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Abstract—A hybrid method is proposed to compute the radar
cross section (RCS) of multiple wire scatterers with an arbitrary
orientation. Foldy-Lax equations in vector form are transformed into
self-consistent equations for including the multiple scattering effects
between scatterers. A thin-wire approximation of a method of moment
(MoM) is used for calculating the scattering transition operator of a
single wire scatterer. To verify the proposed method, two measurement
models are fabricated and measured in a compact range chamber. The
measured results agree well with the results of the proposed method.

1. INTRODUCTION

The use of chaff is the simplest radar countermeasure, in which aircrafts
or warships spread a lot of small, thin metalized glass fibers. The
chaff fibers are usually operating at resonance frequency and it is well
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known that scatterers stay in the air for 1–2 hours with a horizontal
orientation because they have a high aspect ratio (ratio of the length
to the diameter of the scatterer) [1, 2]. However, chaff fibers are not
aligned along one particular direction but oriented with an arbitrary
orientation distribution. Consequently, the difficulty of estimating the
radar cross section (RCS) of chaff fibers is that analysis region is wide,
and the number of chaff fibers is large, and chaff fibers have not only
a high aspect ratio but also an arbitrary orientation.

Numerous methods developed for the scattering calculation of wire
scatterers are applicable to estimating the RCS of chaff fibers. Early
analysis for the RCS of conducting resonant dipoles used a method
of moment (MoM) [3, 4]. The MoM is one of the approaches using
Maxwell’s integral equation and provides a very accurate solution by
virtue of considering mutual coupling between scatterers. In addition,
a thin-wire approximation of the MoM provides an accurate scattering
response for scatterers with a high aspect ratio [5, 6]. However, the
analyzable number of wire scatterers is restricted to about several
hundred due to the limitations of the computation time and computer
memory. Thus, only general electromagnetic aspects of several hundred
wire scatterers can be inferred.

To overcome the limited analyzable number of wire scatterers,
the total RCS has been calculated by the multiplication of a single
wire scatterer’s average RCS and the number of wire scatterers under
the assumption that the distance between wire scatterers is more
than 2λ and thus mutual coupling is negligible [7, 8]. As a result,
this approach does not take mutual coupling into account, and the
calculation is simple and fast, but precise estimation of the RCS is not
feasible. So far, the way of taking the effect of mutual coupling into
account for analyzing the RCS of collective scatterers is restricted to
several hundred scatterers, furthermore, excluding the effect of mutual
coupling hardly provides accurate estimation. Therefore, an accurate
estimation for the RCS of multiple scatterers has to consider mutual
coupling and overcome the physical limitations, the calculation time
and computer memory.

Conventionally, the electromagnetic scattering problem in random
media with multiple particles has been investigated from the radiative
transfer theory and the multiple scattering theory [9, 10]. The former
is commonly used in computation of a microwave backscatter from
vegetation. The radiative transfer theory is also applied to estimate
the RCS of a foil cloud [16]. Similarly, the radiative transfer theory
can be used for the chaff fibers’ cloud. However, the main drawback of
the radiative transfer theory is that it does not generally include 3rd
or higher order of multiple scattering.
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Multiple scattering theories have been studied extensively in
the past and applied to variety of problems [9]. Early workers
include Foldy [11], Lax [12], Keller [13], and Twersky [14]. Diagram
method such as Dyson equation and Bethe-Salpeter equation gives
a concise formal representation of the complete multiple scattering
processes [15]. Among the various useful multiple scattering theories,
the Foldy-Lax equations (also called the T-matrix method) are
widely used method to compute the multiple scattering of multiple
scatterers [9–12]. Especially, the Foldy-Lax equations have developed
into recursive centered T-matrix algorithm (RCTMA) [17], null-field
method [18], and so on. The T-matrix of a single scatterer relates
a scattered wave to an incident wave based on spherical harmonics
in the three-dimensional case. Therefore, the T-matrix provides an
accurate response only for a globular scatterer with a low aspect ratio.
In the case of a scatterer with a high aspect ratio, a null-field method
with discrete sources can be used, but there is a problem of instability,
which occurs for strongly deformed particles or large size parameters.
Moreover, scatterers with an aspect ratio of 50 are barely achieved with
this approach [18], while the aspect ratio of the chaff fibers ranges from
100 to 150 [1, 2].

This paper describes the development of a hybrid numerical
electromagnetic modeling technique. The approach described here
combines the Foldy-Lax equations with the MoM. The thin-wire
approximation of the MoM is used for the scattering response of a single
scatterer with a high aspect ratio and the Foldy-Lax equations are used
to calculate the multiple scattering between scatterers. For verification
of the proposed method, measurement models are fabricated and
measured in a compact range chamber.

2. FOLDY-LAX EQUATIONS/MOM HYBRID METHOD

The classical Foldy-Lax equations have been used to calculate
the multiple scattering between isotropic scatterers such as point
scatterers. Let the incident exciting field on a point scatterer j be
Eexc

j , as shown Fig. 1, then the scattered field from the point scatterer
jcan be represented by [10–12]

Es
j = G0TjE

exc
j , (1)

where G0 and Tj are the 3D free-space Green’s function and the
scattering transition operator of the point scatterer j, respectively.
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Figure 1. Characteristic parameters of Foldy-Lax equations.

Figure 2. Two identical anisotropic scatterers with different
orientations.

2.1. Self-consistent Equations of Foldy-Lax Equations for
Scatterers with Different Directions

The classical Foldy-Lax equations are used for isotropic scattering
problems in which the scattered filed has nothing to do with the
incident angle against the scatterer. The chaff fiber is not an isotropic
scatterer. Thus, the Foldy-Lax equations need to be converted into
a vector form to be applied to non-isotropic scatterers. That is, the
incident angle and scattered angle need to be taken into account and
the original Foldy-Lax equations need to be modified.

Let us consider two identical scatterers j and k whose orientations
are different as shown in Fig. 2. k̂i is the unit propagation vector of the
incident field and R̂jk is the unit vector from the scatterer k toward the
scatterer j. Oj and Ok are centers of scatterers j and k, respectively.
The solid line arrows denote the paths of each field and the dotted line
arrows denote the coordinate conversions of the corresponding solid
line arrows. In other words, if a field path enters into Oj with the
direction of R̂jk, then the coordination-converted field path of R̂jk

enters into Ok with the same angle, R̂′
jk.

If a plane wave illuminates the two scatterers in the direction
of k̂i, the scattered field from the scatterer j can be described
as the sum of the direct scattering

↔
G0

↔
T j

(
k̂s, k̂i

)
Ei, the second
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order scattering
↔
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an infinite number of terms. It can be represented as follows
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where
↔
T j

(
k̂s, k̂i

)
is the amount of scattered field toward k̂s when a

wave is incident on the scatterer j with the direction of k̂i.
↔
G0 is

the dyadic Green’s function. In order to make (2) into self-consistent
equations, the right hand side needs to be written as a multiplication
of

↔
T j

(
k̂s, k̂i

)
. Thus, adjusting the order of the field path and the

coordination-converted field path, we can derive the approximate
expression as
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Using the above approximations, (2) can be simplified as
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Then, the exciting field of the scatterer j with arbitrary orientation
can be represented as follows

Eexc
j ≈ Ei +

↔
G0

↔
T k

(
R̂jk, R̂

′
jk

)
Eexc

k . (7)
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If the self-consistent equations for two scatterers are extended to
N scatterers, a problem generalization can be made as

Eexc
j ≈ Ei

(
k̂i

)
+

N∑

k=1
k 6=j

↔
G0

↔
T k

(
R̂jk, R̂

′
jk

)
Eexc

k . (8)

In (8), it can be intuitively seen that the exciting field of the
scatterer j is the summation of the incident field and all scattered
fields heading to the scatterer j from neighboring scatterers. If the
second term of the right hand side is tied over the left hand side, the
Equation (8) can now be written as


I −

N∑

k=1
k 6=j

↔
G0

↔
T k

(
R̂jk, R̂

′
jk

)

Eexc

k ≈ Ei
(
k̂i

)
. (9)

If we further let

Zjk =

{
1 if j = k

−↔
G0

↔
T

(
R̂jk, R̂

′
jk

)
if j 6= k

, (10)

then we have the following matrix equation:
N∑

k=1

ZjkEexc
k ≈ Ei

(
k̂i

)
. (11)

In matrix notation
Z · Ēexc = Ēi, (12)

where Z is the interaction matrix that contains the interaction between
scatterers and is independent of both the incident and scattered angle,
Ēexc is the unknown vector of the exciting fields of the scatterers, and
Ēi is the known vector of the incident fields.

The interaction matrix has a N ×N dimension and is symmetric.
If the upper triangular entries of Z are known, the lower parts can be
obtained without the calculation of the scattering transition operators.
Therefore, the calculation time can be reduced. If the distance between
neighboring wire scatterers is greater than 2λ, then the effect of mutual
coupling can be negligible [19]. To reduce the calculation time, assume
that there is no mutual coupling when the center distance between the
chaff fibers is greater than 2λ. Therefore, the interaction matrix is
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approximately obtained as

Zjk =





1 if j = k
0 if j > k and Rjk ≥ 2λ

−↔
G0

↔
T

(
R̂jk, R̂

′
jk

)
if j > k and Rjk < 2λ

Zkj if j < k

. (13)

The case of the exciting fields of N -scatterers can be directly
obtained through the matrix calculation, then the total scattered field
can be found by using

Es
(
k̂s

)
=

N∑

j=1

Es
j

(
k̂s

)
=

N∑

j=1

↔
G0

↔
T j

(
k̂s, k̂i

)
Eexc

j , (14)

where k̂s is the direction toward the observation point.

2.2. Scattering Transition Operator,
↔
T

(
k̂s, k̂i

)

For a single isotropic scatterer, the scattering transition operator as a
response of the scatterer by the exciting field generally has a fixed
constant value. However, the wire scatterer is anisotropic. Thus,
the scattering transition operator must be expressed in terms of the
exciting angle, scattered angle, and polarization as follows
↔
T

(
k̂s, k̂i

)
=

[
Tθθ (θs, φs; θexc, φexc) Tθφ (θs, φs; θexc, φexc)
Tφθ (θs, φs; θexc, φexc) Tφφ (θs, φs; θexc, φexc)

]
, (15)

where θexe, φexc, θs, and φs are the exciting (or incident) zenith angle,
azimuth angle, scattered zenith angle, and azimuth angle with respect
to a single scatterer, respectively. Each component in the scattering
transition operator implies a scattered field whose polarization is in
the direction of interest when a unit incident field (magnitude of 1)
illuminates the scatterer in a fixed direction k̂i.

The transition operator can be derived by various meth-
ods [5, 6, 20, 21] that consider the exciting angle, scattered angle, and
polarization. Partial differential equation (PDE) techniques such as a
finite element method (FEM) have to employ an absorbing boundary
in order to model an unbounded radiating structure. On the other
hand, surface integral techniques such as the MoM and a boundary
element method are very efficient for solving open radiation problems
involving thin wires. Among various surface integral techniques, the
MoM requires the determination of an impedance matrix indicating the
scattering information of the scatterer. Using the thin-wire approxi-
mation, we can calculate the impedance matrix of a single scatterer
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with a high aspect ratio easily and accurately. Once the matrix is ob-
tained, we can repeatedly work on any identical scatterer regardless of
the exciting angle, scattered angle, and polarization. Therefore, the
MoM is used to calculate the scattering transition operator expressed
in the matrix form as (15). The elements of the scattering transition
operator are obtained by

Tpq (θs, φs; θexc, φexc) =
−jk0η

4πr
e−jk0rRT

p Z−1Vq, (16)

where η is the intrinsic impedance. The subscripts p and q can be
either θ or φ (p, q = θ, φ). The first subscript specifies the polarization
of the scattered wave and the second the polarization of the exciting
wave. Z is the impedance matrix of a single wire and T is the transpose
operator. R and V are the measurement vector and excitation vector,
respectively. Information about the incident angle and polarizations
is included in the measurement vector R, and information about the
scattered angle and polarizations is included in the exciting vector V.
The MoM is implemented using Galerkin’s method.

2.3. Flow Chart

Figure 3 describes the general calculation process for the proposed
hybrid method. First, the radar information, frequency, the incident,
and scattering angle, must be acquired, and the information about the
scatterers, the length, location, and direction, needs to be inputted.
Here, the location of the scatterer is defined as the absolute coordinate
of the scatterer’s center point, while the orientation is represented by
the zenith angle and azimuth angle. The orientation of the scatterer
in analysis might be different but the impedance matrix of a single
scatterer is calculated only once since the shape of the chaff fibers is
identical. The single chaff fiber is divided into 4 segments and the
impedance matrix is constructed.

Then, the Foldy-Lax equation implying the mutual coupling effect
is configured. At this time, the scattering transition operator regarding
the incident angle, scattered angle, and polarization is calculated using
the previously found impedance matrix. The composed Foldy-Lax
equation can be converted into a matrix expression and then the
exciting field can be found. The matrix equation of (12) is solved
using the LU decomposition. However, a scattering matrix method,
such as T-matrix, can be accelerated by the iterative method [17, 22]
or the fast multipole method (FMM) [23]. Therefore, the proposed
hybrid method can also be solved using the acceleration techniques.

Finally, the total scattered field can be found with the calculated
exciting field.
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Figure 3. Flow chart of the proposed method.

(a) Aligned model (b) Random model 

Figure 4. Measurement models.

3. MEASUREMENT AND NUMERICAL RESULTS

To validate the proposed method, the calculation results are compared
with the measured backscattering RCS. In addition, we prepare the
additional data which is calculated from the MoM to verify accuracy
that is free of measurement error. Two models are fabricated for
the measurement: (1) aligned model (2) random model as shown in
Fig. 4. The aligned model contains identical wire scatterers with the
same orientation. For the random model, the elevation angles of wire
scatterers are the same as 90◦ but the azimuth angles of wire scatterers
are set by a uniform random generator with a range of 0–360◦.

The length and aspect ratio of wire scatterers are 5 cm and 153.8,
respectively. The resonance frequency of these wire scatterers is 3 GHz
and a total of 224 wire scatterers in the form of an 8 × 4 × 7 array
are immersed in 42 × 30 × 35 cm3 Styrofoam without using adhesive
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tape. The gaps between adjacent wires are 5 cm, 7–8 cm, and 0.49 cm
along the x, y-, and z-axis, respectively. In order to align and fix the
layers, Styrofoam sticks are inserted into grooves in the sides. The
relative permittivity of the Styrofoam is about 1.03-j0.0001 at 3GHz
and is not considered in the analysis. The material of wire is iron with a
conductivity of about 107 S/m and is considered a perfectly conducting
wire in the analysis. The RCSs of two measurement models are
estimated by the proposed method and the MoM employing MATLAB
7.8 with a 2.83 GHz Quad CPU and a 8 Gbyte RAM PC.

Since all the wires are oriented horizontally, the backscattering
RCS for the horizontal polarizations of the transmitter and receiver
is measured when an incident field illuminates with θi = 90◦ and
φi = 0–360◦. Figs. 5 and 6 show the measured and calculated φ − φ
polarization backscattering RCS as a function of the incident angle
at resonance frequency for both models. In Fig. 5, typical disparities
between the calculated and measured patterns are about 1.5 dB, except
in the vicinity of nulls. The inaccuracy in the vicinity of nulls at 90◦
and 270◦ is caused by a very low measurement level. The results of
the MoM also have some difference from the measured results in the
vicinity of nulls. Since all the wires are oriented parallel to the y-
axis, there is no wire component in x-direction. For the incident wave
with φi = 90◦ or 270◦, φ-polarization is the same as x-polarization
according to the coordinate transformation. Thus, σφφ has a null value
at φi = 90◦ and 270◦.

Figure 6 shows the results of the proposed method and
measurement for the random model. In terms of the peaks and nulls
of the RCS, the results of the proposed method are in good agreement
with the measurements as well as with the results of the MoM.

Figure 5. Backscattering RCS
for the aligned model with θi =
90◦ at f = 3 GHz.

Figure 6. Backscattering RCS
for the random model with θi =
90◦ at f = 3GHz
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Table 1. nMSE for the proposed method and the MoM.

Model
Measured results as reference MoM results as reference

Method nMSE Method nMSE

Aligned model
MoM 0.1314

Proposed 0.0202
Proposed 0.1863

Random model
MoM 0.1356

Proposed 0.0973
Proposed 0.2762

In order to measure the differences between calculated RCSs and
measured RCSs, the normalized mean square error (nMSE) is often
used. It is defined as

nMSE =

N∑
n=1

|RCSp
n −RCSr

n|2

N∑
n=1

|RCSr
n|2

(17)

where RCSp
n is the linear scaled RCS estimated by the proposed

method and the MoM, and RCSr
n is the measured linear scaled RCS

as reference value at the nth incident angle. Table 1 presents the
nMSE for the proposed method and the MoM. In the case of using the
measured data as reference values, the accuracy by the MoM is little
more than the proposed method. But if reference values are results
of the MoM that is free of measurement error, it can be seen that
the proposed method have very small nMSE and considerably give
accurate value.

Table 2 summaries the CPU times and required matrix size
for each fabricated model and each applied calculation method.
The proposed method is about 160 times faster than the MoM for
estimating the RCS of the aligned model. Clearly, the proposed
method shows great improvement in time against the MoM approach.
For the random model, on the other hand, the proposed method was
about 30 times faster than the MoM. The main reason for the different
calculation time is that all the wires have identical

↔
T j

(
k̂s, k̂i

)
in (14)

for the aligned model. In Table 2, the size means the memory size,
dimension of the impedance matrix for the MoM and the matrix arising
from (8) for the proposed method. Because a single wire is divided into
4 segments, the impedance matrix Z in (16) is a 4 by 4 matrix with
256 bytes for a single wire. The size of the interaction matrix from (13)
is 784 Kbytes, while the size of the impedance matrix by the MoM is
12,544 Kbytes.
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Table 2. CPU time and memory for computing the RCS of
measurement model.

Model Method
CPU time

(sec.)
Size (dim.) Size (Kbyte)

Aligned model
MoM 3,433.1 896× 896 12,544

Proposed 20.9 224× 224 784

Random model
MoM 3,475.4 896× 896 12,544

Proposed 102.9 224× 224 784

4. CONCLUSION

To compute the multiple scattering between scatterers with a high
aspect ratio, under the assumption that identical scatterers have
arbitrary directions, the self-consistent equations (in vector form) of
the Foldy-Lax equation was formulated by re-ordering the field path
and the coordination-converted field path. The scattering transition
operator was derived by the thin-wire approximation of the MoM. That
is, the hybrid method using the Foldy-Lax equations and the MoM was
proposed. For verification, measurement models were fabricated and
measured. Compared to the results of the measurement, the results
of the proposed method showed good accuracy. The proposed hybrid
method is useful for estimating the RCS of a group of more than several
thousand wire scatterers. Besides, the proposed method is applicable
to estimated electromagnetic scattering of periodic conducting wires
such as FSS (frequency selective surface), EBG (electromagnetic band-
gap), and negative permittivity meta-materials. Especially, it expected
to estimate the characteristics of the fiber-filled composite. In addition
to, the proposed method can be applicable to RCS calculation for
not only wire scatterers but also multiple scatterers with any identical
shape.
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