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Abstract—According to the derived transfer function using different
orders of approximation, stability and signal transmission analysis of
a driven metallic single-walled carbon nanotube (SWCNT) bundle
interconnect are performed. It is shown that as the length of
SWCNT bundle interconnect increases, the poles will be closer to the
imaginary axis, which causes the transmitted signal response tends to
be more damping. Using the fourth-order approximation of the transfer
function, the transmitted pulse waveform along the SWCNT bundle
interconnect is captured accurately, with signal overshoot and time
delay examined. Further, a complete physical model for the transient
response of carbon nanotube bundle interconnect is derived, which
can also accurately predict the transient response of carbon nanotube
bundle interconnect including time delay and crosstalk.

1. INTRODUCTION

Due to their unique features of high current carrying capability,
excellent thermal and mechanical properties, carbon nanotubes (CNT)
have drawn much attention in the development of future interconnects
in the past several years [1]. Significant research progresses have been
achieved in modeling single-, double-, and multi-walled CNT (SWCNT,
DWCNT and MWCNT) interconnects. These progresses mainly
include: (a) the development of RF circuit models for single and bundle
interconnects consisting of SWCNT, DWCNT and MWCNT [2–5];
(b) the extraction of their distributed parameters [6–8]; (c) the
characterization of crosstalk effects [9, 10], (d) the prediction of their
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performance parameters in comparison with copper interconnects used
for advanced CMOS fabrication technologies [11–13], and (e) the study
on their relative stability [14], power handling capability, and other
reliability issues [15]. On the other hand, it must be emphasized
that design and fabrication technologies of CNT-based interconnects
are very important for their real application in the future 3-D ICs,
and some significant progresses can be found in [15–19]. Also, some
methodologies on transmission line, interconnects and transient signal
analysis can be found in [30–32].

It is also known that as the transfer function of an on-chip
interconnect in the Laplace domain is obtained, its inductance
effects, transferred signal stability, and output response excited by
an arbitrary signal can be determined accurately [20]. The fourth-
order approximation is often used in the derivation of transfer function.
To the best of our knowledge, although relative stability analysis
of CNT bundle is presented in [14] with Nyquist stability criterion
implemented, no one addresses the solution to its absolute stability
problem which is also important for the design of CNT-based networks.

Further, we know that compact distributed RLC models are
always essential for the design and global optimization of multilevel
interconnect networks. Fortunately, a set of distributed RLC models
for copper interconnects, after tedious mathematical treatment, has
been developed by Davis and Venkatesan [21–24]. With it, we
can accurately and quickly capture time delay, overshoot, crosstalk,
and repeater insertion of single and coupled copper interconnects,
respectively.

In this paper, absolute stability analysis of SWCNT bundle
interconnects will be carried out at first, based on the derived transfer
function in the Laplace domain and its pole distribution. Then, using
the method of special functions proposed in [21–24], some compact
distributed RLC models for SWCNT bundle interconnects are derived,
and their successful applications in predicting bundle transmission
characteristics are demonstrated, such as crosstalk effect.

2. TRANSFER FUNCTION AND ABSOLUTE
STABILITY

Figure 1(a) shows a SWCNT bundle interconnect of length lth on a
double-layered substrate of silicon oxide and silicon. Its equivalent
distributed circuit model is shown in Fig. 1(b). Because of the present
limitation in fabrication technology, a SWCNT bundle is often a
mixture of metallic CNTs and semiconducting ones [10]. Here, we
use Pm donates the metallic probability of a SWCNT in the bundle
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(a)

(b)

Figure 1. (a) Geometry of a SWCNT bundle interconnect; and (b)
its equivalent distributed circuit model.

(0 < Pm ≤ 1), with the metallic tube number denoted by nCNT , and
nCNT = Pm(nHnW − bnH/2c) (1a)

nW = Inter [(W −D)/(D + ∆)] + 1 (1b)

nH = Inter
[
(H −D)/((

√
3/2)(D + ∆))

]
+ 1 (1c)

where nH and nW are the tube numbers in the vertical and horizontal
directions [4], respectively; “Inter [ ]” indicates that only the integer
part is taken into account; D and ∆(= 0.34 nm [1, 4]) denote the
diameter of each metallic tube and the separation between two
neighbouring tubes in the bundle, respectively.

In Fig. 1(b), Rtr and Cout are the equivalent resistance and
output capacitance of the driver at the input port, Cload is the loaded
capacitance at the output port, and Rmc denotes the metal-CNT
contact resistance introduced by fabrication. The intrinsic resistance
Rsb and the quantum one Rq are calculated by [10]

Rsb = Rq/(λCNT nCNT ) = h/
(
4e2λCNT nCNT

)
(2a)

Rq = h/(4e2) (2b)
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where the value of Rq is 6.4 kΩ, with electron spin degeneracy
considered, and λCNT is the mean free path (mfp). For a SWCNT
bundle, there are per-unit-length kinetic and magnetic inductances,
denoted by Lkb and Lmb, respectively. The per-unit-length electrostatic
and quantum capacitances of the bundle are represented by Csb and
Cqb, respectively. The magnetic inductance Lmb and electrostatic
capacitance Csb of the bundle can be obtained just by calculating the
inductance and capacitance of a copper wire but with the same cross-
sectional dimensions instead. The kinetic inductance Lkb and quantum
capacitance Cqb of the bundle are calculated by

Lkb = Lk−CNT /nCNT = h/
(
2e2vF

)
nCNT (3)

Cqb = CqnCNT = 2e2nCNT /(hvF ) (4)

where vF is the Fermi velocity. We would like to say that, since
the total inductance is dominated by the kinetic term, the magnetic
coupling among tubes can be excluded.

In Fig. 1(a), as lth À λCNT , the input-output transfer function of
the bundle in the Laplace domain can be calculated by [25]

H(s) =
{
[1 + sRtr(Cout + CL)] cosh(θlth)

+
(
Rtr/Z

T
0 + sZT

0 CL + s2ZT
0 RtrCoutCL

)
sinh(θlth)

}−1 (5)

where ZT
0 =

√
(Rsb + sLb)/sCb, θ =

√
(Rsb + sLb)sCb, and s = jω is

the complex frequency. As we expand cosh(θlth) and sinh(θlth) into
infinite series and collect the terms up to the coefficient of s6 in the
denominator, we can express the transfer function as [25, 26]

H(s) = 1/

[
1+

M∑

m=1

bmsm

]
(6a)

where bm(m = 1, . . . , and 6) are given by:

b1 = Rtr(Cout + CL) + RsbCbl
2
th/(2!) + RtrCblth + CLRsblth (6b)

b2 = LbCbl
2
th/(2!) + R2

sbC
2
b l4th/(4!) + CbRtr(Cout + CL)Rsbl

2
th/(2!)

+RsbCbl
2
th(RtrCblth + CLRsblth)/(3!)

+CLLblth + RtrCoutCLRsblth (6c)
b3 = 2RsbLbC

2
b l4th/(4!)+R3

sbC
3
b l6th/(6!)+Rtrl

2
thCb · (Cout+CL)(Lb/(2!)

+R2
sbCbl

2
th/(4!))+l3thCb(RtrCb+CLRsb) · (Lb/(3!)

+R2
sbCbl

2
th/(5!)) + (Lb + RtrCoutRsb)CLLbCbl

3
th/(3!)

+RtrCoutCLLblth (6d)
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b4 = L2
bC

2
b l4th/(4!) + 3LbR

2
sbC

3
b l6th/(6!) + R4

sbC
4
b l8th/(8!)

+RtrRsbC
2
b l4th(Cout + CL)(2Lb/(4!) + CbR

2
sbl

2
th/(6!))

+RsbC
2
b l4th(RtrCblth + CLRs−blth)(Cbl

2
thR2

sb/(7!) + 2Lb/(5!))
+CbCLl3th(Lb + CoutRsbRtr)(Lb/(3!) + CbR

2
sbl

2
th/(5!))

+CbCLCoutLbRsbRtrl
3
th/(3!) (6e)

b5 = 3L2
bC

3
b Rsbl

6
th/(6!) + 4LbR

3
sbC

4
b l8TH/(8!) + R5

sbC
5
b l10

th/(10!)
+RtrC

2
b l4th(Cout + CL)(L2

b/(4!) + 3R2
sbLbCbl

2
th/(6!)

+R4
sbC

2
b l4th/(8!)) + RtrC

3
b l5th(L2

b/(5!) + 3CbLbR
2
sbl

2
th/(7!)

+C2
b R4

sbl
4
th/(9!)) + RsbCLC2

b l5th(L2
b/(5!) + 3CbLbR

2
sbl

2
th/(7!)

+C2
b R4

sbl
4
th/(9!) + CLLbRsbC

2
b l5th(2Lb/(5!) + R2

sbCbl
2
th/(7!))

+RtrCLCoutC
2
b R2

sbl
5
th(2Lb/(5!) + Cbl

2
th/(7!))

+CbCLCoutLbRtrl
3
th(Lb/(3!) + CbR

2
sbl

2
th/(5!)) (6f)

b6 = C3
b L3

b l
6
th/6! + 6L2

bR
2
sbC

4
b l8th/8!+5C5

b LbR
4
sbl

10
th/10!+R6

sbC
6
b l12

th/(12!)
+RsbRtrC

3
b l6th(Cout + CL)(3L2

b/6! + C2
b R4

sbl
4
th/10!

+4CbR
2
sbLbl

2
th/8!) + RsbRtrC

4
b l7th3L2

b/7! + C2
b R4

sbl
4
th/11!

+4CbLbR
2
sbl

3
th/9! + CLLbR

2
sbC

3
b l7th(3Lb/7! + 4R2

sbCbl
2
th/9!))

+CLLbC
2
b l5th(L2

b/(5!) + 3CbLbR
2
sbl

2
th/(7!) + C2

b R4
sbl

4
th/(9!))

+CLCoutRsbRtrC
2
b l5th(L2

b/(5!)+3CbLbR
2
sbl

2
th/7!+C2

b R4
sbl

4
th/(9!))

+CLCoutLbRsbRtrC
2
b l5th(2Lb/(5!)+CbR

2
sbl

2
th/(7!) (6g)

Using (6a)–(6g), both relative and absolute stability of the SWCNT
bundle interconnects can be predicted numerically.

3. COMPACT DISTRIBUTED RLC MODEL OF CNT
BUNDLE INTERCONNECTS

Figures 2(a) and 2(b) show the cross-sectional views of two on-
chip CNT bundle interconnects, and they can be made of SWCNTs,
DWCNTs, and even MWCNTs.

According to the method of special function proposed in [23], we
now extend the compact distributed RLC model for normal metallic
interconnects to CNT bundle cases. In Fig. 2(a), the voltage at the
signal (S) bundle end, denoted by Vfin (lth, s) in the Laplace domain,
can also be described by [23]:

Vfin (x = lth, s) = (1 + ΓL)
g∑

n=0

[Γn
LΓn

SVinf ((2n + 1) lth, s)] (7)
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(a) (b)

Figure 2. Cross-sectional views of two on-chip CNT bundle
interconnects: (a) Ground(G)-signal(S)-Ground(G); and (b) G-S-S-G.

and

g=
〈
0.5

((
t/lth

√
LbCb

)
+ 1

)〉
− 1.0 (8a)

Vinf (x, s)=
Vdd

s

Zo

√
(s+Rb/Lb) /s

Zo

√
(s+Rb/Lb) /s + Rtr

e−x
√

LbCb

√
s(s+Rb/Lb) (8b)

where Rb, Lb and Cb are the per-unit-length resistance, inductance and
capacitance, respectively; g is the reflection number of the transmitted
signal along the CNT bundle, Vinf (lth, s) is the voltage in the Laplace
domain at the coordinate x of the bundle, but with an infinite length
assumed; and Vdd/s is the Laplace equivalent of the step input signal,
ΓS and ΓL are the reflection coefficients at the source and capacitance
load ends, respectively, which are defined as

ΓS =
ZS − Z (s)
ZS + Z (s)

=
Rtr − Zo

√
1 + Rb/(sLb)

Rtr + Zo

√
1 + Rb/(sLb)

(9)

ΓL =
ZL − Z (s)
ZL + Z (s)

=
1− sCLZo

√
1 + Rb/(sLb)

1 + sCLZo

√
1 + Rb/(sLb)

(10)

where Zo =
√

Lb/Cb is the characteristic impedance of the CNT
bundle, and ZL = 1/(sCload). Following the similar way as used in [23],
(7) can be decoupled as

Vfin (x = lth, s) = V1(s) + V2(s) (11)

and V1(s) is the first reflection (n = 0) term given by

V1 (s) = (1 + ΓL) Vinf (lth, s) (12)

V2(s) is the second- and higher-order reflection (n ≥ 1) term given by

V2(s) =
g∑

n=1

[(
Γn

LΓn
S + Γn+1

L Γn
S

)
Vinf ((2n + 1) lth, s)

]
(13)
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Using the inverse Laplace transform, the voltage response in the time
domain can be obtained by

Vfin(lth, t) = V1(t) + V2(t) (14)
As discussed in [23], (14) also consists of three separate models as
follows:

Model 1 : Vfin(lth, t) = e−Rbt/(2Lb)
(
V ′

1A(t) + V ′
2A(t)

)
(15)

Model 2 : Vfin(lth, t) = e−Rbt/(2Lb)
(
V ′

1B(t) + V ′
2A(t)

)
(16)

Model 3 : Vfin(lth, t) = e−Rbt/(2Lb)
(
V ′

1B(t) + V ′
2B(t)

)
(17)

And the model choice depends on certain convergence rules as proposed
in [23].

In Fig. 2(b), the decoupled partial differential equation (PDE)
for the common and differential modes of voltage wave propagation in
two-coupled CNT bundle interconnects can be described by a set of
similar equations as given in [23], and
∂2

∂x2
V+(x, t)=(Ls−b+Lm−b)Cg−b

∂2

∂t2
V+ (x, t)+RbCg−b

∂

∂t
V+ (x, t)(18a)

∂2

∂x2
V−(x, t)=(Ls−b−Lm−b)(Cg−b + 2Cm−b)

∂2

∂t2
V− (x, t)

+Rb(Cg−b + 2Cm−b)
∂

∂t
V− (x, t) (18b)

and
V+(x, t) = Vfin(Rb, Ls−b + Lm−b, Cg−b, x, t) (19a)
V−(x, t) = Vfin(Rb, Ls−b − Lm−b, Cg−b + 2Cm−b, x, t) (19b)

where Ls−b and Lm−b represents self and mutual inductances of the
CNT bundle, respectively. Cg−b and Cm−b represents bundle to ground
and bundle to bundle capacitances, respectively. The approximate
expressions for the mutual inductance of CNT bundle is given by [27]

Lm−b =
µ

2π
ln

√(
s̃2 + (2(a + tox)− a)2

)
/s̃2 + a2 (20)

where tox is the thickness of SiO2, a is the equivalent radius of the
bundle, s̃ is the centre-to-centre spacing. The bundle to bundle
capacitance is calculated by some special methods, such as those
proposed in [15]

Cm−b =
πε

cosh−1((s̃ + D)/D)
• nCNT (21)

The transient solutions for the active and quiescent line are given
by [23]

VA(x, t) = [V+(x, t) + V−(x, t)]/2 (22)
VQ(x, t) = [V+(x, t)− V−(x, t)]/2 (23)
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(a)

(b)

(c)

Figure 3. The pole distribution diagrams of a driven SWCNT
bundle interconnect using the (a) fourth-, (b) fifth-, and (c) sixth-order
approximation of transfer function, respectively.
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4. STABILITY ANALYSIS AND RESPONSESOF CNT
BUNDLES

4.1. System Stability Analysis

The stability of a SWCNT bundle interconnect can be characterized
according to its pole distribution. Figs. 3(a), (b) and (c) show
the extracted pole distribution diagrams of a driven SWCNT bundle
interconnect using the fourth-, fifth-, and sixth-order approximations
of the transfer function, respectively. The diameter of each metallic
SWCNT and the number of metallic nanotubes in a given bundle are
chosen to be 1nm and 100, respectively. The separation between two
neighbouring SWNCTs in the bundle is kept to be 0.34 nm. It is
obvious that all poles are located at the left side of the S -plane, so
the SWCNT interconnect-based system is always stable.

Figure 4 shows the pole distribution diagram of a driven SWCNT
bundle interconnect for different lengths using the fourth-order
approximation, with lth = 30, 50, 80, and 1000 m, respectively. It is
shown that as the length of SWCNT bundle interconnect increases, the
poles will be closer to the imaginary axis, which causes the transmitted
signal response tends to be more damping, as also indicated in [14].

4.2. Responses of CNT Bundle

Based on the above input-output transfer function using the third-,
fourth-, fifth-, and sixth-order approximations, respectively, we want to
predict time-domain responses of a SWCNT bundle interconnect input
by a rectangle-like signal. The SWCNT bundle interconnect is driven

Figure 4. The pole distribution diagram of a driven SWCNT bundle
interconnect for different lengths using the fourth-order approximation
of transfer function.
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by a driver with an equivalent output resistance of the gate driver Rs,
and terminated by a load with capacitance Cload, as shown in Fig. 1.
The other parameters are chosen to be: Rs = 457 Ω, Cload = 1pF,
Cout = 1 fF, and nCNT = 100.

In Fig. 5, it is evident that the output waveforms obtained using
the second-, the third-, and the fourth-order approximations of the
transfer function are different, with different overshoot and time delay
observed. Evidently, the higher the order of the transfer function
used, the more accurate the captured pulse waveform is. However,
the maximum relative error in the captured pulse waveforms between
the third- and fourth-order approximations is only about 0.042%. As
we further employ the fifth- and sixth-order approximation of transfer
function, the same output waveform is recorded, as compared with
that of the fourth-order approximation.

Figure 6 shows the responses of a SWCNT bundle interconnect
excited by a rectangular pulse with lth = 1, 20, 50, and 100µm,
respectively, and the fourth-order approximation of the transfer
function is used in our calculation. It is evident that with increasing
the SWCNT bundle length, its resistance effect becomes dominant. As
the value of lth increases from 1 to 20, 50 and 1000 m, the time delay
of the transmitted pulse is increased from 5.05, 5.18, 7.21, and 23.28 ns
gradually.

Further, Fig. 7 shows the time delay of the transmitted pulse as a
function of the SWCNT bundle length.

Figure 5. Responses of a
SWCNT bundle interconnect ex-
cited by a rectangular pulse with
a length of 20µm obtained using
the second-, third-, and fourth-
order approximations of transfer
function, respectively.

Figure 6. Responses of a
SWCNT bundle interconnect ex-
cited by a rectangular pulse for
different lengths obtained using
the fourth-order approximation of
transfer function.
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Figure 7. Time delay of the
transmitted pulse as a function
of SWCNT bundle length using
the fourth-order approximation of
transfer function, where the fitted
red line is obtained using the
fourth degree polynomial.

Figure 8. Time delay of the
transmitted pulse as a function
of the metallic number of SWC-
NTs in the bundle for differ-
ent SWCNT bundle lengths using
the fourth-order approximation of
transfer function.

Based on a lot of numerical experiments, it is found that the time
delay of the pulse waveform can be described by the fourth degree
polynomial, i.e.,

td =
4∑

n=0

anlnth (24)

where the polynomial fitting coefficients a0 = 5.4, a1 = −0.069,
a2 = 0.0017, a3 = 1.4× 10−5, and a4 = −5.9× 10−8.

Finally, Fig. 8 shows the time delay as a function of the CNT
number in the bundle for its different lengths. It is evident that the
time delay (td) increases linearly with the value of nCNT .

According to the time domain expression V
′
1A(t), V

′
2A(t), V

′
1B(t)

and V
′
2B(t) which are shown in [29], we can get the output transient

response of CNT bundle interconnect for a step input waveform. Fig. 9.
shows Output transient responses of a 20µm CNT bundle interconnect
excited by a step input waveform using the complete model for 22-nm
technology node.

Figure 10 shows the crosstalk induced in the active and quiescent
lines, and the mutual inductance and the bundle to bundle capacitance
have certain effect on the crosstalk between two SWCNT bundle
interconnects. On the other hand, we would like to say that skin effect
in the CNT bundle interconnect is exclude in our study, since the signal
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Figure 9. The output volt-
age of a 200µm CNT bundle
interconnect excited by a step
input waveform using the com-
plete model, with W = 22nm,
H = 44 nm, Rb = 1.095e5Ω/cm,
Cb = 135.45 pF/cm, Lb =
70.2 nH/cm, and Cload = 5 fF.

Figure 10. The output voltages of
300-µm-long active and quiescent
lines with a step input, and W =
22 nm, H = 44 nm, s̃ = 44 nm,
Rb = 1.095e5 Ω/cm, Cg−b =
135.45 pF/cm, Ls−b = 70.2 nH/cm,
Lm−b = 1.6262 nH/cm, Cm−b =
83.706 pF/cm, and Cload = 10 fF.

frequency is not above several tens of gigahertz [28]. Otherwise, it
should be treated appropriately in the prediction of signal transmission
characteristics.

5. CONCLUSION

According to different orders of approximation of the derived
transfer function and the equivalent circuit model of SWCNT
bundle interconnect, their stability as well as signal transmission
characteristics is studied in this paper. It is indicated that the
stability of a driven SWCNT bundle interconnect can be determined
by, as we know, its extracted pole distribution diagram. Using the
fourth-order approximation of the transfer function, the transmitted
signal waveform in the SWCNT bundle interconnect can be captured
accurately, in particular the signal overshoot and time delay. Also,
compact expressions that describe the transient response of single and
two coupled carbon nanotube bundle interconnects are presented to
enable physical insight and accurate estimations of the time delay and
crosstalk for carbon nanotube bundle interconnects.
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