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Abstract—A semi-analytical model for the propagation of the repe-
tition frequency high power microwave (HPM) pulses is established.
The effects of different parameters of the repetition frequency HPM
pulses on air breakdown are analyzed. A critical repetition frequency
for the HPM pulse is presented under which the electron density does
not exceed that of the air breakdown when the individual pulse arrives.
The prediction for the critical repetition frequency and the threshold
of the air breakdown due to the repetition frequency HPM pulses is
demonstrated with several numerical simulations.

1. INTRODUCTION

With the development of the source technology [1–3], in particular,
the development of high repetition frequency and miniaturization
technology, the repetition frequency HPM pulses have important
applications in many fields, such as electronic countermeasures and
communications interference [4–6].

There are two kinds of the repetition frequency HPM sources:
narrowband and ultra-wideband (UWB). The narrowband source
generally concentrates in the X-band, its equivalent radiated power
(ERP) has the order of magnitude greater than GW, pulse width
is about tens ns, and the repetition frequency is about several
hundred Hz. The UWB one is generally in L-band, its ERP
also larger than GW, the output pulse width ranges from a few
nanoseconds to tens of nanoseconds, and the repetition frequency
is close to KHz [7]. The propagation of the repetition frequency
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HPM pulses in atmosphere will cause non-linear physical processes,
and this phenomenon has received attention in recent years. For
example, Ref. [8] investigated the relationship between the number
of the penetrated pulses and the microwave power under different
atmospheric pressure and microwave pulse parameters, and Ref. [9]
analyzed the attachment and recombination effects in the electronic
relaxation process.

When the air breakdown happens, the electron density in the
atmosphere will increase dramatically in a short time [10, 11], we call
this duration as the ionization time. However, within the interval time
(also called the “relaxation time”) between two pulses, electrons will
combine with the neutral molecule (such as e+O2 and e+2O2 [12]),
those processes will lead to decreasing the electron density. Therefore,
before the arrival of the next pulse, the initial electron density of the
atmosphere has been changed, and this will affect the propagation of
the follow-up pulses.

In this work, a semi-analytical model for the propagation of the
repetition frequency HPM pulses is presented. Starting with the
continuity equation, which describes the electron density evolution
due to the repetition frequency HPM pulses, we analyze the effects
of different parameters of the repetition frequency HPM pulses on
the air breakdown threshold, such as single pulse field intensity, pulse
width and repetition frequency etc. In particular, a critical repetition
frequency under which the pulses reaches the electron density is equal
to that of the air breakdown is investigated. The air breakdown
criterion for the propagation of the repetition frequency HPM pulses
propagates in the atmosphere has been derived. The numerical results
provide insights for the air breakdown process due to the repetition
frequency HPM pulses.

2. SEMI-ANALYTICAL MODEL

The evolution of electron density in air due to the HPM pulses can be
described by the continuity equation,

∂Ne

∂t
= (vi − vl) Ne, (1)

where Ne is the electron density in m−3, vi and vl denote the
ionization frequency and the loss frequency, respectively, the loss
has three mechanisms: electron-ion recombination, electron-molecule
attachment and diffusion [13]. But compared to the contribution of the
attachment, the effects of the other two can be ignored [9, 14]. So the
solution of Equation (1) can be written as Ne(t) = Ne0 exp(vit − vat)
where va denotes the attachment frequency.
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Before the pulse leaves, the loss terms is negligible, and the
ionization dominates. Within the relaxation time, the attachment
losses will dominate, and this leads electron density decreases quickly.
Therefore, when the repetition frequency HPM pulse propagates
through the atmosphere, the electron density will changes according
to the following rules:

During the ionization time due to the first pulse, the evolution of
the electron density can be approximated as

Ne1 ' Ne0 exp(viτ), (2)

where τ is the pulse width of each single pulse and Ne0 can be estimated
using the following formula [15], where h is the altitude in km,

Ne0 '
{

10 (h < 25 km)
8× 107 × (h/60)18 (h ≥ 25 km) , (3)

During the first relaxation time, the electron density can be
approximated as

Ne11 ' Ne1 exp(−vatr1) ' Ne0 exp(viτ − vatr1), (4)

where the attachment frequency va can be approximated as [16]

va ' 105p, (5)

And p is the atmosphere pressure in Torr, tr1 is the relaxation time
between the first pulse and the second pulse. For convenience, we use
tr to represent the following relaxation time.

During the second ionization time, the electron density can be
written as follows

Ne2 ' Ne11 exp(viτ) ' Ne0 exp(vi2τ − vatr), (6)

During the second relaxation time, the electron density evolutes
as

Ne22 ' Ne2 exp(−vatr) ' Ne0 exp(vi2τ − va2tr), (7)

. . .
During the (N − 1)th ionization time,

Ne(N−1) =Ne(N−2)(N−2) exp(viτ)=Ne0 exp (vi(N−1)τ−va(N−2)tr) ,
(8)

During the (N − 1)th relaxation time,

Ne(N−1)(N−1) = Ne(N−1) exp(−vatr)
= Ne0 exp (vi(N−1)τ−va(N−1)tr), (9)

Note that vi À va.
Usually Np = 108Ne0 is taken as the critical electron density for

the air breakdown condition [17, 18]. So, we define a critical frequency
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fc for the N repetition frequency HPM pulses, under which the electron
density in the air will not exceed Np after every relaxation time between
two pulses. If the repetition frequency of the HPM pulses is lower
than this critical frequency, we can think the previous pulses will have
very small effects on the propagation of the subsequent pulses. Since
Ne11 < Ne22 . . . < Ne(N−1)(N−1), so the critical repetition frequency fc

can be obtained
fc ≤ va

viτ − ln(108)/(N − 1)
. (10)

When the electron density reaches the critical density Np, from
Equation (8), we have

vi =
ln(108) + va(N − 2)tr

(N − 1)τ
, (11)

Since the ionization frequency vi is a function of electric field
strength, the threshold of the air breakdown can be obtained from
Equation (11).

3. NUMERICAL EXAMPLES

3.1. Propagation in Lower Atmosphere

When the repetition frequency HPM pulses propagate in the lower
atmosphere, the ionization frequency can be expressed as

vi = αµEe, (12)

where α ' 10−4 (Ee/p− 26)2 p denotes Townsend’s first ionization
coefficient [17], µ = e/ (mvc) is the electron mobility in the effective
field, Ee in V/cm, which is related to the rms wave field strength
by the relation E2

e = E2
rms/

(
1 + ω2/v2

c

)
, ω is the angular frequency

of each individual pulse, and vc ' 5 × 109p is the electron collision
frequency [12, 18]. In the lower atmosphere, we have ω ¿ vc,
which implies that Ee ' Erms. So in the considered altitude range,
Equation (12) can be applied to both the narrow-band and the UWB
ones.

Substituting Equations (12) and (5) into (10), we have

fc ≤ 1× 105p

3.5× 10−3(Ee/p− 26)2Eeτ − 18.4/(N − 1)
, (13)

Combining Equations (11) and (12), we can get

(Ee/p− 26)2 Ee =
18.4 + 1× 105p (N − 2) tr

3.5× 10−3 (N − 1) τ
, (14)
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After taking cube root of this Equation (14), we obtain the air
breakdown threshold Eb in the lower atmosphere

Eb = 2.9× 10−4 β1/3

a
+ 2.56× 107 p2a

β1/3
+ 17.3p, (15)

where

β = p2a2
{−2.57× 1019pa + 5.63× 1018b + 1.04× 1020

+
[
1.58×1025apb + 1.72×1024b2 + 6.34×1025b−2.92×1026

]1/2
}

, (16)

And
a = (N − 1) τ, b = va(N − 2) tr. (17)

Note that p = 760 exp(−h/7).
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Figure 1. The relation between the critical repetition frequency and
the altitude in the lower atmosphere. (a) different pulse number N ;
(b) different electrical field intensity Ee; (c) different single-pulse width
τ ; (d) the comparison between the FDTD simulation and the semi-
analytical calculation.
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From Equation (13), one can see that the repetition frequency
will decrease as the increasing of the field intensity Ee, the single-
pulse width τ and the total pulse number N . The critical repetition
frequency fc vs. altitude are shown in Fig. 1. In Fig. 1, we can see
that the changes in the electric field intensity Ee have a large impact
on the critical repetition frequency, and the changes in pulse number
N have little effects. Fig. 2 shows the relation between Eb and altitude
h. It can be seen that the breakdown threshold Eb is about 1.48 Mv/m
at altitude of 10 km for N = 10, τ = 20 ns, tr = 50 ns.

In order to validate the semi-analytical model, we employ the
finite-difference time-domain (FDTD) method to compute the critical
frequency and the air breakdown. The HPM atmospheric propagation
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is governed by Maxwell equations and the electronics magneto
hydrodynamic equations [12, 13]:

∇×E = −∂B
∂t

, (18)

∇×H = J +
∂D
∂t

, (19)

∂n

∂t
= (vi − va) n−∇z · (nu) , (20)

m
∂ (nu)

∂t
= en (E + u×B)− nmvcu−∇z · (nεe) , (21)

∂ (nεe)
∂t

= en (u ·E)− nviεe − nvωεe, (22)

Which can be numerically solved by the FDTD method given
in [19]. The comparisons of the simulation results between these two
methods are shown in Fig. 1(d) and Fig. 2(d), respectively. It can be
seen that these two solutions agree with each other very well. Due
to space limitation, here we only show the case for Ee = 2 Mv/m,
τ = 20ns and N = 10 in Fig. 1(d), and N = 10, τ = 20ns and
tr = 50 ns in Fig. 2(d). For the other different parameters, the
agreements between these two methods are similar. Note that the
computational cost of FDTD is much higher than those of the semi-
analytical model.

3.2. Propagation in High-altitude Atmosphere

For the altitude higher than 25 km, ω is close to vc, In this case, we
need to consider the narrow-band pulses and the UWB ones separately.

For the narrow-band pulses, the ionization frequency can be
approximated as [12]

vi ' 5.14× 1011p exp
(−73α−0.44

)
, (23)

where α = Ee/[p2 + (1.26fGHz)2]1/2, fGHz is the carrier frequency in
GHz.

Substituting Equations (23) and (5) into (10), we have

fc≤ 1× 105p

5.14×1011 exp
[
−73/

(
Ee/

(
p2+1.588f2

GHz

)1/2
)0.44

]
pτ−18.4/(N−1)

.

(24)
Combining Equations (11) and (23), we obtain the breakdown

threshold Eb

Eb =
[
p2 + (1.26fGHz)2

]1/2
(

73/ln
[
5.14×1011p(N−1)τ
18.4+105p(N−2)tr

])2.27

. (25)
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Figures 3(a)–(c) and 4(a)–(c) show the critical repetition
frequency and the breakdown threshold for a narrowband repetition
frequency HPM pulse whose carrier frequency is 10 GHz.

From Fig. 3, we can see that there is a minimum for the critical
repetition frequency at some altitude. It first decreases with altitude
and reaches a minimum, then it increases with the altitude. This is
consistent with the breakdown curves shown in Fig. 4.

The comparisons of the solutions between these two methods are
given in Fig. 3(d) and Fig. 4(d). It can be seen that these two solutions
agree with each other very well.

For the case of UWB, the effective electric field Ee for an arbitrary
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Figure 3. The relation between the critical repetition frequency and
the altitude in high-altitude atmosphere for a narrowband case. (a)
different pulse number N ; (b) different electrical field intensity Ee; (c)
different single-pulse width τ ; (d) the comparison between the FDTD
simulation and the semi-analytical calculation.
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electromagnetic pulse can be written as [20]

Ee =
√

1/2mq−1
√
〈u(τ)2〉vc, (26)

where q and m denote the electron charge and mass, respectively; u(τ)
is the electron fluid velocity in the atmosphere, and 〈u(τ)2〉 is the mean
square of electron velocity which can be calculated by [20]

〈
u(τ)2

〉
=

1
τ

∫ τ

0
u(t)u(t)∗dt, (27)

where u(t)∗ indicates the complex conjugate of the velocity.
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The collision frequency vc and the ionization frequency vi were
fitted from the experimental data, which are related to the pressure
and the effective field as follows [21]

vc/p=





3.24× 108(Ee/p)/ [1 + 0.04(Ee/p)] 30 ≤ Ee/p ≤ 54
2.93× 108(Ee/p)× [1 + 0.041(Ee/p)] 54 < Ee/p ≤ 120
5.2× 108 × (Ee/p)1/2 120<Ee/p≤3000

, (28)

vi/p=





[1.32+0.054(Ee/p)]×107 exp(−208p/Ee) 30≤Ee/p≤54
[5.0+0.19(Ee/p)]×107 exp(−273.8p/Ee) 54<Ee/p≤120
54.08×106(Ee/p)1/2 exp(−359p/Ee) 120<Ee/p≤3000

,(29)

Considering the collisions of the electron and neutral molecule in
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the atmosphere, we have the electron momentum equation as [20].
∂u/∂t + vcu = qE/m, (30)

By the Laplace transform, we can write the solution of (30) with
the initial electron velocity being zero as

u (t) = q/me−vct ∗E (t) , (31)
where “∗” indicates the convolution operation.

Combining Equations (26), (27) and (31), we can rewrite the
effective field Ee as

Ee =

√
1
2

〈
[e−τvc ∗E(τ)]2

〉
vc. (32)
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Plugging Equations (29) and (32) into (10), finally we can obtain
the critical repetition frequency fc of the UWB pulses. Combining
Equations (11), (28) and (32), we can obtain the air breakdown
threshed.

Now, we take a Gaussian repetition frequency pulse as an UWB
example. The Gaussian repetition frequency is composed of a series of
single Gaussian pulses with same parameters, which can be written as

E(t) = E0 · exp
[
−4π (t− t0)

2 /τ2
]
, (33)

where t0 = τ/2 and E0 is the field amplitude.
Figures 5 and 6 show the critical repetition frequency and the

air breakdown threshold for the Gaussian repetition frequency pulse
with different parameteres in the case of 120 < Ee/p ≤ 3000. The
comparison of the simulation results between the semi-analytical model
and FDTD are also given in Figs. 5(d) and Fig. 6(d), from which we
can see that these two solutions agree with each other very well.

4. CONCLUSION

In this paper, we present a semi-analytical model for the propagation
of the repetition frequency HPM pulses in the atmosphere. Basing
on the analysis of the minimum relaxation time between the pulses,
we derived the critical repetition frequency and the air breakdown
threshold for the repetition frequency HPM pulses. The accuracy of
these predictions of the semi-analytical model has been demonstrated
by the Numerical simulations of the FDTD method. Since the semi-
analytical model is highly efficient and very accurate, it is very useful
to get quick estimations on the critical repetition frequency and the
air breakdown threshold for the propagation of the HPM pulses in the
atmosphere.
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