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Abstract—This paper focuses on the noise and vibrations of induction
motors. It proposes an analytical method to distinguish the
phenomenon responsible on the magnetic noise, especially the toothing
and the saturation. A 3-speed 3-phase induction motor, which
works sporadically at low speed for hoisting, serve as a support for
experiments. Its acoustic noise during this operating mode is really
important. A complete diagnosis is proposed with a 2D analytical
model. The approach is progressive and it shows analytically that
magnetic saturation is mainly responsible on these noise level. Then,
the presented developments makes it possible to identify, in simple
way, the noise components due to the both magnetic saturation and
toothing effects.

1. INTRODUCTION

Analysis of vibrations and noise of magnetic origin of electrical
rotating machines is difficult and requires some experience. Indeed,
design methods for three phase Induction Motor (IM) are generally
well established for conventional motors; the designers typically use
analytical methods embedded in dedicated softwares While such
traditional designs are nowadays routine, it should be stressed that
some more difficult compromises may be needed to design a specific,
less conventional, motor. This paper presents an acoustic study
which is particularly challenging as it concerns an industrial three-
speed three-phase IM. This IM operates mainly at two high speeds
(synchronous speeds: 1500 and 3000 rpm), while the third one
(375 rpm) is used only sporadically for hoisting. Designing the machine
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for an intermittent mode offers certain flexibility as the rated current
may be exceeded temporarily. However, at low speed, the studied
motor generates a high acoustic level.

The first part of the paper describes the characteristics of the
IM and its acoustic signature. The second part contains a study of
the effects of the magnetic circuit toothing on noise. The third part
determines the influence of the magnetic circuit magnetization and, in
order to get a real idea of the influence of the magnetization of the
stator and rotor iron on noise, results of experiments are proposed. In
the last part, an original analytical method is developed to show the
effects of the saturation on the emitted noise. This yields a simple
analytical explanation of how the noise components appear in the
acoustic spectrum, at specific frequencies. Previous studies [1, 2] have
proposed models of saturated AC machines. Our approach is different
from [1] because the proposed analytical model takes also into account
the both toothing and saturation effects. That makes possible to
identify the noise components which result either from the saturation
or from the toothing or from their combination.

2. DESCRIPTION OF THE STUDIED MACHINE

The studied machine is a 50Hz, 400V, three phase squirrel cage IM.
The p pole pair numbers are 1, 2 and 8 with, respectively, 19, 16 and
7.5 kW mechanical rated powers. The magnetic circuit has N s = 48
stator slots and N r = 42 rotor bars. The stator is equipped with a
Dahlander type winding [3]. The study concerns mainly the low speed
operating mode. Figure 1 shows the spectrum of the noise measured
at distance of 1 meter from the stator with a microphone placed in
the radial direction for rms line voltages U s = V s

√
3 = 395 V. Many

components with a high amplitude can be seen and the global noise
exceeds 85 dBA. The components multiple of 300 Hz have the highest

Figure 1. Acoustic spectrum for V s
√

3 = 395 V and p = 8.
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magnitude, what is rare in conventional IM acoustic noise. Other
non negligible components multiple of 100Hz also appear: 1100, 1600,
1700, 1900 and 2000 Hz. The stator mechanical resonance frequencies
are determined in the 0–3 kHz frequency range with a modal analysis.
Resonance frequencies are 290, 664, 934, 1270, 2220Hz, . . . Even if
some of them are close to frequencies multiple of 300 Hz, it does not
explained, contrary to other studies [2], which focuse on one excited
resonance, why the noise spectrum contains such so many components
of high amplitude and regularly spaced. It can be underlined that the
rotation speed is very low, which precludes the hypothesis of the noise
having an aerodynamic origin because such noise is proportional to the
fifth power of the speed [4, 5].

3. INFLUENCE OF THE TOOTHING ON NOISE

3.1. Harmonic Analysis of the Electromagnetic Forces

The magnetic noise components result from the non static fM per unit
area Maxwell’s force components [6, 7]:

fM = b2/2µ0 (1)

where µ0 = 4π10−7 H/m is the permeability of the free space and b the
radial IM air gap flux density:

b = ελ (2)

ε and λ are respectively the airgap mmf and the per area unit airgap
permeance. λ is characterized by [8]:

λ =
∑

ks

∑

kr

λkskr cos
{

(ksN
s + krN

r)αs

−krN
rθ − ϕks,kr

}
(3)

ks and kr are the tooth harmonic orders; they take all the values
between −∞ and ∞. λkskr is a coefficient, which depends on the IM
magnetic circuit geometry. θ defines the angle between the statoric
and rotoric references ds and dr. It depends on time t and slip s as:
θ = (1− s)ωt/p + θ0. ϕks,kr is tied to the position of ds and dr. ε can
be expressed as:

ε =
∑

h

ε̂h cos[ωt− hpαs − hpϕs] (4)

where:
• h = 6k + 1 is the space harmonic order (k being an integer, which

varies from −∞ to ∞)
• ϕs is a phase angle which depends on the ds choice
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• αs is a spatial angle which allows the location of any point if the
airgap relatively to ds.

The usual assumptions, when trying to explain the magnetic noise
origin of a motor supplied from the grid, is to suppose the iron relative
permeability infinite and to neglect the eccentricity [4].For given three
phase balanced stator voltages vs

q (q = 1, 2 or 3) of V s rms value, one
can write:

vs
q = rsisq + dψs

q/dt (5)

where isq is the line current which crosses the winding q, ψs
q the flux

linked to it and rs the resistance winding.
The determination of b is done at no load. In this condition,

the rotor currents can be assumed to be null and the stator currents
are identified with the magnetizing currents. Moreover, if rsisq is
neglected and as ψs

q comes from b, using integration, it appears that b
is directly linked to vs. Sinusoidal isq currents of ω angular frequency
are considered. Neglecting the phase angles, b can be written as:

b =
∑

h

∑

ks

∑

kr

b̂h,ks,kr cos(ωbt−Mbα
s) (6)

where fM , given by (1), can be expressed as:

fM =
∑

W

∑
m

fW,m =
∑

W

∑
m

f̂W,m cos(Wt−mαs) (7)

So, the force components rotate at the speed W/m where W is the
angular frequency of the force component (W = 2πF ) and the m mode
number indicates the number of attraction points between the stator
and the rotor [9]. Low values of m are the most unfavorable because,
for m ≥ 2, the stator vibration amplitudes generated by the forces
are linked to 1/m4 [5]. The product of two flux density components
includes:

• the term square defined by fW0,m0 with W0 = 2ωb and m0 = 2Mb

• the double products for which two flux harmonics are differenti-
ated by indexes 1 and 2. Such components are defined by fW1,m1

and fW2,m2 with W1 = ωb1 +ωb2 , m1 = Mb1 +Mb2 , W2 = ωb1−ωb2
and m2 = Mb1 −Mb2 .

These forces deform the mechanical structure of the stator, especially
its external housing. These deformations generate pressure variations
of the air, leading to acoustic noise waves. A force amplitude is
function of f̂W,m and m but also of the mechanical response of the
stator structure, especially if F is close to a resonance frequency [10–
12]. Therefore, empirical law have been developed to model the link
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between the forces, the vibrations and the acoustic noise [5]. The
mechanical models assimilate generally the stator as a ring so that
the static and dynamic displacements can be calculated. Analytical
acoustic models consider the machine as a sphere or a cylinder of
infinite length to calculate the acoustic pressure from the stator
displacements.

3.2. Influence of Tooth and Space Harmonics

As N s = 6p and N r = 5.25p and considering the studied machine with
p = 8, it can be written:

W0 = [1− 5.25kr(1− s)]2ω (8)
m0 = 2p(1 + 6K − 5.25kr) (9)
W1 = [2− 5.25k(r+)(1− s)]ω (10)
m1 = p(2 + 6K(+) − 5.25k(r+)) (11)
W2 = [−5.25k(r−)(1− s)]ω (12)
m2 = p(6K(−) − 5.25k(r−)) (13)

where:

• k(r+) = kr1 + kr2,
• k(r−) = kr1 − kr2,
• k(s+) = ks1 + ks2,
• k(s−) = ks1 − ks2,
• h1 + h2 = 2 + 6h(+),
• h1 − h2 = −6h(−),
• K = h− k,
• K(+) = h(+) − k(s+),
• K− = h(−) + k(s−),
• h, ks and kr vary between −∞ and +∞.

Considerations about m and F allow one to determine the
dominant force components. m is an integer, which value is limited to
8 according to the previous comments about the noise vibrations. The
results shown at Table 1 present frequencies up to 3 kHz with s = 0.
However, one can see that these components are not preponderant in
the spectrum of Fig. 1 except the line of 2100Hz frequency. This first
analytical model does not explain why force components of frequency
multiple of 100 and 300Hz are responsible for noise.

In order to check the validity of the analytical determination,
measurements have been done for p = 2 in the same conditions as
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Figure 2. Acoustic spectrum for V s
√

3 = 395 V and p = 2.

Table 1. Toothing force compo-
nents (p = 8).

F0 m0 F1 m1 F2 m2

625 4 625 4 262.5 6
1150 8 887.5 8 1837.5 6

950 8 2100 0
1150 8 2362.5 6

1212.5 2
1475 4
2725 4

2987.5 2

Table 2. Force components
created by the toothing p = 2.

F0 m0 F1 m1 F2 m2

100 4 100 4 and 8 1050 6
1150 2 950 2 2100 0
2000 8 1150 2
2200 8 2000 4 and 8

2200 4 and 8

for the low speed (Fig. 2) and the analytical model has been applied
(Table 2). It is important to notice that all the components determined
analytically can be found in the noise spectrum, except the 2200 Hz
component which presents a high m value. It can be seen that the
1150Hz (m = 2) component presents the highest amplitude. On the
one hand, it confirms the validity of the model to determine the noise
due to the toothing and, on the other hand, it reveals the necessity to
extend it in order to explain the noise measured with p = 8.

4. INFLUENCE OF THE SATURATION

The noise can be explained by an abnormal saturation of the magnetic
circuits. Following parts present a verification of the stator design and
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the variation of the noise with different values of V s.

4.1. Validity of the Stator Design at Low Speed

The first approach consists in validating the electromagnetic design for
the low speed and sinusoidal variations of the airgap flux density. So,
only the term corresponding to h = 1 and ks = kr = 0 in Equation (6)
is considered (b = b1). The average flux φ under a pole is given by (14)
where D and L are the internal diameter and the length of the stator
magnetic circuit respectively (D = 0.165m and L = 0.225m).

φ̄ = DLb̂1/p (14)

When the traditional design of three phase machines is used, neglecting
the saturation, one can obtain:

V s = 2.22πK1n
sfφ̄/

√
2 (15)

where:

• K1 is the winding factor. As the number of slots per phase and
per pole is equal to 1 for p = 8, K1 = 1

• ns is the number of wires in the slot per phase series connected:
ns = 216

• V s = 230V

The calculation leads to φ̄ = 9.59mWb and b̂1 = 2.07T, a value which
is obviously theoretical insofar saturation is not taken into account.
Although it depends on the quality of the sheets, the magnetic circuit
will be saturated below the calculated value. A designer usually
chooses b̂1 = 0.7T.

Then, considering b̂1 = 2.07T leads to define the flux density in
the stator teeth: 6 T. In reality, for turbogenerators with grain oriented
laminations [13], the maximum value of the flux density in the teeth is
2.1T. As a consequence, theses two calculations show that the machine
is very saturated. Moreover, the magnetizing current is close to the
rated current; that confirms the saturation. The next step consists in
checking the saturation effect and its impact on the acoustic noise.

4.2. Experimental Validation

In order to confirm that the saturation level and so the magnetic noise
depend on V s, a simple experiment has been conducted by decreasing
V s and measuring the noise at no load. Such measurements have been
done for V s

√
3 = 370V and 350 V. The rotor speed is not significantly

modified by the voltage decreasing. The acoustic spectra measured at
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Figure 3. Acoustic spectrum for
V s
√

3 = 370 V and p = 8.
Figure 4. Acoustic spectrum for
V s
√

3 = 350 V and p = 8.

Table 3. Variation of the acoustic line amplitude versus V s.

V s
√

3 F (Hz)
300 600 900 1200 1500

395 84 71.9 74.3 69.1 75.3
370 75.4 46.6 35.9 32.2 21.6

(−10%) (−35%) (−51%) (−53%) (−71%)
350 59.4 31 29.1 25.7 19.7

(−29%) (−56%) (−60%) (−62%) (−73%)

1m away from the machine are shown in Figs. 3 and 4. The noise
decrease is drastic and the global noise follows the level of the 300Hz
line. The amplitude of that line is 84 dBA with a voltage supply of
V s
√

3 = 395 V; it is equal to 75 dBA with 370V and it is under 60 dBA
with 350V. The next 5 lines (600, 900, 1200, 1500 and 1800 Hz) present
the same variations: their amplitudes are above 69.1 dBA with 395 V
and they do not exceed 46.6 dBA and 30.3 dBA respectively with 370
and 350V. The Table 3 shows the decreasing of the major lines. Are
shown in percent the decreasing of the noise line amplitudes (dBA)
relatively to the level obtained with 395 V. The decreasing of the forces,
for a non saturated machine, should decrease with (V s)2. So, the force
component amplitudes should be linearly decreased by 12% and 21%
when V s

√
3 = 370 V and 350 V. The variation of the noise components

(in dBA) are higher, which means force component amplitudes are
drastically reduced. For the 300 Hz component, force amplitude is
decreased by 62% and 94% for V s

√
3 = 370 V and 350 V. At last, the

components of frequency multiple of 100Hz and different from 300 Hz
disappear completely when V s

√
3 = 350 V.
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5. ANALYTICAL MODELING OF SATURATION

5.1. Modelling Method

Let us consider first a smooth airgap machine, which iron permeability
is infinite. Let us denote g the airgap thickness and ε1 the mmf
fundamental component. According to Equation (2), such assumptions
lead to a sinusoidal airgap flux density b1 as shown in Fig. 5. The
magnetic field lines, which cross the airgap, go through the statoric and
rotoric iron. biron denotes the corresponding iron flux density. If parts
of the iron are saturated (biron > Bsat

iron), it means that no negligible
ampere-turns are consumed by iron (teeth and yokes), decreasing the
airgap mmf [1]. As biron is linked to b1, one can associate to Bsat

iron
the quantity Esat, which corresponds to the value of ε1 over which
some parts of the iron become saturated. One can assume that ε1
becomes εsat as shown in Fig. 6(a). The airgap flux density bsat results
from the product εsatλ00. However, to make the calculation easier, this
phenomenon can be modeled by keeping the airgap fmm equal to ε1
and by modifying the airgap thickness so that the airgap permeance

Figure 5. Model without satura-
tion.

( )

( )

Figure 6. Model with satura-
tion.
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becomes λsat as shown in Fig. 6(b). Assuming that the fictitious airgap
thickness varies between g and g + ∆g, λsat varies between µ0/g and
µ0/(g + ∆g). For ∆g = g, the theoretical 2.07 T value previously
calculated becomes 1.03 T. So, there is an important decreasing of the
saturation effect and, consequently, one can admit that ∆g < g. In
these conditions, it can be assumed that λsat varies between λ00 and
λ00(1−∆g/g). Let us introduce the angle β, which takes no null values
when ε̂1 > Esat. The value of ∆g increases when ε̂1 −Esat increases.

5.2. Force Components

For a given value of V s, it can be assumed that β, which characterizes
the saturated iron parts, and ∆g, which characterizes the decreasing
of λ (Fig. 6(b)), are constant. In order to express the permeance by
unit area of a saturated machine, one can first neglect the toothing so
that the λsat wave given in Fig. 6(b) can be expressed as (16) where
λsat

00 < λ00.

λsat = λsat
00 −

∞∑

h′=1

δh′cos(2h′ωt− 2ph′αs) (16)

Then, the toothing is taken into account by replacing, with an
adaptation of the coefficients, λsat

00 with the relationship (3):

λsat =





∑

ks

∑

kr

λsat
kskr

cos
{

(ksNs + krNr)αs

−krNrθ

}

−
∞∑

h′=1

δh′cos(2h′ωt− 2ph′αs)





(17)

δh′ models the harmonic amplitude of saturated parts. Calculation of
the flux density leads to expression similar to (6). The terms resulting
from the double sum are marked with ∗ and they are defined by:

• ωb∗ = [1− 5.25(1− s)kr]ω
• Mb∗ = 8[1 + 6(ks − kr)− 5.25kr].

The terms resulting from the product of the second group of
expression (17) with ε are marked with ∗∗ and they are characterized
by:

• ωb∗∗ = [1 + 2h′] ω
• Mb∗∗ = 8 [h + 2h′].

Calculations of the force components lead to the quantities
W0, m0, W1, m1, W2, m2 if the square of b∗ and the double products
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between the terms of b∗ are considered. Moreover, additional
components appear because of b∗∗. Their characteristics are shown
at Table 4 where:

• k(+) = k1 + k2,
• k(−) = k1 − k2,
• h′(+) = h′1 + h′2 and

• h′(−) = h′1 − h′2.

• the components resulting from square of b∗∗ are identified with
W sat

0 , msat
0 ,

• the components obtained from the double products between the
terms of b∗∗ are characterized by:
• {

W sat
1 ,msat

1

}
and

• {
W sat

2 ,msat
2

}

• the components which result from the double product between
terms of b∗ and b∗∗ are identified with

{
W sat

3 , msat
3

}
and{

W sat
4 ,msat

4

}
.

Let us analyse these new components when p = 8.

• Concerning msat
0 , as h is odd and 2h′ is even, the lowest mode

number is 16. Thus, components defined with W sat
0 and msat

0
have no significant effect.

• Contrary to msat
0 , msat

1 can be null, which leads to h′(+) =
−1 − 3k(+) and W sat

1 = −6k(+)ω. Therefore, this component,
which results from the combination of harmonics linked to b∗∗,

Table 4. Force components due to the saturation.

W sat
0 = (1 + 2h′)2ω

msat
0 = 16(h + 2h′)

W sat
1 = [1 + h′(+))]2ω multiple of 300Hz

msat
1 = 16[1 + 3k(+) + h′(+)] multiple of 300Hz

W sat
2 = 2h′(−)ω multiple of 300Hz

msat
2 = 16[3k(−) + h′(−)] multiple of 300Hz

W sat
3 = [2− 5.25(1− s)kr + 2h′]ω multiple of 100Hz

msat
3 = 8[2 + 6(k(+) − ks) + 2h′ − 5.25kr] multiple of 100Hz

W sat
4 = [−5.25(1− s)kr − 2h′]ω multiple of 100Hz

msat
4 = 8[6(k(−) − ks) + 2h′ − 5.25kr] multiple of 100Hz
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has a frequency multiple of 300 Hz and a mode number equal to
0. The same conclusion can be drawn for W sat

2 and msat
2 .

• msat
3 and msat

4 correspond, if h′ = 0, to components characterized
by m1 and m2. As h′ 6= 0, they contribute to add, at no load,
noise components of frequency multiple of 100 Hz (for example
1100, 1600, 1700, 1900 and 2000 Hz on the spectrum of Fig. 1).

6. CONCLUSION

An industrial three phase three speed induction motor, which is very
noisy when it operates at low speed, has been studied. An analytical
model considering hypotheses of non saturation shows that the
toothing is not alone responsible on this important noise of magnetic
origin. Then, a simple design approach and experiments have shown
that the magnetic circuit is very saturated. An extended analytical
model of forces when magnetic circuit is saturated is proposed.
It allows explaining clearly what kinds of force components are
responsible for the major noise components. Moreover, toothing and
saturation effects can be decoupled with simple analytical expressions.
The proposed analytical developments constitutes a tool easily usable
to explain the noise of IM.
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