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Abstract—The concept of partially coherent four-petal Gaussian
(PCFPG) beam is introduced and described in analytical forms.
Based on the Huygens-Fresnel integral formula, average intensity and
beam spreading in turbulent atmosphere are derived in analytical
expressions. Effects of beam parameters and atmospheric structure
constant on intensity distributions and effective beam sizes are
investigated in detail, respectively. Results show that PCFPG beams
carrying larger coherence lengths or higher beam orders would be less
affected by turbulence. It is also indicated that, when the propagation
distance increases, the PCFPG beam would convert into the Gauss-
like profile sooner or later, but this degradation can be reduced by
modulating beam parameters. Results in this paper may provide
potential applications in free-space optical communications.

1. INTRODUCTION

In recent years, the propagation of various laser beams in turbulent
atmosphere has become a hotspot in the theory of atmospheric
optics, and it has attracted much interest of researchers due to its
essential applications in free-space optical communications [1–3] and
remote sensing [4–6] etc. A great many investigations have been
made on propagation properties of various laser beams in turbulent
atmosphere [7–30]. Many influential analytical methods are carried
out to overcome the turbulence-induced degradation [2, 3, 20, 28, 31–
33]. It has been widely recognized that partially coherent
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laser beams are less affected by turbulence than their coherent
counterparts [7, 18, 24, 29, 32]. It is also indicated that the use of
higher-order model source can also reduce this degradation [3, 27, 28].
Based on above two results, a trend can be estimated that, in near
future, it is necessary and essential to study propagation properties of
partially coherent higher-order model beams in turbulent atmosphere,
in order to further overcome the degradation caused by turbulent
atmosphere.

On the other hand, recently beam pattern formations and
beam shaping have attracted more and more attentions as well
as their propagation properties [34–42]. Since then, methods of
generating various beam patterns have found wide applications in
optical resonators [43, 44]. Very recently, a new form of laser beams
called the four-petal Gaussian (FPG) beam is introduced in analytical
expressions [45], and subsequently its propagation properties in various
media are investigated in detail [46–52]. Although these works are
valuable and significant, to our knowledge, they have not taken into
account the partially coherent case. Also strictly speaking, fully
coherent laser beams are not existing in practice.

According to the two unsettled issue stated above, in this paper, a
partially coherent four-petal Gaussian (PCFPG) beam is introduced,
and its propagation properties in turbulent atmosphere are derived
in analytical expressions. By numerical examples, effects of beam
parameters and atmospheric structure constant on average intensity
and beam spreading are studied, respectively.

2. PROPAGATION THEORY

In the Cartesian coordinate system, the electric field of a coherent
four-petal Gaussian (FPG) beam in the initial plane z = 0 is given
by [45–53]

En (x, y; 0) =
(

xy

σ2
0

)2n

exp
(
−x2 + y2

σ2
0

)
, n = 0, 1, 2 . . . , (1)

where n is the order of the four-petal Gaussian beam, σ0 is the waist
width of fundamental Gaussian beams. When n = 0, Eq. (1) reduces
to the expression of fundamental Gaussian beams. In Eq. (1), the
time variation factor exp(−iωt) is omitted. Detailed behaviors of
four-petal Gaussian beams in the initial plane have been investigated
in [45]. In this paper, the existing coherent FPG beam is extended to
a partially coherent case, and the cross-spectral density of latter can
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be represented as [53]

W (x1, y1, x2, y2; 0)=〈E∗
n (x1, y1; 0)En (x2, y2; 0)〉

=
√

I (x1, y1; 0) I (x2, y2; 0)µ (x1−x2, y1−y2; 0) , (2)

where I(x, y; 0) = W (x, y, x, y; 0) is the intensity at the initial plane by
evaluating x1 = x2 = x and y1 = y2 = y of the cross-spectral density;
µ(x1 − x2, y1 − y2; 0) is the spectral degree of coherence assumed to
have the Gaussian profile

µ (x1 − x2, y1 − y2; 0) = exp

[
−(x1 − x2)

2 + (y1 − y2)
2

2δ2
g

]
, (3)

where δg is defined as the transversal coherence length of the PCFPG
source beam. Substituting Eq. (1) and Eq. (3) into Eq. (2), the cross-
spectral density of PCFPG beams in the initial plane can be expressed
as

W (x1, y1, x2, y2; 0) =
(

x1y1

σ2
0

)2n (
x2y2

σ2
0

)2n

exp
(
−x2

1+y2
1+x2

2+y2
2

σ2
0

)

× exp

[
−(x1 − x2)

2 + (y1 − y2)
2

2δ2
g

]
, (4)

when n = 0, Eq. (4) reduces to the cross-spectral density of partially
coherent Gaussian Schell-model beams [7].

Under the paraxial approximation, the propagation of laser beams
in turbulent atmosphere can be treated with the extended Huygens-
Fresnel integral formula, of which the average intensity in the output
plane z can be given by [24, 28, 30]

〈I (p, q; z)〉 =
k2

4π2z2

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
W (x1, y1, x2, y2; 0)

exp
[
− ik

2z
(x1 − p)2 − ik

2z
(y1 − q)2

]

× exp
[

ik

2z
(x2 − p)2 +

ik

2z
(y2 − q)2

]

〈exp [ψ∗ (x1, y1) + ψ (x2, y2)]〉 dx1dx2dy1dy2, (5)

where the angle brackets denotes the ensemble average over the
turbulence, and the asterisk denotes the complex conjugation, k is
the wave number which is related to the wavelength λ as k = 2π/λ.
The ensemble average in Eq. (5) can be approximately represented in
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the Rytov’s phase function [25–27]

〈exp [ψ∗ (x1, y1) + ψ (x2, y2)]〉 = exp [−0.5Dψ (x1 − x2, y1 − y2)]

= exp

[
−(x1−x2)

2+(y1−y2)
2

ρ2
0

]
, (6)

where Dψ is the wave structure function which is approximated by the
phase structure function in Rytov’s representations [20–28, 54], ρ0 =(
0.545C2

nk2z
)−3/5 is the spherical wave coherence length, C2

n is the
structure constant of local turbulent atmosphere. Substituting Eq. (4)
and Eq. (6) into Eq. (5) and making use of the integral transform
technique, after tedious integral calculations (see Appendix A), the
average intensity distributions in the output plane z can be obtained
as

〈I (p, q; z)〉 =
k2 [(2n)!]4

4z2 · 212n

1√
R+

S R+
Q

exp

{
− k2p2

4R+
Qz2

[
1

2R+
S

(
1
δ2
g

+
2
ρ2
0

)
−1

]2

− k2p2

4R+
S z2

}

× exp

{
k2q2

4R+
Qz2

[
1

2R+
S

(
1
δ2
g

+
2
ρ2
0

)
− 1

]2

− k2q2

4R+
S z2

}

n∑

s=0

n∑

t=0

n∑

h=0

n∑

l=0

1
(n− s)! (2s)! (n− t)! (2t)!

× 1
(n− h)! (2h)! (n− l)! (2l)!

2s∑

f=0

2t∑

g=0

(
2s
f

)(
2t
g

)

[f/2]∑

u=0

h∑

v=0

[g/2]∑

r=0

l∑

d=0

f ! (2h)!
u! (f − 2u)!v! (2h− 2v)!

× g! (2l)!
r! (g − 2r)!d! (2l − 2d)!

(−1)u+v+r+d

(
1
2
− 1

R+
S σ2

0

)s+t

(2i)2u+2v+2r+2d−f−2h−g−2l

(
8
σ2

0

)h+l−r−d

×

 1√

R+
Q


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f+g+2h+2l−2u−2v−2r−2d
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


2
δ2
g

+ 4
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0√
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2
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0 − 2R+
S
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f+g−2u−2v

H2s−f
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 ikp√
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2
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0 − 2R+
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
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2
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[
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(
1
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g

+
2
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− 1

]

 , (7)

where Hn(.) is the Hermite polynomial of order n, and factors R+
S , R+

Q

are represented by

R+
S =

1
σ2

0

+
1

2δ2
g

+
1
ρ2
0

+
ik

2z
, R+

Q =
1

R+
S

(
1

σ2
0δ

2
g

+
1
σ2

0

+
2

σ2
0ρ

2
0

+
k2

4z2

)
, (8)

Equation (7) is the analytical formula for average intensity
distributions of a partially coherent four-petal Gaussian beam in
turbulent atmosphere, and it can provide a convenient way to study
turbulence-induced degradations in a detailed fashion.

Now let us discuss some special cases of Eq. (7). When n = 0,
Eq. (7) reduces to the expression for average intensity distributions of
Gaussian Schell-model beams in turbulent atmosphere [7, 21]

〈IGSM (p, q; z)〉 =
(

k

2z

)2 1
R̃S + R̃−

S

exp

{
− k2p2

4R̃−
S z2

− k2q2

4R̃−
S z2

}

exp
{
− k2

4R̃S + z2

(
p2 + q2

)}
, (9)

where R̃S+, R̃−
S are respectively given by

R̃S+ =
1
σ2

0

+
1

2δ2
g

+
1
ρ2
0

+
ik

2z
, R̃−

S =
1
σ2

0

+
1

2δ2
g

− 1
4R̃S + δ4

g

− ik

2z
, (10)

when δg → ∞ is satisfied, Eq. (7) can be rewritten to Eq. (8) of [47],
which corresponds to the expression for average intensity distributions
of coherent FPG beams in turbulent atmosphere. When C2

n = 0,
Eq. (7) reduces to the propagation formula for PCFPG beams in free
space [55].
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The effective beam sizes of PCFPG beams in the x and y directions
in the output plane can be defined by using moments of two orders of
x and y variance [25, 30, 56]

Wj (z) =

√
2

∫
j2 〈I (p, q; z)〉 dpdq∫ 〈I (p, q; z)〉 dpdq

, (j = p, q) (11)

substituting Eqs. (4)–(6) into Eq. (11) and inverting the integration
order, after tedious integrations (see Appendix A), the analytical
effective beam sizes of PCFPG beams yield

Wp = Wq =

√
2J1 (z)
J2 (z)

, (12)

where J1(z) and J2(z) are respectively given by

J1 (z) =
πk2 [(2n)!]4

4z2 · 212n
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
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where [n] gives the greatest integer which is less than or equal to n.
Eq. (7) and Eqs. (13)–(14) are the main results of this paper, which
allow one to investigate the average intensity and beam spreading
of PCFPG beams in turbulent atmosphere. Although these derived
expressions seem rather complicated in forms, which involve exponent
functions, sums of binomial coefficients and Hermite polynomial etc.,
it only takes several minutes to run the computation by using Matlab.
On the contrary it would cost several hours or even days to perform
numerical integrations of Eq. (5) due to the fact that it involves four
inseparable integrals.

3. NUMERICAL EXAMPLES AND ANALYSIS

Based on the derived analytical results in the above section, here the
average intensity distributions and spreading characteristics of PCFPG
beams in turbulent atmosphere are investigated by using Eq. (7) and
Eqs. (13)–(14), respectively. For numerical examples, uniform beam
parameters are chosen λ = 632.8 nm, σ0 = 10mm, unless otherwise
stated. The normalized intensity distribution of the PCFPG beam
is utilized and shown in Figs. 1–4, which is defined by the following
formula [9, 17, 25, 54]

〈
Ī (p, q, z)

〉
= 〈I (p, q, z)〉 / 〈I (p, q, z)〉max , (15)

where 〈I (p, q, z)〉max is the maximum value of the average intensity
distribution 〈I (p, q, z)〉 .

Figure 1 shows the 3-D normalized intensity distributions
of PCFPG beams at several propagation distances in turbulent
atmosphere, with n = 1, C2

n = 10−14 m−2/3. From four subfigures,
it can be seen that, when the propagation distance z increases, initial
four-petals gradually superpose and the beam profile correspondingly
changes. When z is large enough, i.e., z = 3 km in subfigure (d), beam
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(c) n=1 z=2 km (d) n=1 z=3 km

(a) n=1 z=0 (b) n=1 z=1 km

Figure 1. Normalized intensity distributions of PCFPG beams with
n = 1 at several propagation distances in turbulent atmosphere,
δg=5 mm, C2

n = 10−14 m−2/3. (a) z = 0. (b) z = 1 km. (c) z = 2km.
(d) z = 3km.

profile finally is converted to Gauss-like type. This phenomenon has
been discussed in previous references [1, 7, 21, 22].

Figure 2 shows the 3-D normalized intensity distributions of
PCFPG beams in turbulent atmosphere, with n = 3, C2

n =
10−14 m−2/3. Comparing to Fig. 1, it can be found that the
PCFPG beam carrying higher beam order n would better preserve its
initial profile upon propagation in turbulent atmosphere. This result
well corresponds to the existing deduction [25, 27, 28] that coherent
combination beams or higher order laser beams are less influenced by
turbulence than single model beams. In this paper, this deduction
also holds true for the propagation of higher order PCFPG beams in
turbulent atmosphere.

Figure 3 shows effects of atmospheric structure constant C2
n on
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(c) n=3 z=2 km (d) n=3 z=3 km

(a) n=3 z=0 (b) n=3 z=1 km

Figure 2. Normalized intensity distributions of PCFPG beams with
n = 3 at several propagation distances in turbulent atmosphere,
δg = 5mm, C2

n = 10−14 m−2/3. (a) z = 0. (b) z = 1 km. (c) z = 2 km.
(d) z = 3km.

normalized transversal intensity distributions versus the slant axis.
For comparisons, free space intensity distributions (C2

n = 0) are also
plotted in Figs. 3(a)–(d). In subfigures (a)–(d), the slant axis is selected
as the diagonal line of the Cartesian coordinate system, and other
parameters are chosen δg = 5mm, n = 5. From subfigures (a) and (b)
it is indicated that, when propagation distance z is not so large (z ≤
1 km), atmospheric turbulence hardly affects intensity distributions of
PCFPG beams, of which the reason can be explained by theories of the
Rayleigh range [57]. As propagation distances subsequently increase,
influence of turbulence starts to enhance. One conclusion can be made
from these curves is that, with larger atmospheric structure constant,
PCFPG beams would convert into the Gauss-like profile much more
rapidly [see Fig. 3(d)].
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(a) z=0.5 km (b) z=1 km

(c) z=1.5 km (d) z=2 km

Figure 3. Normalized transversal intensity distributions of PCFPG
beams versus slant axis for different structure constant C2

n in turbulent
atmosphere, δg = 5 mm, n = 5. (a) z = 0.5 km. (b) z = 1 km. (c)
z = 1.5 km. (d) z = 2 km.

Figure 4 represents effects of source coherence length δg on
normalized transversal intensity distributions versus slant axis. For
comparisons, the fully coherent case (δg = infinity) is also plotted
in Figs. 4(a)–(d). From subfigures (a)–(d) it can be seen that in the
initial plane, coherence length has no impact on intensity distributions,
of which the reason can be explained by Eq. (4). However, effects
of coherence length become evident when the propagation distance
z increases; on the other hand, with smaller coherence length of
sources, PCFPG beams would convert into the Gauss-like profile much
more rapidly, and this phenomenon can be observed in Fig. 4(d).
Besides these, another phenomenon can be observed is that intensity
distributions of off-axial reference points are less affected by coherence
length than those of on-axial points.
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(a) z=0 (b) z=0.5 km

(c) z=1 km (d) z=1.5 km

Figure 4. Normalized transversal intensity distributions of PCFPG
beams versus slant axis for different coherence length δg in turbulent
atmosphere, C2

n = 10−14 m−2/3, n = 5. (a) z = 0. (b) z = 0.5 km. (c)
z = 1 km. (d) z = 1.5 km.

Figure 5 depicts effects of coherence length δg on effective beam
sizes of the PCFPG beam when it propagates in turbulent atmosphere,
with beam order n = 2 and n = 4, respectively. It can be found in
these curves that PCFPG beams carrying smaller coherence length
would have larger effective beam sizes upon propagation in turbulent
atmosphere, and it can be compared to the spreading characteristics of
some other partially coherent laser beams in turbulence [2, 7, 24, 29].
Illustrated figures also show that beams carrying larger order would
have larger effective beam sizes upon propagation in turbulent
atmosphere.

Figure 6 shows effects of atmospheric structure constant C2
n on

effective beam sizes of PCFPG beams with order n = 2 and n = 4,
respectively. It is found that, when C2

n increases, effective beam sizes
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(a) n=2 (b) n=4

Figure 5. Effective beam sizes of PCFPG beams versus the
propagation distance z for different coherence length δg in turbulent
atmosphere, C2

n = 10−14 m−2/3. (a) n = 2. (b) n = 4.

(a) n=2 (b) n=4

Figure 6. Effective beam sizes of PCFPG beams versus the
propagation distance z for different structure constant C2

n in turbulent
atmosphere, δg = 5 mm. (a) n = 2. (b) n = 4.

subsequently increase. By comparing Fig. 6(a) to Fig. 6(b), it also
shows that higher-order PCFPG beams would be less affected by
atmospheric turbulence than their lower order counterparts. Reasons
of this phenomenon have been well explained in illustrations to Fig. 2.

Results obtained in this paper can be compared to some previous
reports. Ref. [48] has revealed the propagation properties of the four-
petal Gaussian beam with complete coherence through atmospheric
turbulence. On the other hand, the four-petal Gaussian might be
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synthesized by utilizing coherent combinations of decentered Gaussian
beams with the same initial phase [45, 46]. Based on this fact, for
a practical synthesized four-petal Gaussian source beam, generally
speaking, complete coherent case for such a laser beam can not be
satisfied, in some sense. Therefore, the propositions of the PCFPG
beam are essential to fields such as beam shaping and free space optical
communications. Ref. [48] has reported the influence of turbulence
on intensity distributions and spreading of the four-petal Gaussian
beam when it propagates through atmosphere. Additionally, our
paper not only considers effects of turbulent atmosphere, but also
evaluates the influence of the coherence of sources on the propagation
properties. These impacts are compositive, therefore deserved to be
investigated. To the best our knowledge, these problem have not been
referred in [45–52], even not reported so far. Phenomenons shown
in Figs. 1–4 of our paper correspond well to the final conclusions
of [10] that a general shaped laser beam will eventually approach to
a Gaussian average intensity profile after it propagates in turbulent
atmosphere. Furthermore, our results additionally demonstrate that,
for the PCFPG beam propagating in atmosphere, the transformation
of the intensity profile becomes much more rapidly when the coherence
length δg decreases (see Fig. 4(d)).

4. CONCLUSIONS

In conclusion, intensity and beam spread of partially coherent
four-petal Gaussian beam propagating in atmospheric turbulence is
introduced in analytical forms. Based on the Huygens-Fresnel integral
formula and mathematical treatments, average intensity distributions
and effective beam sizes of PCFPG beams in turbulent atmosphere
are derived in analytical expressions. Propagation properties of
PCFPG beams in turbulence are investigated by numerical examples.
It is indicated that the PCFPG beam deteriorates rapidly when it
propagates in turbulent atmosphere, and it would convert into the
Gauss-like profile sooner or later. It also shows that both source
coherence length and atmospheric structure constant have essential
influence on intensity distributions and effective beam sizes upon
propagation. Results show that larger coherence length or higher
beam order would lead to the reduction of degradations of PCFPG
beams in turbulent atmosphere. These results may provide potential
applications in free space optical communications and combination
technology of high power laser beams.
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APPENDIX A. DERIVATIONS OF EQS. (7), (13)
AND (14)

Equation (4) can be rewritten as the following form

W (x1, y1, x2, y2; 0) =
[(2n)!]4

212n

n∑

s=0

n∑

t=0

n∑

h=0

n∑

l=0

1
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0
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× exp
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2

2δ2
g

]
, (A1)

Substituting Eq. (A1) and Eq. (6) into Eq. (5) and recalling the
following equation [58]

∫ +∞

−∞
exp

(−x2 + 2xy
)
Hm (ax) dx

= exp
(
y2

)√
π

(
1− a2

)m
2 Hm

(
ay√

1− a2

)
, (A2)

After integrating over variables x1, y1, Eq. (5) can be arranged into
the form

〈I (p, q; z)〉 =
k2

4πz2

[(2n)!]4

212n

1√
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S R−
S
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(
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× 1
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where R+
S has been given by Eq. (8) and R−

S in Eq. (A3) is represented
by

R−
S =

1
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0

+
1

2δ2
g

+
1
ρ2
0

− ik
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Using the two following equations [58, 59]
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Eq. (A3) can be further rewritten as
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where R+
Q also has been given by Eq. (8). Recalling the integral

formula [58]
∫ +∞

−∞
xm exp

(−x2 + 2γx
)
dx = exp

(
γ2

)
(2i)−m√πHm (iγ), (A8)

After integrating over variables x2, y2, Eq. (A7) would finally transform
into Eq. (7). In order to derive expressions for effective beam sizes of
PCFPG beams in turbulent atmosphere, by substituting Eqs. (4)–(6)
into Eq. (11) and inverting the integration order, Recalling the formulas
of the Dirac delta function δ [29, 60]

δ(n) (s) =
1
2π

∫ +∞

−∞
(−ip)n exp (−isp) dp, (n = 0, 1, 2), (A9)

∫ +∞

−∞
f (x) δ(n) (x) dx = (−1)n f (n) (0) , (n = 0, 1, 2), (A10)

after tedious but straightforward integrations similar to procedures
(A1)–(A7), we can finally obtain Eqs. (13) and (14).
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