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Abstract—The size of an antenna should be relatively large in order
to get high radiation directivity. However, in some applications,
the antenna is restricted in small region, while high directivity is
still required. In this paper, we propose the method of realizing
antenna with large effective apertures using arbitrary shaped small
PEC reflectors and small volumes of left-handed materials based on
coordinate transformation. This design method is validated by the
numerical simulations based on the Finite Element Method (FEM).

1. INTRODUCTION

Recently, the coordinate transformation method is introduced to
the applications of metamaterials, such as invisibility cloaks [1–14],
directive emission antenna [15, 16], waveguide bend devices [17–20].
Perfect invisibility spherical cloak for full waves was obtained through
a proper coordinate transformation which compresses a spherical
region into a concentric spherical shell, leaving the electromagnetic
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wave detoured without interacting with any object inside the shell.
Invisibility cloaks based on other techniques have also been proposed
and extensively studied [21–23]. According to the transformation
method, a type of cylindrical perfect lens which is achieved by rolling
up a perfect slab lens in the virtual EM space was proposed [24].
In [2, 25], the perfect lenses and negative index material were shown
to be results of multi-valued coordinate transformations. Based on
this concept, cylindrical super-lenses with finite size, which is capable
of magnification, were proposed [26]. Later, this concept was further
developed to realize superscatterers, which are used to enlarge the
scattering cross-section of a small object. In addition, the coordinate
transformation method has also been applied to the design of high
directivity antenna [27, 28] and manipulation of directivity of the
antenna. The simulation results show that very directivity is achieved
using this method. However, like conventional antenna including the
new kinds of antenna based on metamaterials [29–35], the cross section
of the antenna must be large enough in order to get the expected high
directivity.

All the previous methods to achieve high directivity are deficient,
which need large enough aperture of antenna. Different from those,
we propose an exceptional technique to achieve antenna with large
effective aperture to achieve high directivity but small cross sections,
and a technique to achieve an antenna when the device is located
at a distance away from the position where the effective antenna
works. Small reflectors with arbitrary shapes can be used to achieve
such antenna. For simplicity, we use small parabolic PEC reflector
and semicircular PEC reflectors as examples, showing the design
procedures. Through the FEM based numerical simulations, the design
method is validated, and the enlarged effective apertures are observed.

2. TRANSFORMATION PROCEDURE FOR REALIZING
LARGE APERTURE ANTENNA FROM SMALL
REFLECTORS

Figures 1(a) and (b) show the transformation scheme to realize the
proposed antenna. By applying the transformation function shown in
Fig. 1(b), the region in the original space 0 < ρ < c is compressed
into the space 0 < ρ′ < a and a negative index region is created as a
result of the transformation function in region a < ρ′ < b. The small
arbitrary reflector indicated by the function ρ′ = g(φ′) now has an
image ρ = G(φ) in the region b < ρ′ < c. Suppose the transformation
function between the two spaces is ρ = f(ρ′, φ′), φ = φ′, z = z′. The
transformation function f in Fig. 2(b) should be properly chosen so
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Figure 1. (a) The sketch map of transformation. (b) The
transformation function ρ = f(ρ′, φ′).

that the function ρ = G(φ) represents a parabola.
Certainly, when the small arbitrary reflector indicated by the

function ρ′ = g(φ′) is located in the region a < ρ′ < b, we also achieve
the same effect by changing the transformation function ρ = f(ρ′, φ′)
in the region a < ρ′ < b. Based on the above transformations, we can
get relative permittivity and permeability tensors in the transformed
space. It means that we can make an arbitrary PEC slab behave like
a bigger parabola reflector.

In order to demonstrate the effectiveness of the transformation
method, two examples are carried out and shown bellow.

3. ANTENNA CREATED WITH LINEAR
TRANSFORMATIONS

In the cylindrical coordinate system, when ρ′ = g(φ′) represents a
parabola, the small reflector is a parabolic antenna. Assume the
coordinate transformation between the original space (ρ, φ, z), and the
new transformed space (ρ′, φ′, z′) is

ρ = f(ρ′), φ = φ′, z = z′ (1)

The coordinate transformation demonstrated by Eq. (1) represents a
change of the free space in the original space to a spatially varying
anisotropic medium in the transformed space. Maxwell’s equations
are invariant under space transformation. The associated relative
permittivity and permeability tensors in the transformed space as a
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result of the coordinate transformation are
¯̄ε′ = diag(εp, εφ, εz)

= diag
(

f(ρ′)
ρ′

, f ′(ρ′),
f(ρ′)f ′(ρ′)

ρ′

)
· ¯̄ε · diag

(
1

f ′(ρ′)
,

ρ′

f(ρ′)
, 1

)

¯̄µ′ = diag(µp, µφ, µz)

= diag
(

f(ρ′)
ρ′

, f ′(ρ′),
f(ρ′)f ′(ρ′)

ρ′

)
· ¯̄µ · diag

(
1

f ′(ρ′)
,

ρ′

f(ρ′)
, 1

)
(2)

In this example, for simplicity, linear transformation function is used
and is shown as follows, which denotes that the c/a is the amplification
coefficient.

ρ = f(ρ′) =





c
aρ′, (ρ′ < a)
b2

ρ′ ρ
′, (a ≤ ρ′ ≤ b)

ρ′, (ρ′ > b)

, (3)

which is demonstrated by Fig. 2. We set a = 2, b = 4 and c = 8 which
denotes that the amplification coefficient is 4, very simple parameters
can be got using this transformation function [19], and the relative
permittivity and permeability tensors of the transformation media are
obtained as




µ′ρ = 1 ε′ρ = 1
µ′φ = 1 ε′φ = 1
µ′z = 16 ε′z = 16

(0 ≤ ρ′ ≤ 2)





µ′ρ = −1 ε′ρ = −1
µ′φ = −1 ε′φ = −1 (2 < ρ′ ≤ 4)

µ′z = −256/ρ′4 ε′z = −256/ρ′4

(4)
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Figure 2. The linear function ρ = f(ρ′) for the coordinate
transformation.
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Here, we can see that dense material is now filled in the center region.
The center region is surrounded by a cylindrical shell with negative
index materials (NIM). Using the above parameters, the proposed
antenna can be fabricated by properly designed metamaterials. Here,
we carried out FEM based numerical simulations to verify the behavior
of this type of antenna directly using the proposed parameters.

We give the simulation result based on the FEM as shown by
Fig. 3(a). A small parabola antenna is put in the region surrounded
by NIM shell, and the source is put on the focal point of the effective
parabola outside the shell. From the simulation results, we can see
that the waves come out from the shell, and most of which propagate
with a flat phase front to the far-field region.

For comparison, the simulation of a parabola antenna, which is
counterpart in its original space, is also carried out, as shown by
Fig. 3(b). The large parabola antenna has a diameter of 4 times larger
than the small parabola antenna, and the source is put on its focal
point. The electric field distribution is shown in Fig. 3(b). From the
two simulation results, we can see that the field distributions in the
right region are very similar, which indicates the effectiveness of this
type of design method. However, the electric field distributions of the
two results are a little different in the some regions due to the memory
restriction of the computer in the simulation. The simulation results
of the proposed antenna can be the same as the original large antenna
if the mesh can be infinitely small.

Finally, we put the source in the region inside the NIM shell, on
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Figure 3. Snapshot of the electric field distributions of the two
antennas. (a) The electric field distributions induced by a smaller
the parabola antenna (the aperture is 6) in the NIM cylindrical shell,
where the black dashed line demonstrates the large effective parabolic
antenna. (b) The electric field distributions induced by the large the
parabola antenna in the original space.
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the focal point of the small parabola reflector. The field distribution
is shown in Fig. 4(a), which is very similar to the results as shown in
Fig. 4(b). In order to verify the results further, we give the curves of
gain of the two antennas. In Fig. 4(c), we find that the gains are nearly
the same. The largest gain of the large parabola reflector is 29.3 dB,
and the largest gain of the small reflector is 28.6 dB. That is to say,
this type of antenna can work well whether the source is putted inside
or outside of the NIM shell, which will be an advantage in practical
applications.
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Figure 4. (a) Snapshot of the total electric field when the source is
located in the center region surrounded by a NIM shell. (b) Snapshot
of the total electric field of the effective large parabola reflector. (c)
The gains of the two reflectors: the “Large” denotes the gain of large
parabola reflector in (b), and the “Small” denotes the gain of small
parabola reflector in (a).
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4. ANTENNA CREATED WITH NONLINEAR
TRANSFORMATIONS

In the previous part, the linear transformation can realize large
effective aperture antenna which needs two kinds of anisotropic
materials with complex parameters. And the fabrication of parabolic
antenna is not easy, so we expect to find another transformation which
can simplify the parameters. We consider the case when ρ′ = g(φ′)
represents a semicircular line, as shown by Fig. 5(a). In most of
the cases, the transformation functions are dependent on φ, in order
to create a large effective the parabola antenna from a semicircular
reflector, which will result in complex parameters. In order to get
simple parameters for the transformation media, the transformation
function should be properly chosen so that it is independent of φ. In
this example, the transformation function is shown as

ρ = f(ρ′) =





4ρ′ (0 ≤ ρ′ ≤ √
2)

8(ρ′−
√

2ρ′2−4)

(4−ρ′2)
, (

√
2 < ρ′ ≤ 2)

ρ′, (ρ′ > 2)
φ = φ′
z = z′

(5)

And the function f(ρ′) is shown as in Fig. 5(b). This nonlinear
transformation compresses the original space in the center region of
the transformed space, and the parabola ρ′ = g(φ′) becomes ρ = G(φ).

The corresponding relative permittivity and permeability tensors
of the material in the cylindrical shell in cylindrical coordinate can be
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Figure 5. (a) The transformation scheme. (b) The transformation
function.
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derived as



ε′ρ = µ′ρ = 1
ε′φ = µ′φ = 1
ε′z = µ′z = 16

(0 ≤ ρ′ ≤ √
2)
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
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(
√

2 < ρ′ ≤ 2)

(6)
The simulations can be carried out by using the parameters in

formula (6). Fig. 6(a) shows the electric distributions of the designed
antenna. Similar to Fig. 3, the small semicircular reflector is put
in the center region and surrounded by a NIM shell. The source
in the transformed space is put on the effective focal point of the
original parabola in the original space. Fig. 6(b) shows the electric
field distributions of the large parabolic antenna in the original space.
Here, the aperture of the proposed antenna is 4 times of the small
semicircular reflector. If we want to get larger effective apertures, the
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Figure 6. Snapshot of the electric field distributions of the two
antennas. (a) The electric field distributions induced by a smaller
semicircular PEC reflector in the NIM cylindrical shell, where the black
dashed line demonstrates the large effective parabola antenna. (b) The
electric field distributions induced by the large parabolic antenna in the
original space (the aperture is 4 times larger than the small semicircular
PEC reflector).
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transformation functions can also be easily determined. Using this
transformation, we can get a large parabolic antenna by surrounding
a semicircular metal construction with a NIM shell.

5. CONCLUSION

A new method for designing small size antenna with large effective
apertures is presented in this paper. Using the multi-valued
transformation function, the large original space is compressed into
a small center region in the transformed space and surrounded by
a NIM shell resulted from the negative slope of the transformation
function. This type of coordinate transformation is then able to
amplify the aperture of the small reflectors. Two examples using linear
and nonlinear transformation functions are shown to demonstrate the
effectiveness of this method. Our current results are carried out in
the two dimensional cases. However, this method can also be easily
extended to the three dimensional cases.
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