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Abstract—A novel hybrid adaptive iterative physical optics-
method of moments (AIPO-MoM) technique is presented for the
electromagnetic analysis of jet engine structures that are both
electrically large and complex in both stationary and dynamic cases.
In this technique, the AIPO method is used to analyze the smooth
inlet region, and the MoM method is used to analyze the electrically
complex compressor region, including blades and a hub. It is efficient
and accurate by virtue of combining the respective merits of both
methods. In the dynamic case, a concept for modified impedance
equation is proposed to reduce computational load. Numerical results
are presented and verified through comparison with Mode-FDTD and
measured and commercial simulation packages results.

1. INTRODUCTION

The analysis of wave scattering from fighters is one of the most
challenging research subjects in the area of electromagnetic studies.
It has been found that, among various factors contributing to RCS of
a fighter, wave scattering from a jet engine inlet is one of the most
critical. Based on this, numerous studies have been carried out to
analyze wave scattering from these structures. In the early stages
of research, analytic methods were applied to very simple canonical
structures. More recently, however, a variety of numerical algorithms
have been used by virtue of outstanding improvement of computer
performance. These algorithms include mode analysis, high frequency
(HF) methods, and hybrid methods. The mode analysis technique
gives precise results only to very simple canonical structures. The
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HF methods such as the geometrical optics (GO), uniform theory
of diffraction (UTD), physical optics (PO), and physical theory of
diffraction (PTD) are applicable limitedly to electrically large and
smooth structures. In addition, low frequency (LF) methods such
as finite element method (FEM), method of moment (MoM), and
finite difference time domain (FDTD) have been utilized, but they
are limited to electrically small structures. Consequently, hybrid
methods incorporating two kinds of methods such as Mode-FEM [1],
Mode-FDTD [2], GRE-FDTD [2], and IPO-FDTD [2, 3] methods have
recently been used to analyze wave scattering from jet engine structures
that are both electrically large and complex.

Despite the abundance of methods developed to date, as outlined
above, there has been scarce research on jet engine modulation (JEM)
analyses, that is, analyses under the situation where blades connected
to a shaft are rotated. In particular, very little research in this regard
has been done with hybrid methods. Only a few studies involving
JEM analyses, such as a mode based analysis technique that makes
use of the overlapping symmetries between the modal inlet fields and
the engine face, can be found in the open literature [4].

In this paper, the adaptive iterative physical optics (AIPO)
method is used for the HF region, and the transmitted fields are
calculated at the virtual surface, which is the interface between the HF
and LF regions. These fields are used as sources of the MoM method,
which analyzes the LF region and calculates scattered fields at the
virtual surface. Finally, a monostatic RCS is calculated from both
the transmitted and scattered fields using the generalized reciprocity
theorem. Analysis of the situation where blades connected to a shaft
are rotated is efficiently performed by virtue of the proposed modified
impedance equation.

2. THE HYBRID AIPO-MOM TECHNIQUE

2.1. Structure Description

The jet engine models can be decomposed into an inlet as a HF
region and a compressor as a LF region to implement the domain
decomposition method (DDM) [5–9] which is useful to solve electrically
large scale problems, as illustrated in Fig. 1. The plane C0 indicates
an aperture where an incident plane wave enters, and the plane C1 is
a virtual interface that separates the HF and LF regions. The wave
scattering is concerned to be from the inner surface, not from the outer
surface of the model. The analysis procedure is shown in Fig. 2, and
details of the procedure are presented in the following sections.
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Figure 1. Jet engine models. (a) Model A (L = 10λ, L1 = 8λ,
L2 = 1λ, D = 8λ, D1 = 4λ) and (b) Model B (L = 6λ, L1 = 3λ,
L2 = 2λ, D = 6λ, D1 = 3λ, t = 5◦) and (c) Model C (L = 11λ,
L1 = 8λ, L2 = 2λ, L3 = 1λ, D = 8λ, D1 = 2λ, t = 0.1λ).

2.2. AIPO

The transmitted fields at C1 are determined by the AIPO in the HF
region, which is modeled by square flat facets. The density of the
AIPO region is determined by considering accuracy, computation time
and memory limits (typically 8 ∼ 10 facets per wavelength to fitness).
The first step to implement the AIPO is to find initial currents at the
center point of every facet on the illuminated inner sidewall using the
PO approximation by (1).

J̄0 = 2n̂w × H̄ i (1)
where n̂w is a unit vector normal to the inner sidewall Cw.
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Figure 2. AIPO-MoM analysis procedure.

The current on the inner sidewall is iteratively calculated [10] until
convergence is reached using ray tracing and/or the change rate of
current [3] by (2).

J̄n (r̄c) = J̄0 + 2n̂w ×
[∫∫

Cw

J̄n−1

(
r̄′c

)×∇G0

(
r̄c − r̄′c

)
ds

]
, (2)

where

∇G0

(
r̄c − r̄′c

)
= R̂ (jk0R + 1)

e−jk0R

4πR2
,

R =
∣∣r̄c − r̄′c

∣∣ , R̂ =
(r̄c − r̄′c)
|r̄c − r̄′c|

, n = 1, 2, . . . , N

where r̄c are center points of facets on Cw, and ∇G0 (r̄c − r̄′c) is a
gradient of Green’s function.

The method to use ray tracing to determine the number of
iterations is as follows. The incident field is divided into several ray
tubes. The path of each tube is traced until it reaches C1, and the
number of reflections of each tube is calculated. The highest percentage
number among them is determined as the number of iterations. The
method to use the change rate of current is as follows. The amount
of energy proportional to the current energy of all patches is defined
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as (3).

Energy (Jn) ≡
∑

all patches

√[
|Jnx|2 + |Jny|2 + |Jnz|2

]
(3)

The change rate of the amount of energy is defined as (4).

Change rate (n) ≡
∣∣∣∣
Energy (Jn)−Energy (Jn−1)

Energy (Jn−1)

∣∣∣∣× 100 (%) (4)

The number of iterations is determined when the change rate is below
a certain threshold (typically 3 ∼ 5% to fitness). The stable current is
calculated using these two methods. Thereafter, we can calculate the
transmitted fields at the center of every facet on C1 by (5) and (6).

H̄ (r̄c1) =
∫∫

Cw

J̄N (r̄c)×∇G0 (r̄c1 − r̄c) ds + H̄ i (r̄c1) (5)

Ē (r̄c1) =
η

jk0
∇×

∫∫

Cw

J̄N (r̄c)×∇G0 (r̄c1 − r̄c) ds + Ēi (r̄c1) (6)

where r̄c1 are center points of facets on C1.

2.3. MoM

The scattered fields at C1 are determined by the MoM in the LF region,
which is modeled by triangular flat facets. The density of the MoM
region is determined by considering accuracy, computation time and
memory limits (typically 8 ∼ 10 facets per wavelength to fitness). The
Rao-Wilton-Glisson (RWG) basis function [11] is used. RWG edge
elements including geometrical data (edge node numbers, edge lengths,
triangle areas, triangle centers, position vectors, etc.) are determined
for constructing an impedance matrix. The impedance matrix of
the electric field integral equation (EFIE) is then determined by (7),
and the surface current density is determined using the impedance
equation, given as (8) [12].

Zmn = lm

[
jω

(
Ā+

mn · ρ̄c+
m

2
+

Ā−mn · ρ̄c−
m

2

)
+ Φ−mn − Φ+

mn

]
, (7)

where m,n = 1, 2, . . . ,M,

Ā±mn =
µ

4π

[
ln

2A+
n

∫

T+
n

ρ̄+
m

(
r̄′

)
g±m

(
r̄′

)
dS′+

ln

2A−n

∫

T−n
ρ̄−m

(
r̄′

)
g±m

(
r̄′

)
dS′

]
,

Φ±mn =
1

4πjωε

[
ln

A+
n

∫

T+
n

g±m
(
r̄′

)
dS′ − ln

A−n

∫

T−n
g±m

(
r̄′

)
dS′

]
,

ρ̄c+
m = r̄c+

m − ν̄+
m, ρc−

m = −r̄c−
m + ν̄−m, g±m

(
r̄′

)
=

e−jk|r̄c±
m −r̄′|

∣∣r̄c±
m − r̄′

∣∣
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Z · I = V, (8)

where

Vm = lm

(
Ē+

m · ρ̄c+
m

2
+

Ē−
m · ρ̄c−

m

2

)
, Ē±

m = Ēinc
(
r̄c±
m

)
, m = 1, 2, . . . ,M

where m and n are the mth and nth edge elements, respectively. lm is
the length of the mth edge element, ρ̄c±

m are vectors between the free
vertex point, ν̄±m, and the centroid point, r̄c±

m , of the two triangles T±m
of the mth edge element, respectively, and Ēinc is the electric field of
an incident electromagnetic signal. Z is the impedance matrix and I
and V are the current and voltage vectors, respectively.

2.4. Connection between AIPO and MoM

The most important aspect in hybrid methods is coupling between
HF and LF methods. The incident field at the entrance of the jet
engine propagates through the HF region, C1, and the LF region,
in turn, and after reflecting, propagates back through C1. The jet
engine structure with the physical characteristics of these propagations
can be separated in the HF and LF regions, and each region can be
analyzed independently using the generalized reciprocity theorem [13].
Therefore, the AIPO and the MoM are connected through a single
calculation from stable currents on the HF region to fields on the LF
region, as is the case with other hybrid methods [2, 3]. That is, in
the AIPO-MoM, we exported center points of triangle patches in the
LF region, and then calculated electric fields at those positions by the
AIPO. Those fields are sources of the MoM. Scattered fields on C1 are
calculated using the dipole model [14] by (9), (10).

H̄ (r̄c1) =
M∑

m=1

H̄m

(
r̄c1 −

1
2

(
r̄c+
m + r̄c−

m

))
(9)

Ē (r̄c1) =
M∑

m=1

Ēm

(
r̄c1 −

1
2

(
r̄c+
m + r̄c−

m

))
, (10)

where

H̄ (r̄) =
jk

4π
(m̄× r̄) Ce−jkr, C =

1
r2

[
1 +

1
jkr

]
,

Ē (r̄) =
η

4π

((
M̄ − m̄

) [
jk

r
+ C

]
+ 2M̄C

)
e−jkr,

m̄ =
∫

T+
m+T−m

Imf̄m (r̄) dS = lmIm

(
r̄c−
m − r̄c+

m

)
,
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M̄ =
(r̄ · m̄) r̄

r2

where m̄ is a dipole moment, f̄m (r̄) is a RWG basis function, and Im

is a surface current coefficient corresponding to the mth element.

2.5. RCS Calculation Using the Generalized Reciprocity
Theorem

The monostatic RCS can be obtained by the generalized reciprocity
theorem in jet engine structure cases [2, 13, 15, 16]. With the theorem,
we can eliminate the computational load, i.e., the reverse repetitive
calculation by the AIPO from fields on C1 to C0. For the structure in
Fig. 1, we can represent the theorem by Equation (11) as [13].

P̄t · Ēs (r̄) =
∫∫

C1

(
Ēs × H̄t − Ēt × H̄s

) · dS̄ (11)

where P̄t is the vector of a test current source, r̄ is the observation
point outside the scatterer, (Ēt, H̄t) are the transmitted fields at C1

calculated by the AIPO, and (Ēs, H̄s) are the scattered fields at C1

calculated by the MoM.

Figure 3. JEM analysis procedure using AIPO-MoM.
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2.6. Jet Engine Modulation Calculation using AIPO-MoM

When blades connected to a shaft are rotated, mesh information of
the blades for the MoM calculation changes. There are numerous
computations to calculate impedance matrices of all positions
individually. The authors have developed an alternative technique,
however, to reduce the computational load using modified impedance
equations. The analysis procedure of JEM using the AIPO-MoM is
described in Fig. 3. The same stages as the stationary case (1 and 5
stages) in Fig. 2 are omitted. The revised stages with the stationary
case (2, 3, and 4 stages) are described in detail as 5 steps. In the
technique using the modified impedance equations, the LF region is
modeled only once. The impedance matrix is also calculated only once,
and then repeatedly used, because the relative positions of meshes
do not change when the blades connected to the shaft are rotated.
The fictitious voltages are determined considering positive rotations
with original position information when the blades connected to the
shaft are rotated. The fictitious currents are determined using the
impedance matrix and the fictitious voltages via Equation (12).

Z · If = Vf , (12)
where

Vf,m = lm

(
Ē+

f,m · ρ̄c+
f,m

2
+

Ē−
f,m · ρ̄c−

f,m

2

)
, Ē±

f,m = Ēinc
(
r̄c±
f,m

)
,

m = 1, 2, . . . , M

where Z is the impedance matrix and If and Vf are the fictitious
current and voltage vectors, respectively.

Scattered fields on C1 are determined considering negative
rotations with the original position information, because the fictitious
currents are located at the original positions.

3. NUMERICAL RESULTS

The proposed hybrid AIPO-MoM technique for the structure in Fig. 1
is simulated and verified through comparison with other data [2, 17].
The normalized mean square error (nMSE) is defined to examine the
accuracy as (13).

nMSE ≡
∑N

n=1 |RCSp
n −RCSr

n|2∑N
n=1 |RCSr

n|2
(13)

where RCSp
n and RCSr

n are the linear scaled RCS calculated by
the proposed AIPO-MoM and referenced method at the nth sample,
respectively.



Progress In Electromagnetics Research, PIER 104, 2010 93

(a) (b)

0                 10                 20                30                40                50 0                 10                 20                30                40                50
0

40

30

20

10

50

0

40

30

20

10

50

Figure 4. Monostatic RCS results of model A (θ-θ) with (a) different
densities of mesh modeling and (b) different positions of C1 plane.

Table 1. The nMSE values for different densities of mesh modeling
and different positions of C1 plane in Fig. 4.

dense loose LF: 2λ LF: 3λ LF: 4λ
0.453 0.467 0.467 0.306 0.069

Model A is an open-ended circular cavity (OECC) with a disk type
hub and is analyzed in a stationary case. The monostatic RCS results
with different densities of mesh modeling and different positions of C1

plane are compared with the results of Mode-FDTD, as seen in Fig. 4.
Table 1 shows the nMSE values for different densities of mesh

modeling and different positions of C1 plane in Fig. 4. In Table 1, dense
means that the densities of the HF and LF regions are 10 facets and 8
facets per wavelength, and loose means that the densities of the HF and
LF regions are 4 facets and 5 facets per wavelength, respectively. It can
be seen that the accuracy slightly increases as the density increases,
and the accuracy increases as the LF region increases.

Model B is an OECC with a disk type hub and 8 thin fan-shaped
blades, and is analyzed in both stationary and dynamic cases. The
monostatic RCS results of AIPO-MoM for the stationary case with
different densities of mesh modeling are compared with the measured
results of Anastassiu, as seen in Fig. 5.

Table 2 shows the nMSE values for different densities of mesh
modeling in Fig. 5. In Table 2, dense means that the densities of the
HF and LF regions are 10 facets and 7 facets per wavelength, and
loose means that the densities of the HF and LF regions are 4 facets
and 4 ∼ 6 facets per wavelength, respectively. It can be seen that the
accuracy increases as the density increases.
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Figure 5. Monostatic RCS results of model B with different densities
of mesh modeling. (a) θ-θ and (b) φ-φ.

Table 2. The nMSE values for different densities of mesh modeling in
Fig. 5.

dense loose
θ-θ 0.368 0.826
φ-φ 0.083 0.230

Table 3. The normalized CPU times in each of the steps of Fig. 2 and
Fig. 3 corresponding to the model B with the dense density. (%)

stage 1 stage 2 stage 3 stage 4 stage 5 total

Fig. 2 (stationary) 8.3 7.0 74.4 9.9 0.4 100

step 1 step 2 step 3 step 4 step 5 total

Fig. 3 (dynamic) 64.4 0.1 7.0 9.9 9.9 91.3

Table 3 shows the CPU times to show percentage of time spending
in each of the steps of Fig. 2 and Fig. 3 corresponding to the model
B with the dense density. The times are normalized to the CPU
time of total computation. In dynamic case, the same stages as the
stationary case (1 and 5 stages) are omitted. The revised stages with
the stationary case (2, 3, and 4 stages) are described in detail as 5
steps, and the CPU time corresponding to step 1 is reduced in each
time sample, because the impedance matrix is calculated only once.

The result of AIPO-MoM for the dynamic case agrees well with
the result of MoM from commercial simulation packages, FEKO, and a
period of 45 degrees due to 8 blades is observed, as shown in Fig. 6(a).
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Figure 6. Monostatic RCS results when blades connected to a shaft
are rotated. (a) Model B (φ-φ, θ = 38◦) and (b) Model C (φ-φ,
θ = 38◦).

Model C is an OECC with a conical type hub and 12 thin straight
blades and is analyzed in a dynamic case. The result of AIPO-MoM
agrees well with the result of MoM from FEKO and a period of 30
degrees due to 12 blades is observed, as seen in Fig. 6(b). In this case,
fluctuations are much more complicated than in the former case from
the viewpoint of the number of fluctuations and the change rate, due
to a much sharper hub and more blades.

4. CONCLUSION

We applied a novel hybrid AIPO-MoM technique to a jet engine
scattering analysis for the first time. A simple connection procedure
between AIPO and MoM was suggested, and the analysis procedures
for both stationary and dynamic cases were described in detail. A
technique using modified impedance equations was proposed for the
case when blades connected to a shaft are rotated. It was shown
that the computational load could be reduced. Numerical results
demonstrate the reliability of the proposed technique. This technique
can be useful for jet engine structures with a non-canonical inlet
structure and more complicated protrusions due to the advantages of
the AIPO and MoM, respectively, and shows remarkable strength in
JEM analysis by virtue of the proposed modified impedance equation.
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