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ON THE CHARACTERISTIC IMPEDANCE DEFINITION
IN MICROSTRIP AND COPLANAR LINES
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Abstract—In this paper the definition of characteristic impedance
for lossless microstrip and coplanar lines has been considered. It has
been shown that due to a significant value of the displacement current
related to longitudinal component of the electric field, impedance
definition becomes ambiguous. Such ambiguity can cause considerable
errors in design procedure. This effect is especially noticeable in the
coplanar lines, in opposite to microstrip ones. To confirm the validity
of the applied algorithm (spectral domain approach) the propagation
coefficients and characteristic impedances have been compared to
values obtained from commercial software.

1. INTRODUCTION

Coplanar strips on a dielectric substrate have been analyzed and
utilized since 1970’s [1–7], and they are still popular [8, 9] because
they are easily adaptable to shunt-element connections without any
penetration of the dielectric substrate. Such structures are also
very useful in designing broadband antennas feeding structures [10–
13]. However, the coplanar lines with a finite ground plane have
been considered only in a few papers, mostly utilizing the quasistatic
approximation [14].

The same applies to the case of microstrip lines. They have
been widely utilized in microwave and RF devices since 1970’s
and are still developed and applied in new types of structures
(metamaterials [15, 16], microstrip antennas [17], splitters [18] and
filters [19]).
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Nowadays, the analysis of coplanar and microstrip structures
becomes crucial in the design of printed circuits. The increasing
speed of digital electronic devices requires more complex analysis. For
higher frequencies the circuit as well as the field parameters must
be considered (circuit-field coupled problems). A standard printed
circuit board should now be treated as a system of unshielded coplanar
waveguides or even a radiating structure. Therefore, in order to analyze
such devices full-wave analysis techniques must be used.

Despite the fact that commercial software performs the fullwave
analysis, results are often related to circuit parameters. One of the
most important parameters of the line is a characteristic impedance.
In this paper characteristic impedance definition for coplanar and
microstrip lines is considered. Due to the observed displacement
current related to a longitudinal component of the electric field this
definition becomes ambiguous for the considered lines.

The displacement currents has been widely discussed in the
literature but only in the aspect related to transversal component of
the electric field in lossy media [20]. The longitudinal one has always
been neglected in the analysis of these lines.

In order to show the influence of the displacement current
on characteristic impedance, the analysis is restricted to a lossless
dielectric materials. In such a case the conducting currents (in metal
strips) and longitudinal displacement currents (in substrate) are in
phase. As a result, the characteristic impedance is purely real.

The displacement currents in the analyzed structures can reach
high values and must be taken into account in the formulas defining
characteristic impedance. This effect is especially noticeable for
coplanar lines — in one of the exemplary structures the impedance
varies from 69 Ω to 128Ω.

2. METHOD OF ANALYSIS

In Fig. 1 the cross sections of the investigated lines are shown. The
problem is solved using spectral domain approach (SDA) with the
following Fourier transform definition:

f̃(p) =
∫

R

f(y)e−jpydy, f(y) =
1
2π

∫

R

f̃(p)ejpydp, (1)

where f̃(p) is the image of the function f(y). The electromagnetic field
in the structure can be described by Maxwell’s equations defined in the
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Figure 1. Cross sections of the analyzed structures. (a) Microstrip
line with the reduced ground plane. (b) Coplanar two-strip line. (c)
Coplanar three-strip line.

spectral domain, as follows:

∇× Ẽ(x, p, z) = k0ηH̃(x, p, z), (2)

∇× ηH̃(x, p, z) = k0εrẼ(x, p, z), (3)

where Ẽ(x, p, z) and H̃(x, p, z) are Fourier transforms of the electric
and magnetic fields, respectively, η = −j

√
µ0/ε0 and k0 =

ω
√

µ0ε0. By applying the boundary and continuity conditions to
relations (2), (3) and assuming the fields and currents variation along
z axis as e−jβz, one obtains a set of equations combining tangential
electric field (Ẽz and Ẽy) and current densities (J̃z and J̃y) at the
strips: [

Ẽz(x = 0, p)
Ẽy(x = 0, p)

]
= [G(p, β)]

[
J̃y(x = 0, p)
J̃z(x = 0, p)

]
, (4)

where G(p, β) is a dyadic Green’s function [6]. An application
of Galerkin method to expression (4) with the standard basis
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functions [21] expanding currents densities on the strips:

Jy(y) =





N∑
n=1

ay sin
(

nπ(2y+w)
2w

)
, |y| ≤ w

2

0, otherwise
(5)

Jz(y) =





N∑
n=1

az

cos
(

(n−1)π(2y+w)
2w

)
√

1−( 2y
w )2

, |y| ≤ w
2

0, otherwise,
(6)

leads to a system of linear homogenous equations. The solution of this
problem provides us with a normalized phase coefficient βn = β/k0,
which allows us to determine the current density distribution on the
strips as well as the electric and magnetic fields in the cross section of
the structure.

The currents I on the strip can be calculated by an integration of
the current densities Jz(y) over the strip width

I =

w
2∫

−w
2

Jz(y)dy. (7)

In order to avoid numerical integration errors, which are introduced in
the evaluation of the singular basis functions, the following property
of the Fourier transform is used [22]

∫

R

f(y)dy = f̃(p = 0). (8)

As mentioned in the introduction, the longitudinal displacement
current must be taken into account in the analysis of such structures.
This current can be derived from Ampere’s law applied to a whole
cross section of the line (see Fig. 2):

∮

L

H · dl = jω
∫∫

S

D · ds, (9)

where L = L1 ∪ L2 ∪ L3 and S = S1 ∪ S2 ∪ S3. Assuming that the
fields far from the structure can be neglected, the following relation is
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Figure 2. Cross section of the structure; L1, L2, L3 — contours,
S1, S2, S3 — surfaces.

obtained ‡:∫

R

[
Hy(d+, y)−Hy(d−, y)

]
dy +

∫

R

[
Hy(0+, y)−Hy(0−, y)

]
dy

= jω

∫∫

R2

εr(x, y)ε0Ez(x, y)dxdy. (10)

The magnetic field is discontinuous at the metallization only. Therefore

−
∫

R

Jz(d, y)dy −
∫

R

Jz(0, y)dy = jω

∫∫

R2

εr(x, y)ε0Ez(x, y)dxdy (11)

and finally

−
N∑

n=1

In = Id, (12)

where In is a current on the n-th strip, and N is the total number
of the strips in the structure. If the displacement current is zero, the
forward and backward conducting currents are equal. This situation
is observed for TEM guides and particular types of the symmetrical
quasi-TEM lines [3, 14].
‡ For coplanar lines, when all strips are placed in the same plane (see Figs. 1(b) and (c)),
the considerations can be reduced to the one plane only x = 0.
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In general, for the quasi-TEM configuration, there are three
different definitions of the characteristic impedance: voltage-current,
voltage-power and power-current one. As far as the electric field in
the analyzed structures is not potential (curl(E) 6= 0), the voltage
between two points depends on the path of the integration and might
not be unique. However, the value of the current can be determined
accurately (7). Therefore, to evaluate the characteristic impedance of
the lines the current-power definition is chosen as:

Z =
2P

I2
. (13)

The power P is derived from Poynting vector on the cross section of
the structure. In order to reduce the numerical errors in the fields
evaluation the Parseval theorem is applied

P =
1
2
<




∫∫

R2

Sz(x, y)dxdy


 =

1
4π
<




∫∫

R2

S̃z(x, p)dxdp


 , (14)

where Sz = (Et ×H∗
t )z =

(
ExH∗

y − EyH
∗
x

)
.

Despite the unique definition (13), the value of the characteristic
impedance cannot be simply calculated, due to the differences in
the currents on the strips. For example, in the case of two-strip
line (microstrip or coplanar) and non-zero displacement current, the
conducting currents flowing in the strips can be different (|I1| 6= |I2|).
Denoting the currents ratio by

k =
|I1|
|I2| (15)

the ratio of the characteristic impedances Z1 and Z2, which are
calculated from (13) for I1 and I2, can be expressed as follows

Z2

Z1
= k2. (16)

As shown in the next section, the coefficient k can reach high value
(about 1.5). As a result, the impedance Z2 is 2.25 times greater than
Z1.

3. NUMERICAL RESULTS

The numerical tests of two- and three-strip structures are presented
below. In case of these lines the quasi-TEM modes as well as the
surface mode TM0 can propagate without cutoff frequency. However,
only quasi-TEM modes are involved in the presented analysis.
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Extensive numerical tests have shown that the choice of 7 basis
functions (for both longitudinal and transversal currents) ensures a
proper convergence of the procedure. The trapezoidal integration step
is equal ∆p = 0.025mm−1, whereas p ∈ 〈−50, 50〉mm−1.
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Figure 3. Propagation coefficient for the fundamental mode of the
asymmetric structure (see Fig. 1(b)): w1 = 1 mm, s1 = 1 mm and
w2 = 8mm, d = 0.635mm, εr = 9.79.
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Figure 4. Current density distribution for the fundamental mode of
the asymmetric structure (see Fig. 1(b)): w1 = 1 mm, s1 = 1mm,
w2 = 2mm, d = 0.635mm, εr = 9.79.
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Figure 5. Currents ratio k = |I1/I2| obtained in the analysis for
the fundamental mode of the asymmetric structure (see Fig. 1(b)):
w1 = 1mm, s1 = 1 mm, d = 0.635mm, εr = 9.79.
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Figure 6. Currents ratio k = |I1/I2| obtained in the analysis for
the fundamental mode of the asymmetric structure (see Fig. 1(b)):
w1 = 1mm, s = 1 mm, w2 = 4 mm, d = 0.635mm.

3.1. Two-strip Structure

Firstly, a coplanar line composed of two strips of different widths
is analyzed. In Fig. 3 a propagation coefficient for this asymmetric
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Figure 7. Characteristic impedance for the fundamental mode of the
asymmetric structure (see Fig. 1(b)): w1 = 1mm, s1 = 1mm, w2 =
8mm, d = 0.635mm, εr = 9.79.

configuration is presented and compared with the results of CST [23]
simulations. A good agreement between the results obtained by both
methods is achieved.

A current density distribution for the fundamental mode in that
structure is shown in Fig. 4. Evaluation of currents in the strips (I1 and
I2) exhibits a difference in their absolute values for higher frequencies,
especially for high asymmetry of the structure. In Fig. 5 the ratio of the
currents for a different asymmetry is presented. Moreover, for higher
asymmetry the value of the coefficient k exceeds 1.5 for frequency close
to 35GHz. It must be emphasized that this effect is noticeable even
for low values of the substrate permittivity (see Fig. 6).

The difference in the currents I1 and I2 results in the difference in
the characteristic impedances. In Fig. 7 two impedance characteristics
calculated for the currents I1 and I2 are presented. The results are
compared with the ones obtained from commercial software (CST and
ADS Momentum [24]).§

In Fig. 8 impedance characteristics obtained for different widths of
the second strip in the coplanar line are collected. For high asymmetry
(w1=0.5mm and w2=8mm) the impedance calculated for the first strip
is 69 Ω whereas for the second strip 128 Ω. Similar analysis is performed
§ It should be mentioned that for higher frequencies CST software generates warning about
inaccuracies in the computation related with displacement current.
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Figure 8. Characteristic impedance for the fundamental mode of
the asymmetric coplanar structure (see Fig. 1(b)): w1 = 1 mm, s1 =
1mm, w2 = 8mm, d = 0.635mm, εr = 9.79 mm.
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Figure 9. Characteristic impedance for the fundamental mode of the
microstrip structure (see Fig. 1(a)): w1 = 1 mm, w2 = 8 mm, d =
0.635mm, εr = 9.79.

for the microstrip line (see Fig. 1(a)). In this case the impedance
evaluated for a signal strip is more stable and changes from 49 Ω to
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54Ω, as shown in Fig. 9.
Generally, the displacement current in all analyzed structures is

negligible for low frequencies, and the values of the currents I1 and I2

are equal. As a result, the impedances obtained from SDA, CST and
ADS are the same.

In order to verify the validity of the algorithm the difference
between the currents on the strips in the asymmetric structure and
the evaluated displacement current are compared (see relation (12)).
The displacement current is evaluated from the z component of the
electric field (right-hand side of Equation (11)). The results for three
different ranges of the integration are collected in Table 1. When the
range is large enough, the displacement current Id fulfills relation (12).

3.2. Three-strip Structure

In three-strip lines there are two fundamental (even and odd) modes.
The first set of structure tests are preformed for even mode and low
frequency and compared with the results obtained from quasistatic

Table 1. Currents in the asymmetric structure (see Fig. 1(b)):
w1 = 1 mm, s1 = 1mm, w2 = 4 mm, d = 0.635mm, εr = 9.79.
Displacement current Id is evaluated for different regions {(x, y) : |x| <
xn, |y| < yn}, an origin of the coordinate system is located at the center
of the slot.

Frequency (GHz) Id (µA) (I1 + I2) (µA)
10 0.32887 0.38178 0.40424 −0.42390
20 0.61486 0.63458 0.63777 −0.64012
30 0.78177 0.78665 0.78693 −0.78921

(xn, yn) (mm) (4,8) (6,12) (8,16) −

Table 2. Propagation coefficients and characteristic impedances of
symmetric structure (see Fig. 1(c)): f = 0.4GHz, w1 = w3 = w,
s1 = s2 = s, w2 = 1 mm, d = 0.75 mm, εr = 12.9.

w

(mm)

s

(mm)

Normalized propagation

coefficient

Characteristic

impedance (Ω)

SDA CST From [14] SDA CST

2.5 2 2.099 2.089 72 87.8 82.7

1 0.5 2.470 2.443 49 49.9 48.3

0.625 0.125 2.583 2.504 34 29.9 27.2
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approximation [14]. The results are collected in Table 2 (the values
of the propagation coefficient evaluated in [14] are not presented here,
due to the unclear description of the chart in [14]). It can be seen that
the results obtained from all the methods are in a good agreement.

The frequency characteristics of the propagation coefficients of
even and odd modes are depicted in Fig. 10. As one can see, these
results agree well with the ones obtained from CST software. As
far as the odd mode (with electric wall in the symmetry plane) is
considered, the currents related with strips 1 and 3 have the opposite
signs (see Fig. 11), whereas the total current on the strip 2 is equal
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Figure 10. Propagation coefficient of the three strips line (see
Fig. 1(c)): w1 = w2 = w3 = 1mm, s1 = s2 = 1 mm, d =
0.635mm, εr = 9.79.

Figure 11. Currents density distributions of odd mode of the three
strips structure (see Fig. 1(c)): w1 = w2 = w3 = 1mm, s1 = s2 =
1mm, d = 0.635mm, εr = 9.79.
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to 0. Therefore, I1 + I2 + I3 = 0 and the displacement current Id is
zero because of antisymmetry of Ez(x, y). In such a case the current I
in (13) is unique, hence, the characteristic impedance ZoddI1 = ZoddI3 .
The impedance of this structure is also evaluated using CST software,
and a good agreement is achieved (see Fig. 12).

For even mode, when the magnetic wall is placed at a symmetry
plane (see Fig. 13), the sum of all currents on the strips is not equal
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Figure 12. Characteristic impedance of the odd mode of the three
strips line (see Fig. 1(c)): w1 = w2 = w3 = 1 mm, s1 = s2 = 1 mm, d =
0.635mm, εr = 9.79.

Figure 13. Currents density distributions of even mode of the three
strips structure (see Fig. 1(c)): w1 = w2 = w3 = 1mm, s1 = s2 =
1mm, d = 0.635mm, εr = 9.79.
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Figure 14. Characteristic impedance of the even mode of the three
strips line (see Fig. 1(c)): w1 = w2 = w3 = 1 mm, s1 = s2 = 1 mm, d =
0.635mm, εr = 9.79.

to zero. Due to the symmetry of Ez(x, y), only if the displacement
current Id is taken into account the current equivalence relation (12)
(I1 + I2 + I3 = −Id) is fulfilled. Similarly to the asymmetric two-
strip line, two impedances involving different currents are evaluated:
Zeven(I1+I3) and Zeven(I2). The results obtained in the simulations are
compared with the ones from CST and ADS Momentum (see Fig. 14).
Also in this case the significant discrepancies in the characteristic
impedances can be observed.

4. CONCLUSION

Microstrip and coplanar lossless lines have been investigated utilizing
spectral domain approach. The results have been verified using
commercial software CST and ADS Momentum. Special attention
has been paid to the calculation of the displacement currents related
to the longitudinal component of the electric field. It has been
confirmed that the equivalence of the forward and backward currents
in the structure can be achieved only if the displacement current is
taken into account. It has been shown that the difference between
the forward and backward conducting currents can be significant for
the presented structures. As a result, the characteristic impedance
cannot be uniquely defined. Finally, it has been shown that this
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effect is especially noticeable in the coplanar structures even for low
permittivity of the substrate.
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