superconductor.
Since Equations (2) and (3) have nothing to do with the thickness
of a superconductor, it is thus known as an intrinsic surface
impedance of a bulk material. However, microwave surface impedance
measurements are, in reality, conducted by a layered structure where
the superconducting thin film is deposited on the relevant dielectric
substrate. In this case, the microwave surface impedance is commonly
referred to as the effective surface impedance which can be calculated
by using the impedance transform technique in the transmission line
theory (TLT).
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There have been many theoretical and experimental reports
on the microwave effective surface impedance for the typical high-
temperature superconducting system, YBa2Cu3O7−x (YBCO) [1–
5, 7]. For YBCO, the relevant dielectric substrate includes lanthanum
aluminate, LaAlO3, magnesium oxide, MgO, and strontium titanate,
SrTiO3 (STO), as well. In the YBCO/STO layered structure, the
temperature-dependent effective surface resistance shows an oscillating
behavior because the permittivity of STO is nonlinear, i.e., it is
strongly dependent on the temperature and the external applied static
electric field [12, 13]. Using semiconductor Si as a substrate, the study
of surface impedance of YBCO/Si has been reported recently [14]. The
integration of superconductor and semiconductor is promising in low-
temperature microelectronics.

In addition to the above-mentioned substrates, YBCO is often
combined with some certain magnetic material to form a layered
structure. Such a composite structure plays a useful and important
role in exploring the fundamental and applicational issues on the
superconductivity and the magnetism as well. For instance, based
on the magnetic and transport properties of hybrid superconducting
system, a manganite/YBCO bilayer can be used as a spintronic
sensor [15]. A planar transmission line made of YBCO and magnetic
yttrium iron garnet (YIG) can be employed to investigate the
propagation properties of a magnetostatic surface wave [16]. A
trilayer waveguide consisting of antiferromagnet, superconductor, and
semiconductor is used to explore the propagation characteristics
of nonlinear transverse magnetic (TM) surface wave [17, 18].
Recently, a report on the optical properties in the ferromagnet-
superconductor superlattice demonstrates the occurrence of novel
feature of an electromagnetic metamaterial, i.e., the negative index
of refraction [19]. Moreover, the inherent spin-valve effect can be
theoretically investigated in the hybrid structure of ferromagnet-
superconductor-ferromagnet [20].

Motivated by the above-mentioned possible combinations of
YBCO and the relevant magnetic materials, in this paper, we would
like to calculate the microwave effective surface impedance for a
bilayer structure made of YBCO film deposited on the ferromagnetic
substrate, La0.7Sr0.3MnO3 (LSMO). To explore the electromagnetic
microwave response of YBCO, a more accurate two-fluid model
called the enhanced two-fluid (ETF) model will be used in our
calculation [21]. The effective surface impedance will be investigated
as a function of the frequency, the temperature and the static applied
magnetic field.
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Figure 1. A superconductor-ferromagnet bilayer structure for the
calculation of effective surface impedance. The electromagnetic
microwave radiation is incident normally from the left region 1 at the
plane boundary of z = 0. The thicknesses of superconductor (SC) and
the ferromagnetic (FM) are d and h, respectively.

2. BASIC EQUATIONS

Let us consider an SC/FM bilayer structure shown in Figure 1, in
which the region 1 is free space, the superconductor (SC = YBCO)
with a thickness of d is in region 2, and the region 3 is occupied by
the ferromagnetic (FM, which is taken to be LSMO in this study)
with a thickness of h. An electromagnetic monochromatic plane wave
(with x-polarized electric field) propagating in z direction is normally
incident on the plane boundary of air/SC, z = 0. Meanwhile, the FM
layer is under an external static magnetic field H0 applied parallel to
x direction such that its saturation magnetization M is also parallel
to H0.

To model the electrodynamics of a high-quality YBCO film, we
shall adopt the enhanced two-fluid (ETF) model reported by Vendik
et al. [21]. According to this model, the relative permittivity of YBCO
at T < Tc can be expressed as

εr2(ω, T ) = − j

ωε0
[σ2,r(T )− jσ2,i(ω, T )], (4)

where σ2,r(T ) and σ2,i(ω, T ) are respectively the real and imaginary
parts of the superconducting complex conductivity given by

σ2,r(T ) = σn{(T/Tc)γ−1 + α[1− (T/Tc)γ ]}, (5)

σ2,i(ω, T ) =
1

ωµ0λ2
0[1− (T/Tc)γ ]−1

. (6)

Here, σn is the normal-state conductivity of YBCO at T = Tc and λ0

is the London penetration depth at T = 0K. In addition, α and γ are
the empirical parameters. All these parameters, Tc = 90 K, α = 6.5,
γ = 2, λ0 = 200 nm, and σn = 106 S/m for YBCO will be used in our
next calculation. It is worth mentioning that γ = 4 is commonly taken
for the conventional superconductors. For high-temperature cuprates
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such as the high quality YBCO thin-film, γ is experimentally shown
to be not equal to four, but around two. With the permittivity in
Equation (4), the associated wave number of YBCO is given by

k2 = ω
√

µ0ε0εr2 = k0
√

εr2, (7)

where k0 = ω
√

µ0ε0 is the free-space wave number. In addition, the
intrinsic impedance of YBCO is

Z2 =
√

µ0

ε0εr2
=

Z0√
εr2

, (8)

where Z0 =
√

µ0/ε0 = 120π = 377 Ω is the intrinsic impedance of free
space.

As for the FM-LSMO layer, the complex-valued relative
permittivity is expressed as [22]

εr3 = ε′r3 − j
σ3

ε0ω
(9)

where ε′r3 is the real part, and σ3 is the normal conductivity of
ferromagnetic material. As seen in Figure 2 of [23], the measured
normal conductivity σ3 is a function of the temperature. According
to this figure, at T < Tc, σ3 can be approximated as the following
relation, i.e.,

σ3(T ) =
105

1.39× 10−3T + 0.33324
. (10)

(a) (b)

Figure 2. The calculated frequency-dependent (a) effective surface
resistance Rs,eff and (b) effective surface reactance Xs,eff at T = 77 K,
µ0H0 = 100mT, and h = 1µm for three different thicknesses of YBCO
film d = 0.1λ0, λ0, 10λ0 (curves 1–3, respectively).
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On the other hand, the relative permeability of FM-LSMO is given by

µr3 = µ− µ2
a

µ
, (11)

where
µa =

ωωM

ω2
H − ω2

, (12)

and
µ = 1 +

ωMωH

ω2
H − ω2

, (13)

where ωM = µ0γM , ωH = µ0γH0 + j µ0α1ω
2π , γ is the gyromagnetic

ratio and α1 is the coefficient for the damping term. For LSMO, the
saturation magnetization M is also a function of the temperature. The
measured M can be seen in Figure 2 of [23]. Using this temperature-
dependent plot in M , we can approximate it as the following relation,

M(T ) =
−5.25× 10−4T + 0.759

4π
, (14)

for T < Tc. The associated wave number of LSMO is
k3 = ω

√
µ0ε0µr3εr3 = k0

√
µr3εr3, (15)

In addition, the intrinsic impedance is

Z3 =
√

µ0µr3

ε0εr3
= Z0

√
µr3

εr3
. (16)

The effective surface impedance Zs,eff for the structure in Figure 1
can be calculated by making use of the impedance transformation
technique in TLT. First, the impedance at the interface of SC/FM,
z = d, is expressed as

ZSC/FM(ω, h) = Z3
Z1 + Z3 tanh(jk3h)
Z3 + Z1 tanh(jk3h)

, (17)

where the impedance Z1 is equal to Z0. Next, the effective surface
impedance at the incident plane boundary of air/SC, z = 0, is given
by

Zs,eff (ω, T, d, h) = Rs,eff (ω, T, d, h) + jXs,eff (ω, T, d, h)

= Z2

ZSC/FM + Z2 tanh(jk2d)
Z2 + ZSC/FM tanh(jk2d)

. (18)

With ZSC/FM(ω, h) given in Equation (17), it is seen that
Zs,eff (ω, T, d, h) expressed in Equation (18) incorporates all possible
material parameters, including the intrinsic properties such as the
permittivities and permeabilities, and the extrinsic properties like the
thicknesses of the constituent layers.
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3. NUMERICAL RESULTS AND DISCUSSION

In Figure 2, we plot (a) the effective surface resistance Rs,eff and (b)
the effective surface reactance Xs,eff as a function of the frequency
for three different thicknesses of YBCO, d = 0.1λ0, λ0, and 10λ0

(corresponding to curves 1–3, respectively) at T = 77 K and µ0H0 =
100mT. The material parameters for the ferromagnetic LSMO are
γ = 28 × 109(T − s)−1, α1 = 0.01, and h = 1µm. It is seen that
for a thin YBCO film, d = 0.1λ0 (curve 1), the surface resistance is
larger than those for d = λ0 and 10λ0 (curves 2–3). In addition, Rs,eff

increases as the frequency increases for d = 0.1λ0, and it increases
pronouncedly below 160 GHz and then slowly increases as frequency
increases. As for the effective surface reactance Xs,eff , it is seen
from (b) that, for d = 0.1λ0, there exists a peak near 60 GHz and
a broad dip around 300 GHz. In addition, the curves 2 and 3 intersect
near 400GHz. For SC with thickness d = λ0 or 10λ0 both Rs,eff and
Xs,eff monotonically increases as a function of the frequency.

Next, let us study the effect due to the change of the thickness in
LSMO layer. In Figure 3, we plot (a) the effective surface resistance
Rs,eff and (b) the effective surface reactance Xs,eff as a function of
the frequency for four LSMO thicknesses, h = 0.1, 1, 10 and 100µm
(corresponding to the curves 1–4, respectively). Here, T = 77 K,
µ0H0 = 100mT and d = 200 nm are taken. It is seen that for a
thin LSMO film, h = 0.1 µm (curve 1), the surface resistance is larger
than those for thicker ones (curves 2–4) at frequencies higher than

(a) (b)

Figure 3. The calculated frequency-dependent (a) effective surface
resistance Rs,eff and (b) effective surface reactance Xs,eff at T = 77 K,
µ0H0 = 100mT, and d = 200 nm for four different thicknesses of LSMO
film h = 0.1, 1, 10, 100µm (curves 1–4, respectively).
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200GHz. In addition, Rs,eff increases as the frequency increases for all
curves 1–4. However, if the LSMO thickness is larger than or equal to
10µm, the curves of the frequency-dependent Rs,eff coincide, as seen
in curves 3 and 4. The same feature is also seen in Xs,eff . This enables
us to define a threshold thickness of LSMO, hth = 10µm such that the
LSMO effectively behaves as a bulk substrate when h ≥ hth. Moreover,
the effective surface reactance Xs,eff shown in (b), for h = 0.1µm, there
exists a maximum point near 300 GHz. This maximum point is then
smeared out when the LSMO thickness increases.

The temperature-dependent effective surface resistance Rs,eff and
effective surface reactance Xs,eff for three YBCO thicknesses, d =
0.1λ0, λ0, and 10λ0 (curves 1–3) are plotted in Figures 4(a) and (b),
respectively. Here f = 100 GHz, µ0H0 = 100mT, and h = 1 µm. It
is seen that for a thin YBCO film, d = 0.1λ0 (curve 1), the effective
surface resistance is larger than those for d > 0.1λ0 (curves 2–3). As
for the effective surface reactance Xs,eff , the usual peak at temperature
below Tc is also seen for the magnetic substrate. The peak height is
enhanced and broadened when the thickness of YBCO film is small. In
addition, the position of peak is shifted to the temperature away from
Tc. The peak just below Tc mainly arises from the combined effects
of the temperature-dependent London penetration depth and the film
size effect. According to Equation (6), the London penetration depth
is given by

λL(T ) = λ0[1− (T/Tc)γ ]−1/2. (19)

(a) (b)

Figure 4. The calculated temperature-dependent (a) effective surface
resistance Rs,eff and (b) effective surface reactance Xs,eff at f =
100GHz, µ0H0 = 100 mT, and h = 1 µm for three different thicknesses
of YBCO film d = 0.1λ0, λ0, 10λ0 (curves 1–3, respectively).
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(a) (b)

Figure 5. The calculated temperature-dependent (a) effective surface
resistance Rs,eff and (b) effective surface reactance Xs,eff at f =
100GHz, µ0H0 = 100mT, and d = 200 nm for four different thicknesses
of LSMO film, h = 0.1, 1, 10, 100µm (curves 1–4, respectively).

For a bulk superconductor, Equation (3) indicates that the surface
reactance will, in principle, go to infinite as T approaches Tc because
λL(T → Tc) → ∞ based on Equation (19). It is thus no peak can
be seen in the bulk one. However, if the bulk material is replaced by
the film, the effect of London penetration depth will be compensated
by the film size effect, causing the large value in Xs,eff to lower down
and produce a peak, as shown in the curves 1 and 2 of Figure 4(b).
It can be seen that this compensating effect is more pronounced for a
thinner film. For a film with thickness equal to and larger than 10λ0

(as curve 3) this peak will not emerge, indicating that the size effect
is much weaker than effect of the penetration depth.

In Figure 5 we plot (a) the effective surface resistance Rs,eff

and (b) the effective surface reactance Xs,eff as a function of the
temperature for four LSMO thicknesses, h = 0.1, 1, 10 and 100µm
(curves 1–4, respectively) at f = 100 GHz, µ0H0 = 100mT, and
d = 200 nm. It is seen that there is no apparent distinction in Rs,eff

for curves 1–4 at T < 80K. The insignificant change reveals that the
thickness effect coming from LSMO is not so important as YBCO. As
for Xs,eff , we see that the LSMO thickness has a strong influence in
the peak height below Tc. However, the positions of peak in curves 1
and 2 remain nearly unchanged, as illustrated in Figure 4(b).

Figure 6 depicts the effective surface resistance Rs,eff as a function
of the temperature at three different static magnetic fields, µ0H0 =
100, 500, 1000mT (curves 1–3, respectively), where f = 100 GHz,
h = 1 µm, and d = 200 nm are used. The result shows that the effective
surface resistance is nearly not affected by applying the different
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Figure 6. The calculated
temperature-dependent (a) effec-
tive surface resistance Rs,eff for
three different µ0H0 = 100 mT,
500mT, 1T (curves 1–3, respec-
tively) at f = 100 GHz, h = 1 µm,
and d = 200 nm.

Figure 7. The calculated effec-
tive surface resistance Rs,eff as a
function of the thickness of the su-
perconducting thin film for three
different temperatures, 77, 56, 42,
and 4.2K, respectively.

static magnetic field. It indicates the static magnetic field acting on
the LSMO layer has effectively no influence on the effective surface
resistance for the YBCO/LSMO bilayer structure.

In Figure 7, we plot Rs,eff as a function of the thickness of the
superconducting thin film d at 200GHz for different temperatures of
T = 77, 56, 42, and 4.2 K, respectively. Here, we take µ0H0 =mT and
LSMO thickness h = 0.01λsub, where λsub = 2π/|k3| = 2.242µm. At
77K, there is a peak at d/λ0 = 1, which can be characterized as a
threshold thickness for the property of Rs,eff . For thickness d less than
this threshold value, Rs,eff increases as d increases, and then decreases
as d increases. The threshold thickness is moved to a higher value as
the temperature decreases.

We have so far numerically analyzed the microwave surface
impedance of a bilayer made of a high-Tc superconductor and a
ferromagnet. Indeed, such a bilayer has attracted much attention
over the last decade. Nevertheless, theoretical and experimental
reports on the microwave surface impedance of this structure are
still few. Thus, the present numerical results can motivate the
experimentalists to extract information of the microwave surface
impedance based on the different experimental techniques such
as the cavity resonator method [12], the magnetotransmission
and magnetoreflection measurements [24], and the magneto-optical
measurement [25].
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4. CONCLUSION

The effective surface impedance of a layered structure made of YBCO
and LSMO has been theoretically calculated and investigated. Based
on the numerical results, some conclusions can be drawn.

1. The effect of thickness on the surface impedance coming from
YBCO layer is more salient than LSMO layer. A pronounced
variation in the surface impedance can be seen for YBCO thickness
less than λ0.

2. In this bilayer structure, no substantial effect from the variation
of the static magnetic field on the surface impedance can be seen.

3. There is a threshold thickness for the LSMO layer. The LSMO
film can be effectively regarded as a bulk substrate when its film
thickness is larger than or equal to this threshold thickness.

4. There is also a threshold thickness for the superconducting
thin film that characterizes two different thickness-dependent
behaviors. This threshold thickness increases as the temperature
decreases.
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