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Abstract—The advantages and disadvantages of more extended
approximated analytical methods of the integral equations solution
for the current in thin perfectly conducting and impedance vibrators
have been investigated in details in this paper. The solutions of
the problem about the electromagnetic waves scattering by the thin
vibrators with the distributed surface impedance, obtained with the
help of the method of expansion of the searched function for the current
in a series on small parameter. The method of consistent iterations
and asymptotic averaging method are given. The comparison of the
calculated results with the experimental data in the case of excitation of
the vibrator in the centre by the point source of voltage is represented.

1. INTRODUCTION

A great number of publications (see, for example, [1-20]) are
devoted to the investigation of the electrodynamic characteristics
of material bodies of different configurations, on the surface of
which the impedance boundary conditions are set. Thin vibrators,
applied to antenna-waveguide engineering widely, take a special place
among them. Both direct numerical and approximate analytical or
numerical-analytical methods of the solution of the corresponding
boundary problems of electrodynamics are applied to the mathematical
analysis of the functional characteristics of different devices, the
components of which are thin impedance vibrators. The undoubted
advantage of analytical methods is that they are physically more
visual in comparison with the numerical methods, and they permit
to use available calculated resources more effectively. There is no
comparative analysis of advantages and disadvantages of the known
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approximated analytical methods of the integral equations solution for
the current in thin impedance vibrators in the literary sources. At
present, suggestions of new numerical-analytical approaches, allowing
to eliminate existing disadvantages of the electromagnetic theory of
impedance vibrator antennas, are also absent. The author’s aim is to
fill up these principle gaps in this paper.

2. GENERAL QUESTIONS OF THE THEORY OF THIN
IMPEDANCE VIBRATORS IN SPATIAL-FREQUENCY
REPRESENTATION

2.1. Problem Formulation and Initial Integral Equations

Let us formulate the general problem about scattering (radiation)
of electromagnetic waves by the material body, having finite sizes.
The problem geometry and accepted symbols are represented in
Figure 1. Let the electromagnetic field of the set impressed sources
{Eo(7), Ho(7)}, depending on the time t as ¢! (7 is the radius-
vector of the observation point; w = 2« f is the circular frequency;
f is the frequency, measured in Hertz), influence the body of
the volume V', which is bounded by the smooth closed surface S
and is characterized by the homogeneous material parameters (the
permittivity e, permeability p and conductivity o). The body is
located inside the electrodynamic volume V7, bounded by the perfectly
conducting (or impedance) surface S; (including the infinitely remote
one) and filled by the medium with the parameters 1, p; (being
complex piece-constant functions of the coordinates in a more general
case). The field of the impressed sources can be set as the field of
the electromagnetic wave, incident on the body (the problem about
scattering) or as the field of the electromotive forces (EMF), applied

Figure 1. The problem general formulation.
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to the body, different from null only in some part of the volume V
(the problem about radiation), or as a combination of these fields
in a general case. We need to define the full electromagnetic field
{E(), H(7)} in the volume V, satisfying the Maxwell’s equations and
boundary conditions on the surfaces S and S;.

As known, the set problem can be investigated on the basis of the
equations for the electromagnetic fields in a differential or an integral
form. The advantage of the integral equations use consists in that
their solutions satisfy the required boundary conditions on the body’s
surface automatically [21]. Besides they are differentially effective for
the cases, when the boundary surfaces S and S represent themselves
as the coordinate surfaces in different coordinate systems: for example,
S1 — the surface of the waveguide with cylindrical symmetry, and the
body’s surface S can be of quite another symmetry in a general case.

That is why the mathematical model of the electromagnetic
process in question is not created on the basis of the Maxwell’s
equations in their differential form, but on the basis of the integral
equations of macroscopic electrodynamics, equivalent to the boundary
problem in whole — to the Maxwell’s equations together with the
boundary conditions on the surfaces of the body S and of the
electrodynamic volume Si, in which the body is located. They have
the form in the Gauss’ unit system CGS [21,22]:

E (7) = E, (7) + (grad div + /€261M1) e () — ikﬂlmtﬁm (7,
H () = Ho (7) + (grad div + k®e1 1) 0™ (7) + ikeqrotII® (7).

Here k = 27/ is the wave number, and )\ is the wavelength in free

space. [1¢(7) and II™(7) are the Hertz’s electrical and magnetic vector
potentials, correspondingly equal to

i (79 = L /Ge (7, 7) E (7) aF,

(1)

(2)
m(r—») :U’/:ul /Gm ,,:»’ _'( )d ’

Ge(7, #) and G™ (7, 7') are the Green’s electrical and magnetic tensor
functions for the vector potential, satisfying the Helmholtz’s vector
equation and the corresponding boundary conditions on the surface
S1. Let us note that in the case when the surface S is removed on
infinity, the corresponding boundary conditions for G*™ (7, ) transit
into the Zommerfeld’s radiation condition.

Interpretation of the fields, located in the left part of Equation (1),
is changed in the dependence on the observation point 7 location with
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the coordinates x, ¥, z, in which it is necessary to define the searched
field. If the point 7 belongs to the volume V', then the fields E(7) and

H (7) represent the internal fields for the body, that is, the same fields,
located under the integrals signs in the right part of (1). Equation (1)
are the Fredholm’s inhomogeneous linear integral equations of the
second kind in this case, and they have the unique mathematically
correct solution. If the point #, in which the field is searched, is
outside the region V, then Equation (1) become equalities, defining
the full electromagnetic field in the medium outside the material body
via the set field of the impressed sources. These equalities solve the
problem about scattering (radiation) of the electromagnetic waves by
the bodies of finite sizes in a more general kind, if the fields inside these
bodies are known.

It turns out to be expedient to express the full electromagnetic
field in the volume Vj via the fields tangential components on the
surface S, bounding the volume V, at the solution of a great
number of problems. As a result of the corresponding mathematical
transformations [21,22] in this case, transition to the Kirchhoff-
Kotler’s integral equations, which are completely equivalent to the
initial Equation (1) (k1 = k\/g1pi1, 7 is the outer normal to the surface
S) and turns out to be possible:

e (arad div i) / G (), H(7) |
S

—

H() = Ho(f)+—— (grad div?) /@m (7). B ()|
S

Amik

1 AL R
ot (G (7). 1 (7) | dF. (3)
S

The representation (3) is used at the electrodynamic problems solution
in the cases, when the field on the surface of the material body is
defined due to some additional physical considerations. For example,
for good conducting bodies (o — o0) the current, induced in them, is
concentrated near the body’s surface. Then, neglecting the thickness of
the skin-layer, it is possible to use the Leontovich-Shukin’s approximate
impedance boundary condition [23]:

7, E ()] = Zs(r) [, [, £ ] )
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where Zg(7) = Rg(7) +iXg(7) = Zg(7)/Zy is the distributed surface
impedance (normalized on the wave impedance of free space Zp =
1207 Ohm), the value of which can be changed from one point to
another on the body’s surface in a general case. Locating the
observation point 7 on the body’s surface S, we obtain the following
integral equation due to (3), (4)

Zs(F)J¢ (7) = Eo (F) +

— (rad div + 12) / Ge (7. 7) J¢ () d
S

1 A -
oot / o (m) 25 (7) [, 7 ()| a7, ()
S
concerning the density of the surface electrical current

J® = |7 827 (6)

where ¢ ~ 2.998 - 10! cm /sec is the velocity of light in vacuum.

Thus the problem about scattering (radiation) of the electromag-
netic waves by the impedance body of finite sizes is formulated as a
rigorous boundary problem of macroscopic electrodynamics, and it is
reduced to the integral equation for the current, the solution of which
represents itself as an independent problem, connected with substan-
tial mathematical difficulties. If the body’s characteristic sizes exceed
the wavelength many times (the high-frequency region), then the so-
lution of the set problem is usually searched in the form of expansions
in ascending power series on inverse degrees of wave number. When
the body has the sizes less than the wavelength in the low-frequency
(quasi-static) region, representation of the unknown functions in the
form of series in terms of the wave number reduces the problem to the
solution of the electrostatic problems sequence. The resonant region,
in which at least one of the body’s sizes is commensurate with the
wavelength, unlike the asymptotic cases, is the most complex for anal-
ysis, because one needs the rigorous solution of the field equations. Let
us note that from the practical point of view, it is in the very region
that the bodies in the form of thin impedance vibrators, to which the
paper is devoted, represent special interest.

2.2. Green’s Function as the Kernel of the Integral Equation

The dominant problem of analysis of scattering (radiation) of the
electromagnetic waves by the material bodies of finite sizes for the
linear mediums is the definition of the field, excited by means of the
point source. This is a classical problem about searching of the Green’s
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function, which gives the opportunity for analytical representation of
the boundary problems solution of macroscopic electrodynamics. As
known, the Green’s function is the tensor (the symmetrical tensor of
the second rank — affinor) function of mutual location of two points:
the observation point, having the radius-vector 7, and the source point
with the radius-vector 77, in the case of the vector fields. The Green’s
tensor functions have first been considered in [24] in electrodynamics,
and they were investigated by many authors (see, for example, [25-30])
later on.

The Green’s functions of the inhomogeneous vector equations, to
which the Maxwells equations are reduced, are defined by the solution
of one of the following tensor equations:

rotrot G (7,7") — kG (77') = Ar 16 (}F_ Fl‘) ) (7)
AGA (F,7) + ki Ga (7,7) = —4n 18 (|7 — 7']) (8)

and they satisfy all boundary conditions of the concrete boundary
problem. Here, in the case of the rectangular coordinate system
(|7 —7]) = 0(x —2")d(y — y')d(z — 2’) is the Dirac’s three-dimensional
delta-function; I = (&, @ €y) + (€, ® €y) + (€, ® &) is the unit affinor;
€z, €y, €, are the orts of the Decart’s coordinate system; A is the
Laplace’s operator; ® is the sign of tensor multiplication.

The Green’s functions allows to obtain the expressions for the
electromagnetic fields of the kind of (1) of the arbitrary vector source
in any point of space in a closed form. If some volume distribution of
the J* (1) electrical current density is set as a source, then the electrical
field is represented by one of the following expressions:

2
B (7 = % / G (7,7) ¢ (7) dF, (9)
1%
E(7) = % (grad div + ki) /GA (7, #) J¢ () dr”, (10)
1%

where the symbol G¢(7,7) = Ga(F, ) is introduced, and Ey(7¥) =
0 is accepted for simplicity. The availability of these two
representations may formally be connected with different calibrations
of the electromagnetic field potentials. However, Gp is called the
Green’s function for the field, and G4 — the Green’s function for the
vector potential in accordance with the used variant of the equation
for the field or the potential, to which the initial Maxwell’s equations
are reduced in the concrete problem solution. It is not difficult to make
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ratio between them
~ ~ 1 ~
Gg = <I + ﬁ{grad ® grad}> G, (11)
1

considering the tensor product of two symbolic vectors under the
operation {grad ® grad}.

The only boundary condition, imposed on the Green’s function,
for infinite space is the Zommerfeld’s radiation condition, and it is
represented in the form

Ga (7)) =1 —=———. (12)

If ¥ = #, then the functions (12) and (11) become the infinity,
and it is impossible to define the integrals as the limit of the integral
sum in a general sense, because it does not exist. So, strictly speaking,
the formulas (9), (10) are just for those points of space, where the
sources are absent. In the case, when the observation point 7 coincides
with one of the points 7 of the source, the volume integrals in (9),
(10) must be considered as improper ones, that is, f hr% [,

P~
where v is the eliminated volume, contained in the sphere of the
infinitely small radius p with the centre in the point 7. The main
difference of the two kinds of integrals consists in that the improper
integral in (10) can be modified into the absolutely converging one [28],
when, principally, the integral in (9) is the conditionally converging
one [28], and its value depends upon the kind of the eliminated region,
containing the special point ¥ = 7. It is necessary to consider the
main value of the integral in (9), which makes the main contribution
to the result of integration, for the field physically correct definition
in the source region. One may consider the integrals in a general
sense, expanding the singular part in the Green’s functions. It is rather
difficult to investigate the Green’s tensor function behavior (11) in the
neighborhood of the points of the field source. Rigorous consideration
of these questions requires application of the mathematical apparatus
of the generalized functions [29]. One would note the advantage of the
use of the expression for the field (10), based on the Green’s function
for the vector potential in comparison with (9) and (11), and, namely,
the field (10) has the integrated peculiarity, and one manages to avoid
calculation of the main integral value; though, certainly, it is necessary
to make differentiation in (10), taking into account the dependencies
of the integral from the parameter.

This ground also refers to the bounded regions completely, because
the Green’s function of the bounded region has the same peculiarity at
the coincidence of arguments as in the case of unbounded space [26].
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The general solution of Equation (8) can be represented in this case in
the form [21]:

G (7, 7) = IG (7,7) + Gy* (7, 7), (13)

e—ik1 7=

where G(7,7) = 7 and G (7, 7) is the everywhere regular

function, satisfying the homogeneous equation
AG (7, 7) + kGt (7, 7) =0 (14)
and providing the fulfillment of the boundary conditions on the S;

surface of the V7 volume for the point source field, located in the point
7, together with IG(7, 7).

2.3. Integral Equations for the Current in Thin Impedance
Vibrators

The known mathematical difficulties take place at the direct solution
of Equation (5) for the material body V with a complex shape of
the surface. However, it is sufficiently simplified for the impedance
cylinders, the perimeter of cross section of which is small in comparison
with their lengths and the wavelength in the environment (thin
vibrators). Besides one manages to extend the boundary condition (4)
on the cylindrical surfaces with arbitrary distribution of the complex
impedance, independent of the structure of the exciting field and the
electrophysical characteristics of the material, of which the vibrator is
made, in this case.

Let us transform the integral Equation (5), which is applied to the
thin vibrator, representing itself as a bounded circular cylindrical wire
of the radius r and length 2L (of a curvilinear axial configuration in a
general case), for which the following ratios are performed:

Lo«1, |2

2L DV
where A1 is the wavelength in the environment, and 7 is the curvature
radius of the vibrator axial line. These inequalities permit to consider
that the density of the induced current has only a longitudinal
component (we omit the index “e”)

<1, ; <1, (15)

-

J(7) = €sJ ()Y (p, ¢), (16)
and it is distributed on the cross section of the vibrator as in a quasi-
stationary case [31], what is more,

/Tl)(p, p) pdpdp = 1. (17)
1
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In expressions (16), (17), €5 is the unit vector along the tangent to
the {0s} axis, coupled with the vibrator; ¥ (p, ¢) is the function of the
transverse (L) polar coordinates p and ¢; J(s) is the searched current,
obeying the boundary conditions on the ends of the vibrator:

J(=L) = J(L) = 0. (18)

Taking all these into consideration and projecting Equation (5) on

the vibrator axis when taking into account that [, J¢(7)] < 1 due
o (15), we obtain the equation concerning the current in the thin
impedance vibrator, located in the homogeneous isotropic infinitely
extended medium:

()9 () = Bou(sH——

zwel

[8 O L i2(@e)0()|Gls, o')ds! (19)

Here Eys(s) is the projection of the impressed field, parallel to the €&
vector, and z;(s) is the internal impedance per unit length ([Ohm/m])
of the vibrator (Zg(7) = 2nrz;(7)). €y is the ort of the {0s'} axis,
coupled with the vibrator surface,

—zk’l —s')2+[2rsin(p/2)]?

8 s / Y (r,p) rdp (20)
\/s—s + [2r sin (¢/2)]?

is the exact kernel of the integral equation.

There are rather great difficulties at the solution of equation (19)
with the kernel in the form of (20), so the “thin-wire” approximation
is used in the theory of vibrators [31]

e—iklR(s,s’)
R(s,s) ’

which supposes the source points location on the vibrator geometrical
axis and the observation points — on its physical surface. The Gs(s, s')
function is continuous everywhere in this case, and the equation for
the current is sufficiently simplified without noticeable degradation of
preciseness [32]. Applying further integration in parts with taking
into account the condition (18) in the Equation (19), we have for the
rectilinear conductor ((€s€s) = 1):

Gs(s,s') = R(s,8)=1\/(s—s)+72  (21)

L
2
(j 5 +k2>/J (s")Gs(s,5") ds' = —iwe1 Eps(s) + iwe12i(s)J(s). (22)
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If the vibrator is located in the bounded electrodynamic volume
(a waveguide, a resonator), we obtain due to (5) and (13):

L
0 0J S / /
[{1575 +KEaI )] 6 6)
+J () {682 + k:2] <G(‘g (s,5") é’s/) } ds’
= —iwe1 Eps(s) + iwe1zi(s)J(s), (23)
where G(‘g (s,8') = fG(‘)/;(S,p, o; 80, (', ¢ )p'dp’dd’. Then the

1
equation for the current has the form for the rectilinear impedance
vibrator, located in the V; volume:

( Ly k2> /L J(5) Gy (s, 5) ds’

= —iwe1 Eps(s) +iwerzi(s)J(s) — Fols, J(9)], (24)
where

Fyls, J(s)] = (;22 +l<:2> /L J (') Gyi(s, 8')ds'. (25)

Let us note that Equation (22) is called the Pocklington’s integral
one [33,34] in the case, when the volume V; is free space, z; = 0, and
Equation (19) — the Mei’s equation [35] after integration of its left
and right parts along s in general accepted terminology of the thin
vibrators theory.

2.4. Approximate Analytical Methods of the Integral
Equations Solutions for the Current

We cannot manage to obtain the rigorous solution of the equations
given above for the electrical current in the impedance vibrator in a
closed form. However, it does not result from this that it is impossible
to approximate the current true distribution by the approximate
solution rather precisely. It is natural to use the known methods,
developed for perfectly conducting vibrators earlier, for this. So,
we can extract the methods for rectilinear vibrators in free space:
consistent iterations [31,36], expansion of the searched function in
a series on small parameter [37], variational [31], of the searching
of the “key” equation [38]. Let us obtain Equation (24) solution
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by the method of expansion of the searched function in a series on
small parameter (briefly, the small parameter method further) and the
method of consistent iterations (the iterations method further) for the
case of the electromagnetic wave, incident on the perfectly conducting
vibrator (z; = 0), located in some volume V; at e; = p; = 1 in order
to define advantages and disadvantages of one or another approximate
analytical method.

2.4.1. Method of Expansion of the Searched Function in a Series on
Small Parameter

The following equation is original for analysis:
d2 ) L , efikR(s,s’) , .
( Sk > 76 Gy = —wBus) = fals. T (0

where R(s,s') = /(s — )2 +r2,

<+k2> /J ) Go (s, ) ds (27)

is the regular part of the vibrator own field, defined by the volume V;
geometry.
Exchanging the differential ds’ on dR in (26) and taking into

account, that
s'=s—+VR2—r2 if s’<s}
ss=s+VR:—1r2 if >5[’

we transform Equation (26) into the form

fols, J ()]

S

(4+9)3 = [ 1) amle (r+ VRE= )]

d 2
+ /L J(s")e~*Rdn [C <R + \/m)}
= —iwEys(s) — fos[s, J(s)], (28)

where C' is the arbitrary constant. Making integration in parts with
the use of the boundary conditions for the current (18) in (28), we

obtain
S

<j;+k2> J()_zkrlnCer_{ [ <R+\/ﬂ)]
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Xd [J (5/) eiikR} - /ln [C’ (R + \/ﬁ)} d {J (3’) e*ikR}

= wEps(s) + fols, J(s)]. (29)

Putting in, with taking into consideration (15), that e=**" = 1 and
choosing C' = 1/2L (unlike from [37], where C' = k), we reduce
Equation (26) to the following integral-differential equation for the
current with the small parameter

d*J(s) 9 .
T TRJ(s) = aliwEos(s) + fls, J () + fols, J(s)I} - (30)
Here a = m is the small parameter,
L
fls, J(s)] = —(%4_]@2) / sign (s—s') In W% [J(s’)e—ikR} ds' (31)

is the vibrator own field in free space.
Let us represent J(s) in the form of the power series on small
parameter |a] < 1:

J(s) = Jo(s) + aJi(s) + a®Ja(s) + ... (32)

The substitution of (32) into (27) and (31) permits to expand into
analogous series

fz[s, J(S)} = fx [8, J()(S)] + o fz[s, Jl(S)] + OéZfZ [S, JQ(S)} +..., (33)
where fx[s, J(s)] = f[s, J(s)]+ fols, J(s)] is the vibrator sum own field.
Now, having substituted (32) and (33) into Equation (30) and equated
the multipliers at equal degrees a between each other in the right and
left parts of the equation, we obtain the following system of differential
equations:

digs) + k2Jo(s) =0,

deJ;Z(S) + k2J1(S) = inOS(s) + fE[S, JO(S)],

d2;22(8) + K2 Jo(s) = fx[s, Ji(s)], (34)
2 S

: 522( ) K2 (s) = fols, Faa ()]

which can be solved by the method of successive approximations. At
this each equation is solved at the boundary conditions of the form
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of (18), and, namely Jo(£L) = 0, Ji(£L) = 0, Jo(£L) = 0, ...,
Jn(£L) = 0.
The first equation of system (34) has the solution, independent of
the exciting field Eos(s):
Jo(s) = Cy cosks + Cysin ks, (35)

which satisfies the boundary conditions only at ratios fulfillment
A

Ci=0at 2L=mA; Cy=0 at 2L = (2n+1)§,

where m and n are the integers. If the vibrator length 2L does not

satisfy the conditions (36), then Jy =0, fx[s, Jo(s)] = 0 the current in
the first approximation is equal to:

(36)

N iw/k
sin 2k L

sin k (L—s)/EOS (s")sink (L+s") ds’'
-L

J(s) =adi(s)=—

L
+sink (L + s) /Eos (s')sink (L —s")ds'p . (37)

As seen, the functions of the own field of the vibrator f[s, J(s)] and
fols, J(s)], which, mainly, define the vibrator resonant and energetic
characteristics, are not included into the expressions for the current.
Obviously, it is necessary to obtain the following approximations in
order to take into account fx[s, J(s)], what, however, meets essential
mathematical difficulties, and at present only J2(0) is known for the
vibrator in free space, excited in the centre by the point source of
voltage [37].

As an example, let us consider the problem about scattering of
the dominant wave Hyg by the vibrator, located in the plain of crossed
section of a standard rectangular waveguide, parallel to its narrow wall.
The impressed field equals in this case:

Eos(s) = Egsin 2. (38)
a

Here Ej is the amplitude of the dominant wave Hyg, incident from the
region z = —oo, and zg is the distance from the waveguide narrow
wall up to the vibrator axial line. Then the current, induced in the
vibrator, equals due to (37)
. Txgiw (cos ks — cos kL)

J(s) aEjsin s p— . (39)
And, finally, the solution of a classical problem about normal incidence
of a plane electromagnetic wave on the vibrator in free space by the
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method of the small parameter in the first approximation gives the
result (Fos(s) = Ep):
iw (cosks — cos kL)
J(s) = —aFEy— . 40
() W02 cos kL (40)
Let us note that the condition of formulas (39) and (40)
application is the inequality [37]

‘kL—ng‘ > |al, (41)

which limits possibilities of the use of the obtained solution in practice
together with the ratios (36) to essential extent.

The solution of Equation (22) for the vibrator, located in free
space (1 = p1 = 1), with the constant (z;(s) = const) distributed
impedance, by the method of a small parameter, has been obtained
in [39]. The zeroth and first approximations for the current have the
following form in this case:

a) for tuned vibrator (kL = ny, where n is the integer):

Jo(s) = C cos ks + Cysin lz:s, (42)
b) for untuned vibrator (IZCL #ng):
Z(.U/]:{; .7 / N o T / /
J(s) =adi(s)=—a = sink(L—s) | Eos (s')sink (L+5") ds
sin 2k L
-L
L
+ sin k(L+s) /E(]s (s sin k (L—s")ds'y, (43)

where k = k14 iawz; /K2

2.4.2. Method of the Consistent Iterations

Let us use the method of consistent iterations, suggested by Hallen [36]
and developed by King [31] for the investigation of vibrators
characteristics in free space in order to eliminate the disadvantages,
mentioned above, of the integral equation solution for the current by
the method of the small parameter.

Converting the differential operator in the left part of (26), we
obtain the following integral equation

L

/ J(s) G (s,8') ds' = Cy cosks + Casinks

—L
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_% Eos (s') sink (s — &) ds, (44)
L

in which it is taken into account that G>(s,s') = Gs(s, s') + Gy (s, s').
It is necessary to use the conditions of symmetry [31], which are
definitely connected with the method of vibrator excitation to obtain
one of the arbitrary constants C'y and Cs. In other words, one needs
to concretize the field of the impressed sources Eps(s) on this stage of
solution of the initial equation by the method of iterations yet. Let
us put in Eys(s) = Ep due to (38), which corresponds to the vibrator
excitation by the dominant wave in a rectangular waveguide in the
case, when the vibrator axis is located at xy = a/2. Then

L
/J( )Gz(s s')ds —C’lcoskzs—i—
-L

12 Eo (coskscoskL —1). (45)

We note that Equation (45) is analogous to Hallen’s linearized integral
equation [31,36], which is the ground of many publications in the
theory of thin vibrator antennas, for G¥(s,s') = e **F/R.

The kernel of the integral Equation (45) has peculiarity of quasi-
stationary kind on the vibrator surface. Let us extract it, using
smallness of the vibrator cross size in comparison with its length and
wavelength. For this we rewrite the left part of (45) in the following
way:

L

L e—ikR(s,s/) L v
/J (s/) G* (s,s') ds' = /J (s/) st/ + /J (s/) Go. (s,s') ds’. (46)

Then
_sz ) ;L L , 6—ikR(s,s') J(S) ,
/J Re) ds’ = Q(s)J(s) +_l J(s") Rew) R(s,s,)} ds', (47)
where

L
/\/—2 (48)
L\ (s—58) +r

The first addendum in the right part of the expression (47) is
logarithmically large in comparison with the second regular term, and
the Q(s) function differs from its average value Q(s) = 2In(2L/r) —
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0.614 only on the vibrator ends, where the current vanishes: J(£L) =
0. Taking this into account, Equation (45) is transformed to the form:

J(s) = —« [Cl cos ks + %Eo(cos ks cos kL — 1)}

o /L [J () G (s, ¢') - R{Sl’)} as (49)

where a = m is the small parameter, coinciding with the one
obtained above in Subsection 2.4.1 at the choice of the constant of
integration C = 1/2L.

Following the method described in [31,36] further, let us put in
s = L in (49) and subtract the obtained expression from (49) (in fact,
we subtract 0, because J(L) = 0). At this Equation (49) is transformed
in the following way:

J(s)=—a [C’l (cos ks — cos kL)+%E0 cos kL(cos ks — cos k:L)}

+a{ /LL {J(s’)GE (5,') R{Sl,)}ds/— /LL J(s) G2 (L,s’)ds’}. (50)

Choosing the addendums in the right part of the first line in
Equation (50) as the zeroth-order approximation for the current Jy(s)
and using condition (18) to define the C; constant, we obtain:

iw (cosks — coskL)
k2 coskL ’
that coincides identically with the expression (39) at o9 = a/2,
obtained by means of the small parameter method in the first
approximation. Substituting (51) into (50) now, we obtain the first
approximation for the current with accuracy to the terms of the a?
order:

Jo(s) = —aEp (51)

iw (cosks — coskL)

Ji(s) = —aBy2
1(8) = =By kL + aF (or kL)’

(52)
where

L
F(kr,kL) = / [(cosks’ — coskL) G (L,s")] ds’ (53)
-L

is the vibrator own field function, giving opportunity to analyze both
tuned (coskL = 0) and unturned (coskL # 0) vibrators already in
the first approximation along « (unlike the small parameter method),
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what is more, the integral in (53) is taken analytically with the help
of the generalized integral functions [31] in the case, when G=(s,s’) =
e "R /R (the vibrator in free space).

Let us note that if one solves Equation (24) at z;(s) = const,
e1 = p1 = 1 and Eps(s) = Ep by the method of iterations, then
one obtains the following expression for the current in the impedance
vibrator in the first approximation as a result:

iw  (cosks— coskL)

Ni(s) = —aBogg i v aF(kr kL, z)’ (54)
that is, availability of the distributed impedance in the vibrator
operates (unlike the solution by the method of a small parameter)
only in the function of the vibrator own field, but not in the function
of the current distribution.

2.5. Solution of the Integral Equation for the Current in the
Thin Impedance Vibrator by the Asymptotic Averaging
Method

Let us choose Equation (22) as the original one to analyze (at z;(s) =
const, €1 = 1 = 1) with the approximate kernel (21), being quasi-one-
dimensional analogue of the exact integral equation with the kernel
(20):

a2 L efsz(s,s )
(d2 #>/J@Uzﬂsy>%u:4u%xé+nwﬂwh (55)

where R(s,s’) = /(s —s')2+7r2. It is obvious that Fy[s, J(s)] =0
here. We extract the kernel logarithmic peculiarity of Equation (55)
analogically with (47):
L L
—ikR(s,s") e—1kR(s,s") _
N / J(s J(s)
—d ds'.
/J(s) st +/ o S, (56)
L
Here

Q+~(s), (57)

(s) = In (VTR (L) T=s 472

if — some function, equal
to zero in the vibrator centre and reaching its largest value on the
vibrator ends, where the current equals zero according to the boundary
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conditions (18), and Q = 21In % is the large parameter. Then, taking
into account (57), Equation (55) is transformed into the following
integral-differential equation with the small parameter:

d?J(s)
ds?

where a = m is the problem natural small parameter (|a] < 1),

+ k2J(s) = a {iwFos(s) + F[s, J(s)] — iwzJ(s)}, (58)

L

&) e~ ikR(s:8") 2J(s 2
T Cd] G TX R
L {d%(S') +k2J(s’)} R b (O]
ot ds?
+/L oo ds (59)

is the vibrator own field in free space.

Let us use the asymptotic averaging method. The main grounds
and the principles of which are represented in [40, 41], in order to obtain
the approximate analytical solution of Equation (58). We change the
variables, following the method of variation of arbitrary constants, in
order to reduce Equation (58) to the equations system of a standard
kind [40,41] with the small parameter:

J(s) = A(s)cosks + B(s)sinks,

dJ(s) .
T = —A(s)ksinks + B(s)k cos ks, (60)
d%J(s) 9 dA(s) . B(s)
752 + k*J(s) ——Tsmk‘stTCOSk‘s,
where A(s) and B(s) are the new unknown functions.  Then
Equation (58) transits into the following system of the integral-

differential equations:

dA(s) _ o [iwBoy(s)+F |5, A(s), 42, B(s), 22| | 0
—iwz;[A(s) cos ks + B(s) sin ks] 7

ds  k
dB(s) _ o {inOS(s)—i—F [5,A(s), 42, B(s), 25| } -

ds k| —iwz]A(s) cos ks + B(s) sin ks|

(61)

The obtained equations are completely equivalent to Equation (58)
and are the system of the integral-differential equations of a standard
kind, unsolved relatively to the derivative. The right parts of these
equations are proportional to the o small parameter, so the functions
A(s) and B(s) in the right parts of Equation (61) can be considered as
slowly changing functions, and the averaging asymptotic method can
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be used to solve the equations system (61). Then putting the simplified
system, in which d’zf:) = 0 and d%—i‘g) = 0 in the right parts of the
equations, in accordance to equations system (61) and making partial
averaging along s explicitly input variable in it (the term “partial”
designates the effect by the averaging operator on all addendums
except those ones which contain Eps(s), what is possible [41] for the
system of the kind (61) in this case), we obtain the equations of the

first approximation:

dAGs) _ {”EOS(S) + Fls, A(s), B(s)]} sinks + xB(s),

ds k
IB . (62)
d(S) = ta {Z:Eos(s) + Fs, A(s), B(s)]} cos ks — xA(s),
s
in which x = aé%%
L o ) L
F[s,A(s), B(s)] = [A(s') sinks’ — B (s") cosks'] RGes) ) (63)

is the vibrator own field (59), averaged along its length.
We shall obtain equations system (62) solution in the following
form [42]:

A(s) = Ci(s) cos xs + Ca(s) sin s,

_ 64
B(s) = —C1(s) sin xs + Ca(s) cos xs. (64)
Then we have after transformations instead of (62):
dc j _
dls(S) = —« {ZZ}EOS(S) + F[s, Ch, C’g}} sin(k + x)s,
(65)

ds k

We obtain Cj(s) and Cy(s) from (65) and also A(s) and B(s) from
(64) further, using them as the approximating functions for the current
in (60). As a result, we obtain the general asymptotic (along the «
parameter) expression for the current in the thin impedance vibrator
at its arbitrary excitation:

dC2<S) =+« {MEOS(S) + F[37 Cla Cﬂ} COS(k + X)S'

J(s) = A(—L)cos (l%s - XL) + B(—L)sin (l%s + xL)

o / {inEOs(s’)—i—F[s’,A, B}}smz;-(s_s') ds'. (66)
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where k =k + x =k +i(a/r)Zs.

It is necessary to use the boundary conditions (18) and the
conditions of symmetry [31], which are definitely coupled with the
vibrator excitation method: if Eys(s) = E§,(s), then J(s) = J(—s) =
J(s) and A(—=L) = A(+L), B(—L) = —B(+L); if Eps(s) = E§(s),
then J(s) = —J(—s) = J%(s) and A(-L) = —A(+L), B(~L) =
B(+L) to define the constants A(+L) and B(+L). Then taking
into consideration symmetrical (the “s” index) and antisymmetrical
(the “a” index) current components, we, finally, obtain Eps(s) =
E§ (s) + E§,(s) at arbitrary excitation of the vibrator:

J(s)=J(s)+J(s)= a%} {/ Eos (s/) sin k (s—s')ds/

sin k(L—I—s)—l—aPS[kr k( L+s

/E0s smk(ks )d
sin 2k L+aP* <kr 2kL)

sin k:(L+s)+aP’1[kr k L+s

/E‘O6 smk(L s)ds}, (67)

sin 2kL+aPa<k:r 2kL)

where P® and P® are the vibrator own field functions, equal to,
correspondingly

i [ gikR(s',~L)  ,—ikR(s'.L)]

Ps[kr,/;(L—i-s)]:/ R L) + R L) sink(s—s')ds' )
- L . 5=

=P*(kr,2kL), (68a)

S r

o—ikR(s',—L)  ,—ikR(s',L) |

Pa[kr,];:(L—i-s)] :_/L _ R —L)  R.I) _sinfc(s—s')ds’ _

=P%(kr,2kL). (68b)

The field of induced sources equals Eys(s) = Ej,(s) = Ep in the
problem about normal incident of the plane electromagnetic wave on
the impedance vibrator in free space. Then the expression for the
current in the vibrator has the form (with the accuracy to the terms
of the a? order) at substitution of Eps(s) into (67):

(cos ks — cos l;:L)
J(s) = —aB A —, (69)
cos kL +aP} (kr,kL)

I
ol
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L e—ikR(s,L)

“ReI €08 ksds. Tt follows
L bl

where due to (68a) Pj(kr,kL) =
from the analysis of formula (69) that the vibrator distributed surface
impedance value is included not only into the function of its own field,
but also into the function of the current distribution

f(s) = cosks — cos kL, (70)
what differs the solution of the integral equation for the current by the

averaging method from the solution (54) by the method of iterations
considerably.

3. VIBRATOR EXCITATION IN THE CENTRE BY THE
CONCENTRATED EMF

Let us consider the classical problem about excitation of the vibrator in
its geometrical centre of the concentrated EMF with the Vj amplitude
in order to ground rightness and the ranges of application of the
obtained solution (67). The mathematical model of excitation is
represented in this case as:

Eos(s) = Egu(s) = Vod(s - 0), (71)

where 0(s — 0) = d(s) is the delta-function. Then the expression for
the current has the form:

¢W> sin k(L — [s)) + aP; (kr, ) (72)

coskL + aP} (kr, l%L)

Here Pf(kr,ks) = PS[kr k(L + s)] — (sinks + sink|s|) P (kr, kL),
Plkr,k(L + s)] is defined by formula (68a), and Pj(kr,kL) =

L
—ikR(s,L) ~
eR(SiL) cos ksds.

Let us note that using the apparatus of the generalized integral
functions [31], it is possible to obtain P§(kr, ks) and Pj(kr,kL) in an
explicit form [11].

Knowledge of real current distribution (72) allows to calculate
the electrodynamic characteristics of the impedance vibrator. So, we
obtain the following expression for the vibrator input impedance in the
feed point Z;;,, = Rin+iX;y (or the input admittance Y;, = Gip+iBj, =
1/Zzn)

v (601-,;) cos kL +aP} (kr,kL) )

Zm [Ohm] = = = =
ak | GnkL+aPy (k:r, kL)
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in which Py (kr, kL) f I;IZR(Z ) sin k|s|ds.
Then the voltage standmg wave ratio (VSWR) in the line antenna
feeder with the W wave impedance equals:
Zin — W

1+ |51 g —

Pa— 5 11 — )
1-— |Sl1| Zin + w
where Sp7 is the reflection coefficient in the feeder.

Let us give some numerical results. Figure 2 represents the
amplitude-phase distributions of the current J(s) = |.J(s)|e?*&7() in
the thin (r/A = 0.007022) perfectly conducting vibrators of different
electrical lengths, calculated by formula (72), in comparison with the
experimental data from [43]. As seen from the plots, the trend of
theoretical curves reproduces the trend of the experimental ones rather
satisfactory, though some differences are observed in the absolute

VSWR = (74)
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Figure 2. The current amplitude-phase distributions along the
perfectly conducting vibrators with variable electric length in free space
at r/\ = 0.007022, f = 663MHz: 1 —2L/\ = 0.5, 2 —2L/\ = 1.0,
3—2L/\ = 1.5; the curves — the calculation (formula (72)), the circles
— the experimental data [43].
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values. They also take place in the input characteristics of the vibrators
Yin, = f(2L/)), calculated by formulas (73) and given in Figure 3.

Analogous conformities to natural laws are observed at the
calculation of the impedance vibrators input characteristics. The plots
of the input admittance for two cases of realization of the surface
impedance are represented in Figures 4, 5: 1) the metallic conductor
of the radius r; = 0.3175 cm, covered by the dielectrical (¢ = 9.0) shell
of the radius = 0.635 cm (Figure 4, the experimental data from [44]);
2) the metallic conductor of the radius r; = 0.5175cm, covered by
the ferrite (1 = 4.7) shell of the radius r = 0.6cm (Figure 5, the
experimental data from [45]).

If the vibrator, excited by the d-generator in the centre, is located

10 q T T T T T

.00 0 omco$‘
See [e>)
JE] ©o

Conductance G, , millimhos
o ©
T T
O
o0
L - 1 1 1 1
Susceptance B, , millimhos
o n S
A
T -8 -

0 ~ 1 T 1 1 1 1
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
Electrical vibrator length 2L/A Electrical vibrator length 2L/A

Figure 3. The input admittance of the perfectly conducting vibrator
in dependence of its electrical length at /A = 0.007022: 1 — the
calculation (73), 2 — the calculation (76), 3 — the experimental
data [43].
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Figure 4. The input admittance of the metallic conductor of the
radius r; = 0.3175cm, covered by the dielectrical (¢ = 9.0) shell
of the radius r = 0.635cm in dependence of its electrical length
at f = 600 MHz: 1 — the calculation (73), 2 — the experimental
data [44].
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Figure 5. The input admittance of the metallic conductor of the
radius r; = 0.5175cm, covered by the ferrite (u = 4.7) shell of the
radius » = 0.6 cm in dependence of the frequency at 2L = 30.0cm: 1
— the calculation (73), 2 — the experimental data [45].

in the material medium with the parameters ¢; and pi, then the
expression for the current has the form [11]:

iw51> sin ky (L —1s]) + aF5 (kﬂ', l::ls> )

cos k1L + aP} (k‘lr, l;:1L>

Here k1 = kyeip1 = k) — ik{, ki = Kk + i(a/r) Zs~\/e1/ 11,
~ L ~ ~ ~
Pi(kir,kiL) = [ G(s,L)coskisds, P§(kir,kis) = P5[kyr, ki (L+s)]—

“L

(sinkys + sinky|s|) P; (kir, k1 L), and P*[kir, ki (L + s)] is defined by
formula (68a). The plots of the current amplitude-phase distribution
in the perfectly conducting vibrator for the medium (salt water) with
the parameters e; = 83.5 —55.3, uy = 1 (k{/k} = 0.301, A\; is the
wavelength in the medium) are represented in Figure 6 in comparison
with the experimental data from [43], too.

From our point of view, the differences of the theoretical curves,
obtained on the basis of the integral equation solution for the current
by means of the averaging method, from the experimental values
are explained by that solving the vibrator own field (59) undergoes
averaging, and thus the current amplitude is with some error. However,
as seen from the comparison of the given calculated and experimental
results, the vibrators resonant characteristics ((2L/\)yes at Bin = 0)
are defined rather precisely, and the calculated curves of the currents
normalized amplitudes (|J(s)|/|J|max) agree with the experimental
data in permissible limits. Thus the formulas for the current, obtained
in the format of the first approximation of the averaging method, are
suitable for the vibrators integral characteristics calculation, such as
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Figure 6. The current amplitude-phase distributions along the
perfectly conducting vibrators with variable electric length in salt
water at kf/k] = 0.301, r/A\1 = 0.0028, f = 28 MHz, A = \/)\ =
9.58: the curves — the calculation (formula (75)), the circles — the
experimental data [43].

the radiated (scattered) electromagnetic field in all zones of observation
and also at investigation of the vibrators resonant properties.

As indicated in [40],Equation (61) solution can be obtained in the
format of the improved first approximation. It means, in our case,
that the transition from Equation (61) to Equation (62) is made with

the help of substitution of _dAgs) sin ks + dégs) cosks = aiwEps(s),
and, finally, it leads to the following expression for the vibrator input
impedance:

imp_ (601‘12:)
"o\ ak Jgin 15L+aP5L(kr, l%L) T {sin IEL—i—anl(kn léL)+a2P52(kr, icL)]

cos l%L—l—an(kr, I%L)

. (76)
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Here Py, (kr, lE;L) — P <k:r, %L)Jrsin kLPg (kr, %L)—cos i:LPso (k:r, EL) ,

Psy (k:r, %L): P (kr, léL)Pg (kr, %L)—Pz (/m“, léL)Pgo (kr, l%L) ,

L
s B e—ikR(S,O) _
‘PO (kr, kL): / W COS deS,
~ —ikR(S,D) ~
P50(kr, k;L)Z eR(ﬁSinkLﬂd&

The calculated curves, corresponding to formula (76), which correlate
with the experimental data very closely, are given in Figure 3 (the
dotted lines). If one solves Equation (61) by the averaging method in
the format of the second approximation further, then, as a result, it is
possible to obtain much more bulk formulas, which, of course, increase
preciseness of the calculated results, but they turn out to be suitable
very little for practical use.

4. CONCLUSION

Thus the solution of the quasi-one-dimensional integral equation for
the electrical current in thin vibrators by the small parameter method
leads to different expressions for the current in the case of a tuned
vibrator (the impressed field frequency differs a bit from the vibrator
own frequency) and an untuned one (when this condition is not
performed), though the solution can be obtained for the untuned
vibrator at its arbitrary excitation in the first approximation. The
solution of the integral equation for the current by the iterations
method is given in the form of one formula, suitable both for tuned
and untuned vibrators. However, application of this method is possible
only at concretization of the impressed sources field at the initial
stage of analysis. The solution of the equation for the current by the
averaging method combines in itself the advantages of the solutions
both by the small parameter method and iteration method, namely,
the analytical expression for the current is obtained in the form of
one formula, suitable both for tuned and untuned vibrators without
concretization of the impressed sources field and electrodynamic
volumes in which they are located. To our mind, it is expedient to
use the functions of the current distribution, obtained by means of
the averaging method as basic ones at realization of the numerical-
analytical methods (for examples, of the method of induced EMF) in
order to increase preciseness of the calculated results at the solution
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of the problems about scattering (radiation) of electromagnetic waves
by thin impedance vibrators.
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