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Abstract—The modified finite-difference time-domain (M-FDTD)
method is proposed to analysis electromagnetic bandgap of 1D
layered anisotropic plasma photonic crystal (PPC) under the situation
of the EM wave oblique incidence. The presence of it avoids
the usage of two-dimensional FDTD iterative and greatly improves
the computational efficiency. By the algorithm, the reflection
coefficients of electromagnetic waves with different incidence angles
are computed, and compare the results with the analytical solution.
The results show that the method of the accuracy and effectiveness.
Finally, the algorithm is applied to calculate electromagnetic bandgap
charateristics of PPC with the different incident angles, and their
reflection coefficients under the condition of the different incident
angles are analyzed.

1. INTRODUCTION

Since the concept of photonic crystal was proposed by John [1] and
Yablonovitch [2], due to its own unique characteristics of controlling
the flow of light, it has been focused on the optical fields. In addition,
due to its own unique characteristics (such as the periodicity of the
refractive index, and the characteristic of the forbidden band and pass
band), the plasma thus has become the active research topic of the
field. So recently Hojo et al. [3] combine the above two together to
propose the concept of plasma photonic crystal. Thus it rapidly has
become the active research topic of the field. However, the plasma is
complex medium which is only dependent on the frequency without the
external magnetic, and is also anisotropic with the external magnetic
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field. Currently, the finite difference time domain (FDTD) method
and transfer matrix method are used to analyze one dimensional
(1D) plasma photonic crystal (PPC). By using the transform matrix
method in Ref. [4], the dispersion diagram of unmagnetized plasma
without collision frequency was only derived, and by the FDTD method
in Refs. [5,6], the features of the PPC with normal incidence were
analyzed, and the effect of the incident angle is neglected. In practice,
the electromagnetic wave often obliquely illuminates the PPC, so it is
important how incident angle effects the bandgap of the PPC in theory
and practical application.

In this paper, in order to solve the above problem, a M-
FDTD implementation is proposed by which EM wave transmission
characteristic can be analyzed for oblique incidence on stratified
medium. The FDTD iterative formulas are deduced in the TE and TM
wave oblique incidence situation, and the revisions of the connection
boundary (CB) and absorbing boundary condition (ABC) in the
oblique incidence situation are carried out. By the algorithm, the
reflection coefficients of the plasma slab are calculated in the TE and
TM wave oblique incidence situation. Finally, the algorithm is applied
to calculate electromagnetic scattering by the PPC with the different
incident angles, and their reflection coefficients under the condition of
the different incident angles are analyzed.

2. M-FDTD ITERATIVE FORMULA IN THE OBLIQUE
INCIDENCE SITUATION

Consider a TM,, polarized wave with time factor e/“* and the incident
angle 6 incident from an isotropic medium with permittivity €; = ¢¢
and permeability p; = po upon another medium with permittivity e
and permeability ps, seen in Fig. 1. We assume the plane of incidence
to be parallel to the zoz plane. By the phase-matching conditions the
k vectors of all plane waves will be in the zoz plane. Thus all field
vectors will be dependent on z and z only and independent of y. Since
0/0y = 0, the Maxwell equations become, in Region 1.
0E, OF,
0z Oox
OH i
— 5, — €0jwEs (1)
z
0H,
— =egjwk
O 0J z
Taking the partial derivative of the second equation with respect
to z and the third one with respect to x, then substituting the results
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Figure 1. Reflection and transmission of TM waves at a plane
boundary separating regions 1 and 2.

into the first one in Eq. (1) system, so we can obtain

9*H, O’H
6:n2y + 622y + ,uoé(]wZH =0 (2)
The solution of Eq. (2) can be obtained easily as follows
Hy — Hoej(kzx-i-kzz)—&-jwt (3)
So the solution for the 1-D wave propagating in z-direction is
H,p = Hyelreotiwt
jker4jwt (4)

Hy
E.ip= ke
weo

Substituting Eq. (4) into Eq. (1) system and eliminating F., then
transforming back to the time domain yields

OHyp __ OFEup

oz =0 ot

K2 0Enp  OHyup (5)
K. 0: o

where ki is wave number in the Region 1, k1, is the z-component of

the vector k1, and k1, = k1 cosf.
By the same procedure of Eq. (5), transforming the 1D modified
equations of the Ampere’s Law in Region 2 (in the plasma region) to



42 Yang et al.

the frequency domain yields

0H, .
(;;w = —&gjwE1p
BO0Bap ©
Fa — iw
kgz 92 H2jwily1 D

where ko is wave number in the Region 2, ko, is the z-component of

ko, and ko, = ko cos . Combining the phase-matching conditions and
the boundary conditions, we can obtain ki, = koy, k3, = k3 — k3, =
k3 — k%,. Substituting the two equations into the second equation of
Eq. (6), finally we can obtain

8-E‘xlD . k%
=— 1-—==1|H 7
az .]"‘JMQ ( k% le ( )
Using k. = ksin@, k = w./en, and assuming
Erg — Ep1 Sin° 6
§yip = <2 : > Hyip (8)
Er2
Then Eq. (7) yields
8Elgch .
5, = w2 9)

Substituting Eq. (9) into the second equation of Eq. (6), and combining
the results together with Eq. (8), so

( OH,
ailD = —egjwl1p
8EjmlD .
9. p2jwé (10)
.2
€9 — Ep1 8107 0
=——|H
5 < o > ylD

Similarly, Ey1p, Hy1p have the same formats. Then E,1p, Hyip,
Eyi1p, Hy1p are converted to the matrix form as follows

OH .

g = —€0€T‘QJ(UE

OE .

=T = —Hojw§ (11)

0z
E _ <5r2 — &rl Sin29> H

Er2
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where E = [E””ID], H = [Hle] = [gle]. According to Ref. [7],

Ele H:rlD ’ z1D
€r2 the relative permittivity of the magnetized plasma is
=14 - (12)
Jweo

where o is the conductivity matrix. According to Ref. [8], the
constitutive relation for a cold magnetoplasma is given by

dJ
E%—v.]—eow E+w,xJ (13)

where v is the collision frequency, wj the electron gyrofrequency, w,
the plasma frequency. Eq. (13) in Cartesian coordinate is expressed as
in matrix form.

B|-eal] o) oo

v —wp
Wy —v
Eq. (12), we firstly transform Eq. (14) into the frequency domain and

obtain o matrix in the frequency-domain according to the Ohm’s law
J=0cE
2 .
2. -1 oWy Jw+v  —wp
= I-Q) =—7—"-—F——5 , 15

o = eowp (jw ) (jw + v)2 + w? < wp JWJF”) (13)
Then by the IFFT of Eq. (15), o in the time-domain is expressed as,
when v > 0

o (1) = eqwie ™ (Cf)s“’bt ‘Sm“’bt> U(t) = cow2e™U(t)  (16)

where Q = In order to obtain the time-domain o in

sinwpt  coswpt
when v =0

60002 — sin 60&)2
a(t)= 5 (ot et v = e an
where U(t) is the unit step function.

The FDTD iterative formula under the condition of v = 0 is
similar to v > 0, so we only derive the FDTD iterative formula under
the condition of v > 0. Substituting Eq. (12) and Eq. (16) into Eq. (11),
then transform the results into the time domain. We can obtain

OH OE

B, g o O+E

OE o€

= 2s 18
o Hog, (18)
o¢ oH 1

5= (5T2—£Tlsin29)E—l—%[a(t)*H(t)—U(t)*ﬁ(t)]
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Assuming

@ MU (t) « E (t)
x (t) = U () = & (1) (19)
P (t) = MU (1)« H (1)

and by the JE convolution (JEC) method in Ref. [9], the convolutions
in Eq. (19) system can be deduced, then the FDTD iterative formula
of Eq. (18) and Eq. (19) can be obtained

n+i k 1
et (i)
1 1 1 1
H 3 k—i—)z H" 2 <k+>+
( 2 2 67«2—67«1$in29
n—&-l 1 _ n—1 1
et (i) et (k)
Atw? 1 1
— = (ks ) (k2 21
+z—:r2—€rlsin29[x < +2) 1/) (+2 ( )
n I\ At [coswpAt  —sinwpAt\ 1 1
X (k+2>_ € <sinwat coswpAt | X k+§
Ap oot cos(‘”l’ZAt> —sin(“’bTAt>
TAt-e y (wbm> <wat)
Sin —5 COS —5
1
£z <k:+2) (22)
n L\ At [coswpAt  —sinwpAt\ -1
¥ <k+> =€ <sinwat cos wpAt ¥ k+
Ap. ot cos “’bTAt> —sin(“”’QAt>
Tate i (221 (1)
sin ( £4 cos (2

(t)

f)
f)

g (k + ;) - ugAAtz B (k+1) — E" (k)] (20)

H- (k + ;) (23)
1 At 1 1 1 1
n+1 TN - = nts5 —\_gnrnts _ =
B ) = B 5 [H 2(k+2) H (k 2)}
— At (k) (24)

1 _ At —sinwp At _ 1
n _ vAt [ COSWy b n—1 -
¥ <k - 2) - ¢ <sinwat cos wpAt > ¥ (k + 2)
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+At-e” 2 . A N

sin (=2 ) cos (“”’2 )

Bt (k: + ;) (25)

Similarly, the FDTD iterative formula of the TE, polarized wave is

R i ) = B2 (k3 ) 0 I 1) ) (20

At
€0 (57»2 — &rl Sil’l2 9) Az

1 1
Hn+1/2 ) Hn+1/2 _ =
[ <k: " 2) -

WQAt 1
————x""2 (k) (27)
€9 — Ep1 8107 0

1 _ At —sinwpAt _ 1
n _ vAt [ COS Wy b n—1 -
X <k + 2) =€ (sin wpAt  coswpAt )X <k + 2>

En+1(k) — EP (/{?) .

. [ cOs (‘“bQAt —sin (‘”"QN)
+At "€ : : wp At wpAt
sin ( <23 cos ( £
1
E" 2 (k + 2) (28)
E:p Hyip Xz1D
here E = |20 H = |1 = .

where |:Ey1D:| ’ [H:Jch] ' X [wa

3. REVISION OF MUR ABC AND CB

3.1. Revision of Mur ABC

In the FDTD computation, Mur ABC is employed. Under the
condition of the oblique incidence in the free space, Mur ABCs are
revised as follows:

Left Mur ABC:  E"*' (k) = E"(k+1)+ cdt — dz cos @

cdt 4+ dz cos 0
[E" (k+1)—E" (k)] (29)
cdt — dz cos 6
cdt 4+ dz cos 6
[E"T (k—1)—E" (k)]  (30)

Right Mur ABC:  E""' (k) = E"(k—1) +
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3.2. Revision of CB

Based on the CB theory in Ref. [10], under the condition of the oblique
incidence in the free space, CBs are also revised as follows

At n+l ].
En+l :En+1 H. "2 I
(ko) <k0>FDTD+€OAZCOSQH i <k0 2)
TE, : . . At (31)
H™3 <k:0—> —H""3 <k0—> +———E!" (ko)
2 2)¥prD  HOAZ
( At 1 1
Em (kO):EnJrl (kO)FDTD+7HiTL+2 ko—5
g0z 2
TM., : (32)
B (k-2 =3 (o-L)  +— 2L pr)
079 D) rpTD HoAzcos? 0

4. VALIDATION OF MODIFIED FDTD ALGORITHM

In order to validate the accuracy of the above algorithm, we simulate
the transient propagation of the TE, and TM, polarized wave that
is obliquely incident with 6 = &, 7, ¥ on a magnetized plasma slab
with a thickness of 15.0 mm. The incident wave used in the simulation
is a Gaussian-derivative pulsed plane wave whose frequency spectrum
peaks at 50 GHz and is 10dB down from the peak at 100 GHz. The
plasma parameters are v = 20 GHz, w, = 100 GHz, w, = 28.7 GHz,
The spatial discretization, Az, used in the simulations is 75 um and
the time step At =Az/2¢, is 0.125 ps, both ends of the computed space
are applied by the revision of Mur ABCs. In Figs. 2(a) and (b), the
reflection coefficients of the right circular polarization (RCP) of TM,
and TE, waves by using the M-FDTD algorithm are compared with
those of the analytical solution. From the two figures, the FDTD
method is in agreement with the analytical solution for the reflection
coeflicients.

5. BANDGAP ANALYSIS OF MAGNETIZED PPC FOR
OBLIQUE INCIDENCE

In Fig. 3, the plane wave illuminates on 1D PPC with 6 incident angle,
and the thicknesses of dielectric and plasma slab are both 200 grids, and
the relative permittivity in dielectric is €, = 4. The incident source,
spatial discretization and time step are all the same as the validation
example.

Example 1: Bandgap analysis under the condition of the different
oblique incident angle for the magnetized PPC. The parameters in
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FDTD computation are = 0, &, 7, 5 and v = 20 GHz, w, = 20 GHz,
wp = 100 GHz. The reflection coefficients of the TM, and TE, wave
are given in Fig. 4 and Fig. 5.
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Figure 2. Reflection coefficient magnitude of the RCP wave for 6 = &,
T 5 (a) TM;. (b) TE..
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Figure 3. The PPC in the oblique incidence.
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Figure 4. Reflection coefficient magnitude of the TM, polarized wave
with 6 =0, &, 7, §. (a) RCP wave. (b) LCP wave.
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From Figs. 4(a) and (b), we can see that for TM, wave, the little
the incident angle is, the more significant the periodicity of the band-
gap is. When the incident angle is enough large, the band-gap of
the photonic crystals vanish. However, for TE, wave, the band-gap
increase and the center frequency move into the high frequency with the
increasing of the incident angle. So in order to increase the width of the
band-gap, different measures are adopted for different polarizations.

Example 2: Bandgap analysis under the condition of the different
oblique incident angle for the unmagnetized PPC. The parameters in
FDTD computation are § = 0, ¢, 7, 5 and v = 20 GHz, w, = 20 GHz,
wp = 0GHz. The reflection coefficients of the TM, and TE, polarized
wave are given in Fig. 6.
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Figure 5. Reflection coefficient magnitude of the TE, polarized wave
with 6 =0, &, 7, §. (a) RCP wave. (b) LCP wave.
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Figure 6. Reflection coefficients magnitude for 6 = 0, ¢, 7, §. (a)
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From Fig. 6(a), we conclude that unmagnetized PPCs are similar
to magnetized PPCs. For TM, wave, the little the incident angle is, the
more significant the periodicity of the band-gap is. However, for TE,
wave, from Fig. 6(b), the band-gap increase and the center frequency
of it move into the high frequency with the increase of the incident
angle. So in order to increase the width of the band-gap, different
measures are adopted for different polarizations.

6. CONCLUSION

In this paper, a modified FDTD implementation is proposed by which
EM wave transmission characteristic can be analyzed for oblique
incidence on 1D PPCs. This method transforms two-dimensional
electromagnetic wave transmission question to one-dimensional one,
FDTD iterative formulas are deduced in the TE and TM wave oblique
incidence situation, and the revisions of the CB and ABC in the oblique
incidence situation are carried out. The EM wave reflection coefficients
of the plasma slab are calculated in the TE and TM wave oblique
incidence situation. The computed results and analytic solutions are
in good agreement. The computed results indicate the accuracy and
validity of this method. Finally, the algorithm is applied to calculate
electromagnetic scattering by the PPCs with the different incident
angles, and their bandgap charecteristics under the condition of the
different incident angles are analyzed.
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