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Abstract—A systematic derivation of the Coupled Nonlinear
Schrodinger Equations (CNLSE) governing nonlinear pulse propaga-
tion in a weakly birefringent monomode optical fiber based on a
multiple-scale perturbation solution of the semilinear vector wave equa-
tion for the electric field in a (randomly) birefringent fiber medium is
presented. The analysis of the nonlinear propagation characteristics of
optical pulses based on a numerical solution of the CNLSE is deferred
to the second part of this contribution.

1. INTRODUCTION

It is now generally accepted that nonlinear pulse propagation in a
birefringent optical fiber is governed by a pair of Coupled Nonlinear
Schrodinger-type Equations (CNLSE). The version of CNLSE that has
found favor with many researchers in this area [1-3] was proposed
by Menyuk [4] on the basis of a plane-wave approximation to the
guided propagation in an optical fiber. In his 1999 paper [5] on
multiple-length-scale methods for optical fiber transmission, Menyuk
observed that “It is remarkable that no derivation of the nonlinear
Schrodinger equation that is valid for physically realistic optical fibers
exists within the scientific literature. First, all derivations that have
been published in text books assume that optical fibers are perfectly
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circular. Not only is this assumption false, but, in fact, just the
opposite is true. The magnitude of an effect is inversely proportional
to its corresponding scale length, and thus relative to the Kerr effect
and chromatic dispersion, the birefringence must be considered large
but rapidly varying. A conceptually correct derivation must take
this essential fact into account. Second, even if a perfectly round
fiber is assumed, most of the published derivations [6-10] — with
notable exceptions such as Kodama’s elegant derivation [11] — contain
contradictory assumptions and errors”.

Menyuk’s ‘derivation’ [5] of the CNLSE is no doubt a substantial
improvement over his earlier derivation [4] especially with regard
to taking the fiber geometry into account. Nevertheless, even this
improved version fails to completely meet the projected objective, viz.,
a conceptually correct derivation of the CNLSE from Maxwell’s field
equations. Menyuk approaches the problem by considering the effects
of chromatic dispersion, fiber birefringence and nonlinearity one at
a time (a separate evolution equation for the complex envelopes is
deduced by assuming that only one of the effects is present), and then
superposing the individual equations with the aid of certain ordering
parameters (the precise definitions of which are not given in the paper)
to arrive at the final evolution equation (CNLSE). Needless to say,
such an approach completely ignores any possible interaction among
the effects of chromatic dispersion, fiber birefringence and nonlinearity,
and can hardly be termed as a systematic and consistent derivation of
the CNLSE from Maxwell’s field equations. A more serious drawback
of his ‘derivation’ is the introduction of a birefringence parameter Ag3
without either a definition or even an indication of how it is related to
the basic parameters characterizing a fiber as birefringent. What is the
interpretation of AS in the context of guided wave propagation through
an optical fiber? Interpreting AS as (81 — (2)/2 [12], where 31 and (5
are the propagation constants of the two orthogonally polarized modes,
is nothing short of a self-contradiction since the orthogonally polarized
degenerate modes have identical propagation constants in a fiber
fabricated out of an isotropic and azimuthally homogeneous dielectric.
Birefrigence exhibited by real fibers arises from the anisotropic and the
non-axisymmetric random perturbations to which the isotropic and
the azimuthally homogenous dielectric tensor is invariably subjected
during the manufacturing and the installation stages. It is thus seen
that a systematic derivation of the CNLSE governing nonlinear pulse
propagation through a (randomly) birefringent fiber that is free from
all inconsistences and self-contradictions is yet to emerge.

In this paper, the CNLSE governing the evolution of the wave
packet-representation of the two orthogonal polarization modes of



Progress In Electromagnetics Research B, Vol. 19, 2010 207

a weakly birefringent monomode fiber incorporating the cumulative
effects of chromatic dispersion, birefringence and nonlinearity are
derived starting from Maxwell’s field equations using a multiple-scale
perturbation approach.

2. A MODEL FOR BIREFRINGENCE

The vector wave equation for the electric field vector following from
Maxwell’s equations is [13]
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where P is the dielectric polarization vector of the material medium, ¢

is the speed of light in and ¢ is the absolute permittivity of free space.
For a linearly anisotropic and centro-symmetric dielectric

material, that is also transversely nonhomogeneous, we have the
constitutive relation:
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where we have assumed that the first-order linear susceptibility tensor
x = [XS)] , 1,7 = 1,2,3, and the third order (nonlinear) scalar

susceptibility y®) depend on the position vector x only through the
magnitude of its transverse part x| . The third-order susceptibility is
further assumed to be axisymmetric; that is, its dependence on x| is
only through its magnitude |x,|. The axial asymmetry of the linear
susceptibility tensor is one of the causes of birefringence exhibited by
real fibers. The presence of the core-cladding boundary is the main
cause of radial nonhomogeneity in a monomode fiber.

Computing the Fourier transform of (2) with respect to the time
variable, and suppressing the spatial variables, we have
1PW) = - [Prl) + Prsw)]
€0 €0

[e.e] o0 oo

= [)2(1) (w)} E(w) +/ / /)Z(g)(wl,wz,ws)(A (wl)'E(w2)>

—00 —00 —00

E(w3)d(w1 +w2+ws—w) dwy dwadws (3)
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where
P (w) = / P () ldt, B(w) = / E (1) et ()
(@)= [ (e) tar (52)
and i

8
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X(g)(wl, wo, w3) 2/ / X(3) (1, to, ts)eJ(W1t1+w2t2+w3t3)dtldt2dt3
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8
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The effective range of integration in (5a) and (5b) is from 0 to co
only, because causality requires, Xg;)(t), i,j =1,2,3, and x®) (t1, to, t3)
to be zero for negative values of the arguments. Suppressing the
independent variables, the linear part of (3) may be written as

PL,—EOinj jo 1 =1,2,3 (6)

7j=1
For any dielectric material of general anisotropy, the susceptibility
tensor (in the frequency domain) may be represented by a 3 x 3

symmetric matrix [)21(31)} with complex entries [14]. The imaginary

(1)

part of Xij s smaller in magnitude than the real part by several
orders of magnitude in a practical low-loss fiber material. The

causality requirement implies that the real and imaginary parts of

Xig) are related by Kramers-Kronig dispersion relation [14]. We

may choose coordinates along the principal-axes of the crystal so
that the off-diagonal entries of the matrix become zero. That is, in
this principal-axes coordinate system, the linear susceptibility matrix
becomes diagonal with complex diagonal entries X11, X22, X33-

In any fixed coordinate system (z,y,z) which is related to the
principal-axes coordinate system (z’, 3/, z) through a counter clockwise
rotation through an angle 6 in the zy (2'y')-plane about the z-axis
(Fig. 1), the susceptibility tensor x") becomes

X11 X12 0
X21 X22 0

0 0 «Xi3
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Figure 1. Rotational transformation of coordinates.
so that
Py = €0 [)A(/llEAJC + >A</12Ey}
By = 2o [%y B + X5 (7a)
P. = eoXbs B = eoX3sE:
whereas
Py =coxuFEwy Py =cox2Ey (7b)
Since

Ey | cos@ sind E, q B, | cos@ sind P,
Ey, | —sinf cosf Ey an ny, | —sinf cosf Py
we deduce from (7b) that 7

cos G?x + sin HP:’y = gpx11(cos HEAquL sin HEAyz (7¢)
—sin 0P, + cos 0P = egx22(—sin0E, + cosOE))
Solving Equation (7c) for P, and P,, we have
P, = €0 ()le cos? 0 + Yoo sin’ 0) B, + ((X11 — X22) cosOsinh) Ey (7d)
Py =0 ((X11 — X22) cosOsin 0) E,+ ()211 sin? 0 + Y22 cos? 6) Ey
Comparing (7d) with (7a) we get the relations

41 = X11 cos? 0+ Y29 sin® = <X112X22> + (XH ;X22>cos 26

209
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Xho = X118in% 0+ Y29 cos® = (W) - <XH§X22) cos 20

. . X11 — X22 \ . 8
== (8252) o

)A(ég = X33
Since the orientation of the principal axes in the transverse plane is not
preserved in a (randomly) birefringent optical fiber, the polarization-
state angle 0 will be a slowly varying (random) function of the axial
coordinate z. It is seen from (8) that the linear susceptibility tensor

xW) for a birefringent optical fiber admits the decomposition

X (e w) = xW (1xi],w) + AW (x,w) = X (x| w) T

[AX (x1,w)+(Xa (IxL],w)  (Xa (xL],w) 0
+Axg (x1,w)) cos 26 +Axq (x1,w))sin 20
+ (Xd(‘XJva) A)% (XJJW)_(Xd(‘XJ_‘aw) 0 (9)
+Axq (x1,w))sin20  +Axy (x1,w))cos26
0 0 Xas (X1, 0)
L _X<|XJ_| , W
where
] ) B G + )2 o
Xa (Ix1],w) A (X11 — X22)/2,
AY A (¥ % 2—y
X (%1, w) A (11 + X22)/2—x (Ix1|,w), (10b)

A)%d (XJ_> W) A ()le - 222)/2_>A<d (|XJ_| ,W) )
and I is the 3x 3 identity matrix. In (10a), (f) stands for the azimuthal
average of a function f of the transverse coordinates. Denoting the

polar coordinates of a point on the transverse plane by (|x_|,¢), the
azimuthal average (f) of f is given by

2 2
1) (a) &g [ oo =5 [ 7l 6)do
0 0

The azimuthal average will be a radial function of » = |x_ |. In order for

the asymmetric and anisotropic part Ax(®) of the linear susceptibility
tensor to satisfy the trace condition [5]

<tr (A)Z(l) (XJ_,w)>> =0,

it is necessary that
(Xs3) (IxL],w) = X (x|, w) (11)
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Since Y33 may be assumed to be axisymmetric (in absence of any
evidence to the contrary), (11) implies that

X3 (Ix1],w) = X (]xL],w)

thereby making the third diagonal entry of the symmetric matrix
AXW (x,w) identically equal to zero. The asymmetric and the
anisotropic contributions to fiber birefringence may be considered as
arising mainly from the Ax term and the x,4 factor in the (non-zero)
entries of the matrix Ax™) (x,,w) respectively whereas the factor
Axg may be considered to be the combined source of a higher order
contribution to birefringence from both asymmetry and anisotropy.
In general, the azimuthal dependence of Ay (x,,w) and Axg (x1,w)
exhibits a (random) slow variation with respect to the axial coordinate
z. Since this random slow variation will be in a much larger length scale
than that of 8 with respect to z, we may assume Ax and Ay, to be
independent of z as far as the derivation of the CNLSE from Maxwell’s
equations is concerned.

3. PROBLEM FORMULATION

We are now adequately prepared to take up the systematic derivation
of the CNLSE governing the evolution of the slowly varying envelopes
of the two orthogonal polarization modes of the electric field vector
using a multiple scale perturbation method. The non-dimensional
perturbation parameter € in terms of which a perturbation expansion
of the electric field is sought is defined as

cA (wmax Wmm) <1 (12)
2&)0

where wpax and wpin are the maximum and the minimum (radian)

frequencies of the significant wave trains making up the initial pulse in

the form of a wave packet, and wy is the center frequency of the wave

packet.

The working hypothesis underlying the perturbation approach
adopted for the derivation of the CNLSE is that the nonlinear change
of the dielectric constant due to the electric field of the optical pulse is
on the order of €2 (O(g?)) [15]. Therefore, the magnitude of the electric
field associated with the optical pulse launched into the fiber has to be
of O(g) in order to be consistent with the working hypothesis.

Birefringence exhibited by optical fibers may be classified into
weak, moderate or strong according to the relative magnitudes of
Xd, Ax and Ayy as indicated in the following table. In the parameter
regime in which present-day optical communication systems operate,
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Table 1. Classification of fiber birefringence.

Bieebingonce| ™ | S| | moes |0 ] | o | S5
Weak 0(e?) 0(e?) 0(e?)
Moderate O(e) 0(e?) 0(e?)
Strong O(e) O(e) 0(e?)

the contribution to fiber birefringence from x4 and Ay dominate over
the much smaller contribution due to the axial asymmetry of the
difference susceptibility (x11 — X22)/2 which has been reflected in the
entries in the third column of the Table 1.

It has also been observed that the birefringence effect dominates
over the nonlinear and the dispersive effects in practical fibers mainly
because of the smaller length scale on which birefringence effects
manifest themselves compared to those of dispersion and nonlinearity.
Thus, practical fibers must be modeled as either moderately or strongly
birefringent to be consistent with the above observation. Nevertheless,
we shall model the fiber to be weakly birefringent for the purpose of
the derivation of the CNLSE to be presented in this paper. This, in
conjunction with the working hypothesis, means that the birefringence
effects are assumed to be of the same order as the nonlinear effects.
Moreover, the assumption of the weak birefringence rids the analysis
of much mathematical clutter without obscuring the main steps in the
perturbation approach adopted for the derivation of the CNLSE, and
moreover, prepares the ground for the derivation of the CNLSE in the
more realistic cases of moderate to strong birefringence to be taken up
in a sequel to this contribution. In accordance with the assumption
of weak birefringence, we may decompose the matrix Ax™) (modeling

the deviation of the susceptibility tensor x(!) from that of an (ideal)
isotropic and homogeneous dielectric) as

AXY = e*{anRo + 2 AxnIo + £ AanRy (13)
where . As As
XdNéga A)%Né&%, AXan A €>§d7
1 00 cos26 sin26 0
IhA [ 010 ] and Ry A | sin26 —cos20 0 (14)
0 0 0 0 0 0

The normalized susceptibilities xqgn, Axny and Ayxgy will then be of
the same order as x. In practical low loss fibers, the imaginary part x;
of x will be several orders smaller than its real part Yg. We make this
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fact explicit by assuming |X;/Xr| to be of at most O(e?). Finally we
assume that the polarization state angle 8 does not vary too rapidly
with the axial coordinate so that 8 may be assumed to remain constant
at least over every sufficiently short section of the fiber without any
significant error.

Denoting the inverse Fourier transforms of x, Axn, Xanv and Axgn
respectively by x, Axn, xan and Axgny, we may put the vector wave
Equation (1) for the electric field vector in the form

o0

2
AE—V(V-E)—C%% E+/X(|XL],t1) E(x,t — t1)dt
0
g2 92
= @atQ/[AXN (XJ_,tl) Io + xan (‘XJ_’ ,tl) Rg]E(X,t— tl)dtl
0
g3 02
+28t2/AXdN (XJ_,tl) Ry E(X t—tl)dtl
28t2/// ‘XJ_‘ tl,tQ,t3)( (X t— t1> E(X t— tg))
000

E(x, t—t3)dt dtydts (15)

The linear integrodifferential operator acting on the electric field
vector E (x,z,t) on the left of (15) may be represented in Cartesian
coordinates (z,y, z) using matrix notation as

(0 9 9 9
6x’8y’8z’8t

b7+ o 2 2
S o
, 02 o 52
A &} (2:52 922 _ (16)
0zdy 012 % (1 + K( ) ) Oyoz
9? 82
2 & b,
x0z Yyoz 628t2(1+K())
where r = |x | = (2% + y2)1/2. In (16), 1 is the identity operator, and
K (r)* denotes the operation of convolution in the ¢-variable with the
function
X (r,t) Ax (r,t) for t>0,
0 for t<O0,
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that is

\8

(K(r)«E) (x1,2,t) A X (r,t1)E (x1,2,t —t1) dty

g 8

= /X (T,tl)E (XJ_, Z,t — tl) dtl
0

The semilinear vector wave Equation (15) for the electric field vector
may then be rewritten in operator notation as

- (0 0 0 0
L<8X7ay7az7at>E(XL7z7t>

g2 9?2
= 525 [ [Axwv(xi, t)Io+xan(r t1)Re|E (x1, 2, — 1) dt;
c2 ot?
0
3 82
+76t2 /AXdN (x1,t1)ReE (x1,2,t — t1) dty
[o. ol ol o]
1 02

s | ] X0ttt Bt - 1) Bl st - )
0 0 0

E(XJ_,Z,t — tg)dtldtgdtg (17)
Equation (17) is the starting point in the derivation of the CNLSE
using the perturbation method of multiple scales.

Consider the linear homogeneous problem for the electric field
vector E resulting from setting the right side of (17) to zero:

(0 9 90
ox’ Oy’ 0z’ Ot

Taking the Fourier transform of (18) in the time variable, we have

>E(XL,Z,t):0 (18)

(200 B e =i (B (ks (19)
6(E 8 82’ Jw X|,%8,W)=—] XINTW X|,%,W

where

E(xy,zw)A / E (x,z,t)e/*dt

is the Fourier transform of E (x, 2, t),

Xin (r,w) Ax(r,w)/e?
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and L is the matrix differential operator

2 52 n?(rw)w? 92 02
W Tor T ~oxoy, . — x0=
¢ 92 o 9% | n’(rww 92
LA ~ o0y e tort o ~ 990z
_ 9% _ 0% 02 + 92 + M
0x0z Oydz Ox2 Oy? c2

(20)

In (20), n(r,w) is the refractive index defined by
n?(r,w) = 1+ Xgr(r,w)
The refractive index n(r,w) is an even function of w in view of the
reality condition
X(ﬁ _w) = X*(ﬁ w)

We first take up the linear homogeneous problem for the (real)
symmetric differential operator L by dropping the e?-order term on
the right side of (19). The dropped ?-order term will reappear as one
of the nonhomogeneous terms in the linear nonhomogeneous problem

arising at the second stage of the perturbation expansion. We seek
bounded solutions of the linear homogeneous problem

.0 0 0 «
(52 3 s 30 Blxw20) 1)
that decay to zero as r = |x | — oo, in the form
E(XJ_7Z,W) =l U (x1,0,w) (22)

where the (vector-valued) mode function U (x,,(3,w) gives the
transverse structure of the electric field E (x|, z, w).

Denoting by L? (RQ) the Hilbert space of square integrable
complex-valued functions (of x and y) and by S'(0,a) the circle
{(ZL‘, y):x? 4y = aQ}, we define the subspace H (Rz) of L? (R2)3 to
be the set of all those (vector-valued) functions which are infinitely
differentiable on R?/S5'(0,a) and which, together with all their
derivatives, belong to L? (Rz)g. The mode function U € H (R2)
which is an inner-product space with the inner product induced from
L? (R2)3. The inner product of f,g € H (RQ) is given by

(f.g)A / / (fogs + fygy + f-9%) dady
R2

where the suffixes x,y and z denote the respective components. The
cylinder S'(0,a) x R corresponds to the core-cladding boundary of the
optical fiber.
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The mode function U (x, 3, w) satisfies the linear homogeneous
differential equations

9z’ dy
2 — P - —jB%
A o ae o PHES sk (U
~iB%; ~iB%; 2+ Ly e

- (23)

Nontrivial solution for U exist only for those functions f(w) that satisfy
the dispersion equation. We now assume that the ratio of the refractive
index difference between the core and the cladding to the core refractive
index is sufficiently small so that the fiber is monomode supporting
only a single, but possibly degenerate, guided mode, similar to the
two-fold degenerate dominant HE;; mode supported by an ideal step-
index fiber. The mode functions corresponding to the two degenerate
modes may be chosen to be mutually orthogonal with respect to the
L2-inner product. The function U (x,3(w),w) will then signify any
one of the two orthogonal modes.

We seek a solution for the electric field vector E (x,z,t) in the
form of a wave packet, that is, as a continuous linear superposition of
wavetrains with the frequencies of all the significant wavetrains lying
in an e-neighborhood of a center frequency wy:

[e.¢]
E(x,,z,t) = ZL / E(x),2w) e “dw (24)

W*OO
where almost all the ‘energy’ of the Fourier transform E (x, z,w) of
the electric field vector is contained in an e-neighborhood of wy. Thus

E(XJ_, Z,w) :fj<XJ_, w)A(z, w—wo)ejﬁoz—i—ﬁ*(xl,—w)A*(z, —w—wg)e_jﬁoz
(25)
where

BoA B(wo), U(xy,w)AU (x1,B(w),w),

the superscript * denotes the complex conjugate, and A(z,w) is
essentially zero for w ¢ [—woe,wpe]. The z-dependence of the

frequency-domain mode-envelope function A(z,w) arises mainly due
to attenuation, dispersion and nonlinearity. In complete absence of
attenuation, dispersion and nonlinearity, each wavetrain making up
the wave packet will be traveling at a constant speed with constant
amplitude. As a result, the wave packet will be translating itself
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along the z-axis at the constant speed (wo/By = 1/3(wp)) without any
change of shape, and the mode-envelope function will be independent
of z in a frame of reference moving with this constant speed along the z-
axis. The effect of a small, but nonzero, amount of (linear) dispersion
(0<wB |8 (w0) /Blwo)
in a frame of reference moving at the group speed 1/8'(wp) in the
axial direction. The effect of a small amount of attenuation would
be gradual decay of the amplitudes of all the constituent wavetrains
with propagation distance. Finally, the effect of the weak nonlinearity
would be a gradual compression of the wavepacket in the axial direction
partially compensating for the dispersive-spreading. When there
is an exact balance between the opposing effects of dispersion and
nonlinearity, an envelope soliton, capable of maintaining the pulse
shape over large propagation distances in absence of attenuation, can
in principle be formed. Thus, the time-domain mode envelope function
A(z,t), the Fourier transform of which is essentially supported in an
e-neighborhood of the origin on the w-axis, will be a slowly varying
function of both z and ¢. ~ ~

Expanding the modal functions U(x,,w) and U*(x),—w)
appearing in (25) in Taylor series around wy and —wg, and
computing the inverse Fourier transform of the resulting infinite-series
representation of E (x] , z,w) term-by-term, we obtain a time-domain
wave-packet representation for the electric field vector:

: — 1 0" - 0NN +
E(XLaz7t) = ej([BOZint) (Z ﬁawnU(xlva) (]875> > A(Z,t)

< 1) would be a gradual spreading as seen

n=0
, =1 0" - o\"\ -
—j(Boz—wot) - * - Y Ax 2
ve (Zon' o 0 (e, —en) (i) ) (1) (20
where -
- 1 . ,
A A— A —jwt
<z’t)*27r / (z,w)e 7" dw
—0o0

will be a slowly-varying complex-valued function of z and ¢. Denoting
the differential operators of infinite order (with variable coefficients)

acting on the slowly-varying envelope functions A(z t) and A*(z,t)
respectively by U (XJ_,(AJ() +]6t) and U* (XJ_, jgt) we end up
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with a compact time-domain representation of the wavepacket:

E(xy,z2t) = oJ(Boz—wot) [T <XLaW0 +]§t> A(Z,t)

b AT (a0 ) A0 (D)

We now make explicit the slowly-varying nature of the complex

envelope A(z,t) as a function of z and ¢ with the help of one slow

time-scale variable and two slow space-scale variables defined by
TAct, ZiAcz, ZyAc?z (28)

Thus, we may represent fl(z, t) in terms of the slow-scale variables as

A(Z, t)éA(Zl, ZQ; T) .

The corresponding wave-packet representation of the electric field
vector will then be

E (XJ_7 Zut) AE (XJ_7 Zlvt/; Zla ZQ7T;€)

= Iz ot g <XL, wo + jeaaT) A(Zy,2,T) 4 cc. (29)

since
7A( t) = 7A(Z Za T) (30&)
Z, € T 1542,

In (29), and in the sequel, ‘c.c.” denotes the complex conjugate of the
preceding expression. The corresponding transformation rules for the
partial derivatives of E and E with respect to the axial coordinate and
the time variable are

8- 02 oz 'S oz, ot or ' Car
Accordingly
o 0 9 0
(6%’ 873/’ %7 8t> E (XJ_vzvt)
B <8 o 0 0 o 0 0

9\ -
=L(—,—, —+e—+e", = +e=|E "t 21, 2o, T;
0" 0y 07 oz, ¢ 6Zg’875’+€8T> (e, 258521, 25, Te)

(30b)

e (DD B 9 B
_ ,i(Boz"—wot )L v v s 2 Y . e
¢ <8x’8y"7ﬂ0+88Z1 9z, =7°”°+58T>

_ Y
U (XJ_,WO +J€8T> A(Zy1,75,T)
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or a 82 8Z 8T
- 0
uU* (XJ_> —wp — ‘768T> A*(Z1,Z5,T), (31)

n (31), L (8%, a%, %, %) is the integro-differential operator derived

from L ( B Bay’ 882, 88:5) by replacing x (r,t) by the inverse Fourier

o
transform yg (r,t) | A= [ Xr(r,w)e™“!dw | of the real part of
—0o0
X (r,w). We seek a solution of the semilinear wave Equation (17) in the
form of a superposition of two wave packets centered around the same
frequency wg. The peak values of the two constituent wavepackets
are assumed to be O(g) in accordance with the working hypothesis.
Substituting E(x.,2,t'; 721,25, T;e) AcE (x1,2',t'; 21, Z5,T;¢) for
E(xy,z,t) in (17), we have the following semlhnear vector wave
equation for E (x,2',t'; Z1, Zo,T;€) correct to e2-order:

g 0 0 0 , 0 0 b . '
L<5$ ay 0z 92 ¢ 8Zl+6 EY7% 8t’+ 6T>E(Xvaat7Z1,ZQ,T,8)

2 2
€2 0 —
:]62&/2/XIN(Tatl)E(XJ_7Z/7tI_tISZlyz%T;g)dtl
—00
o0
82 2 _ y
+7@ [Axn (x1, t1) o+ xan (1, t)Re|E (x 1, 2, t'—t1; Z1, Zo, Ty €) diy
oo o0 o0
62 ///X(g)(rat17t27t3)E (XJ_,ZI,t/—tl;Z17Z27T;E)
0 0 O
E(XJ_, t tg;Zl,ZQ,T;E)E(XJ_,ZI,t/—tg;Zl,ZQ,T;é‘)dtldtgdtg, (32)

where xrn (7, %) is the inverse Fourier transform of xn (7, w).

4. PERTURBATION SOLUTION

We seek an asymptotic solution of (32) in the form of a power series
in the perturbation parameter e:

o0
E (x1,2 121,22, T;¢) = ZE”En (x1,2',t's 21, Z5,T) (33)
n=0
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Substituting (33) into (32) and setting ¢ = 0, we have the following
homogeneous problem for Eq (x,2',t'; Z1, Zo,T) at the -order:

(5 8 8 9

ox’ 0y’ 9z ot

We assume a solution for Eq (x,2',t'; Z1, Z2,T) as a superposition of

wavepackets corresponding to the two degenerate orthogonal modes of
a monomode fiber:

EO (XJJ Zlvt/; Zla ZQuT)

> E(] (XJ_, Z,,t/; Zl, ZQ,T) =0 (34)

2
— ej(ﬁOzf_wot')ZUl (x1, B(wo),wo)Ai(Z1, Z9,T) + c.c.  (35)
=1

where Uy (x1, B(wo),wp), | = 1,2, are the mode functions associated
with the two orthogonally polarized modes evaluated at the common
center frequency wy of the wavepackets, and A;(Z1, Z2,T), | = 1,2,
are their slowly-varying complex envelopes. We assume without loss
in generality that the mode functions U, [ = 1,2, are normalized with
respect to the norm induced by the L?-innerproduct, that is

IUIP AU, U) =1 forl=1,2.

The mode functions U;(x,(w),w), | = 1,2, satisfy the linear
homogeneous differential equations in the transverse (Cartesian)
coordinates (z,y):

L (({fx’({;{?y’jﬁ(w)’_jw> Ul (XJ_,ﬁ(LU),w) :0’ l:172 (36)
Since (36) is satisfied for all w, we have the identity

d
o (LoU;) (w) =0, 1 =1,2for all w (37)

where we have resorted to the compact notation Lo = Ly (j 3, —jw) for
the operator L (8%’ 8%7 iB,— jw). Carrying out the w-differentiation
in (37), we get another identity:

(140‘2[;?)@ — (‘ifjﬂ)(w) =—j [(ﬁ’(w) L, —LZ)ﬁl}(w) ,1=1,2, (38a)

for all w, where U; = U (z,,w) AU (21,8 (w),w),l = 1,2, and

2 2
we have denoted 86(?,(3) by Ly, % by Ly = j% (n (ré;u)w )I,
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and %(w) by B (w). Taking the L2-innerproduct of (38a) with

w

U, (z1,w) AU, (21,6 (w),w), m = 1,2, we have

aIjl - 8Ul ~
=(—,LyU,, L s U
=5 {(8 (@) L1 - Ly) fJ,,me> (w), Lm=1,2, (38b)
where we have appealed to the symmetry property of the operator L
with respect to the L2-innerproduct, viz.,

(Lof,g) = (f,Log) Vf.g € H(R?)

which follows easily by integration by parts since U; and %—fil cH (RQ)
for I = 1,2, and the functions in H (Rz) vanish at infinity together with

all their derivatives with respect to  and y. From (38b), we obtain
the useful identity:

(LoU,L Up) () = B (w) (LU, Up) (w), Lm=1,2, (39

for all w. Differentiating the identity (38a) once again with respect to
w, we obtain yet another identity:

(IJOEZQU) )= 38" @(Ea0)(w)-+ (@)L= @)Lz + LU ()

—2j [(5’(w)L1—L2) 885’] (W), 1=1,2 (40)

In (40)
LA Ly, LpA— Ly = —28 ()T and LpyA—2— L
uSggm el T T W and bl

The scalar identity (39) and the vector identities (38a) and (40) turn
out to be quite useful for the derivation of the CNLSE.

We now turn to the e'-order problem. Substituting (33) into (32),
differentiating the resulting equation with respect to e, and setting
e = 0, we have to e!-order:

o o0 0 0
<8ZL‘, 87y7 @7 at,) El (XLVZI’t/; ZhZZaT)

2 ~
_ ) m U, (x1,wo) OA; 1) DA
= { ]LD (Z 0w T L Z Ul XJ_, wo) a7,

=1 =1

A . /
(Z U (x1,wo) %Tl> } el (Boz'—wot’) 4 ¢ ¢ (41)
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where

L ALo(jB0, —jwo), L{" ALy (jfh, —jewo) and L ALs(jBo, —juwo)
Using the operator identities (38a), the expression for the coefficient
of el (foz'=wot’) in (41) may be simplified to

a4,

Py (¢, 21, 2. Tin) = ZL ol g8 G (@2

Assuming a solution of (41) in the form
E; (XL, 224, 2o, T) =Vi(x1; 21,22, T;wp) ej(ﬁozlfwot/)—}-c.c., (43)

and substituting into (41), we find that V1 (x; Z1, Z2, T; wq) satisfies
the equation

0A 0A
L( )Vl(XL,ZhZZaT wo) ZL(I 11, wo <8Zl+ﬂ( )8Tl>

(44)
Taking the L2-innerproduct of (44) with U,, (x1,wg), m = 1,2, we

have
0= <V1,L(1)ﬁm> - <L<1)V1,ﬁm>

— _Z <L(1 Ul7 > <Z§l +ﬁ/(w0)g;4"1l>’ m = 172 (45)

But, the identities (39) and the formula Lgl) = j% (M) Iimply
that

<L( 0,0 > B (wo) ™ <L§1)ﬁlvﬁm>=0 it lAm )

£0 if [=m.
Thus, we deduce from (45) that
0A, y 0A,
— | = =1,2 4
<aZI +ﬁ(w0) oT > 0, m ) ( 7)

Once the compatibility conditions (47) are satisfied, Equation (44)
reduces to the homogeneous problem

LYV, =0 (48)

Since a nontrivial solution in the null space of the L((]l) has already been
included in the leading-order solutions U; (x,, 8(wp),wo), | = 1,2,
we may set V (x; 21, Za, To;wp), and hence Eq (x4, 2',t'; Z1, Z5,T)
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identically equal to zero. The compatibility conditions (47) imply that
the complex envelopes, A;, | = 1,2, depend on the slow-scale variables
Z1 and T only through the combination T' — '(wg) Z;.

We are now ready to take up the e?-order problem. Substitut-
ing (33), with E; = 0, into (32), differentiating the resulting equation
twice with respect to e, and setting € = 0, we have, to order £:

9 9 9 9
ox’ Oy’ 02" ot

= _%ej(ﬂoz'*wot) 0 {

> EQ (XLa Zlat/; Zla ZZaT)

L(£E7aya]BO+EaZI +5 8Z’ j“%"’g%)

Oe?

+J a:;o Xin(r,wo)l

2
. 0
(ZU (wao_‘_g@T) Ay (Zl,Zg,T)>} + c.c.

e=0

1 02
+ /[AXN(XJ_a t1)To+xan (1, t1)Ro|Eo (x 1, 2, t'—t1; Z1, Z, T) dty

28t’2
00 00 00

L1 0?
2875’2/// V(r,t1,t,t3)Eo (x1, 2t — t1; 21, 22, T)

Eo (x1,7', 1 —ta; Z1, Zo, T) Eo (x1, 2/, t' — t3; Z1, Z5, T) dit1dtadts
= Fo1 (x1; 21, Za, T; fo, wp) & Pox==0t) 4 ¢
+Fa3 (x1; Z1, Z2, T 30, Bwp) 307 w0t 4 ¢ (49)

The explicit expressions for the coefficients Fo; and Fag, respectively,
of €100z —wot’) and 3(Fo='—wot') on the right side of (49) are

Fo1 (x1; 21, Z2,T; Bo, wo)
2
_ (w9 Lw @ 1 & (1) 9 -
B <L1 92, Tt gz Tl gz 8T+2L22 ar? ;UZAZ
YA 0 L 0 oU, 04,
J (Ll a7, 1 a:r) <Z dwo OT

2
1 %0, 9%A Wi
—iL(()l) < anZ 8T2l> —J SXIN r,wo) <Z UlAl>

2

0 [AXN(x1,wo)Io + Xan (7, wo)Ra] ZUZAZ
=1

62
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2 2
w, O ~ )
—7§{x(3 wo, wo, —wo) (Ul : Ul) U7 Al A + 28 (—wo, wo, wo)
=1
3 (fjl . ﬁ;) U, A% 4
=1
2
28 (wo, w0, ~w0) - (U1 Ui ) OF |4 Ay + 28 (i, wi, w0)
o
2 2 N
3 (’Ul‘ Oy + (07 - Un) Ul> A2 A,
i

2
+%® (wo, wo, —wp) > <ﬁl : le) U, A7 A7, + 2% ) (—wo, wo, wo)

=1
l#m
2 ~ ~ ~
> (01-0;,) Giazaz) (50)
=1
l#m
where .
LZ(WZAle(j/B()a _jWO)a l27m = ]-7227 l S m,
o) o) e, o)
dr & (85 )umwy d 557 A [WL:MO

and we have made use of the equality x®)(wp, —wo,wy) =
)2(3)(—w0, wo, wo) to condense the expressions for the coefficients of the
nonlinear terms in (50).

—9uw? .
Fo3 (x15 21, Z2, T3 360, 3wo) = =2 223 (wo, wo, wo)

i(Ul Ul>UzAz+QZ(Uz ) 0147 m+Z(Ul 00 A7 Ay (51)

B l;ém l;ﬁm
n (50) and (51), we have suppressed the arguments x; and wp of
U;, | = 1,2, and the arguments Z1, Zo and T of A;, [ = 1,2, in the
interests of brevity. Making use of the compatibility conditions (47),
the sum of the first three terms in (50) may be rewritten as

o 1 ” 15 ¢
_ [L(DaZ2 +35 (ﬁ’(wo)QLﬁ) — 3 (wo)Liy + Lglz)) aTz] > U4
=1
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2 - 2 2 27" 2
(3 (1) _ () U\ 0°A; | 1_( U\ 9*4
o (et 1) 3 (30 T s (5)

which collapse, in view of the identity (40), to
2 /
Wy (S0 e
We look for a solution of the nonhomogeneous Equation (49)
having the same form as the nonhomogeneous terms:
E, (XJ_, 224, 2, T) =Voi1(x1; 721, Z2,T; Po, wo)ej(ﬁozlf‘”ot/)—i-c.c.
+ Va3 (x1; Z1, Za, T; 30, 3wqg) 3002 =0t) | e (53)

The (vector) functions Vg1 and Va3 are to be chosen to satisfy,
respectively, the nonhomogeneous differential equations

L((]I)Vm (X132, Z2,T; Bo,wo) = Foy (x1; 21, Z2,T; Bo,wo)  (54)

and
L Vs (15 Z1, Za, T; 380, 3w0) = Fag (.15 Z1, Zo, T 360, 3wp)  (55)
where
LY ALo (3760, —3jwo)
Let us consider (55) first. Since 35 (wp) # [ (3wp), in general,

the null-space of the operator L[()g) is trivial. Consequently, the
range of the operator is the whole space H(RQ). Therefore,
(55) can be solved uniquely for Vg (x;7Z1,Z2,T;3080,3wy) in

terms of Fog (x1; 71, Z2,T; 300, 3wo)- A homogeneous solution
2

of the form Y U (XJ_,,B(?)(A)()),?)CUO)Al(S) (Z1,%Z2,T) belonging to
=1

the nontrivial null space of the operator Lo (j3(3wp), —3jwo)
may be added to Va3 (x,;Z1,22,T;300,3wp) and the values of

Al(g) (0,0,7),1 = 1,2, chosen to make the resulting total solution
corresponding to the wavepacket centered around 3wy generated
out of the nonlinear interaction vanish at z = 27 = Zy =
0 (launching plane). The semilinear partial differential equations
in the slow variables Zy, Z5 and T governing the evolution of

Al(g) (Z1,75,T), 1 = 1,2, and the e*-order corrections to the complex
envelopes A;(Z1,7Z2,T),l = 1,2, arising out of the nonlinear
interaction between Vag (x; Z1, Z2, T; 350, 3wo) 3Bz’ ~wot') 4 ¢ ¢ and

. /7 ! 2
ed(Boz'~wot’) > Uy (xy1, Bo,wo) Ai (Z1, Z2,T) + c.c. can be determined
=1
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only at the 4th stage of the perturbation. In general, the correction
to the complex envelopes A; (Z1,Z,T),1 = 1,2, due to all the odd
harmonics of wy (generated out of the nonlinear interaction) up to
and including the (2n + 1)th harmonic will be of the order £2"*2 at
least. This happy circumstance makes it possible to study nonlinear
pulse propagation in an optical fiber independently of any harmonic or
combination frequency generation.

We now return to (54). Taking the L?-inner product of (54) with

pr (x1,wo), p=1,2, we have

0= <V21,Lgl)ﬁp> — <L51)V21,fjp> - <F21,fjp>, p=1,2. (56)

+i§ <(AXN10 + XanRo) U, ﬁp> Al}
—j— i <X1N(WO)fI pr> p—§{<>2( ) (wo, wo, wo)<ﬁp pr)fJ;,pr>

i (1= ) [(19 .0, o) (T T,) 7

+R®) (—wo, wo, wo) (‘61‘2'3;) - (ﬁf.ﬁp> Ul> ,pr>] 1Al A,
+ 22: 1—6pp) K )(wo,wo, —wp) (le . le) INJ';

+27®) (—wo, wo, wo) <I~Jl . ﬁ;) U, ﬁpﬂ A? AZ}, p=1,2 (57)

With the help of the identity (39), the compatibility conditions
<F21,ﬁp> = 0,p = 1,2, may be translated to

OAm [ (wo) A, -
07 ti—5 e t© (wo) Ay — 7 Z A (0, w0) A,

2
—J (Z [n1 (wo) Omi + n3 (wo) (1 — dai)] |Al|2> A
=1
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2
—jing (wo) (Z (1- 5ml)A,2> Af om=1,2, (58)
=1
where
a(wy) = B (wo) (WS/CZ) <)QIN (wo) U, me>/D (wo) , (59a)

—A11 (9,(4)0) = A22 ((9,&)0) = Os1 (WQ) — Ogq (wo) COS 29,

A12 (9,000) = A21 (9, wo) = 042 (w(]) — Ogq (WQ) sin 29, (59b)

n1 (wo) = B (wo) (w2 /c?) <(>2<3> (wo, wWo, —wo) (Um . Um> U,

~ 2 . -

Um’ Um,Um> /D(wo),

ng (wo) = B (wo) (w(z)/(:?) (1= pmp) <(>2(3) (wo, wo, —wo) (fjmfjm> sz

+2)2(3)(—w0,w0,w0)) <ﬁ; : ﬁm) ﬁm,ﬁp> /D(wo),
)

+2)A((3) (—wo, wo, w(]))

< X3 (wo, wo, —wo) (

(59¢)
and where

o1 (wo) = =B (wo) (wf/c?) <A>ZN (wo)fjlalofjl>/D (wo)

=B (wo) (wg/?) <A>2N (wO)]iJ2’IOI~J2>/D (wo), (608)
o2 (wo) = B (wo) (w§/c?) <A>ZN (wo) U1710U2>/D (wo)

=" (wo) (w§/c?) <A>ZN (wo)ﬁ2,loﬁl>/D (wo)
a (wo) = B (wo) (w§/c) <>ZdN (wo)fjlelU1>/D (wo)

= —f (wo) (w§/c?) <XdN (Wo)ﬁ2a11ﬂ2>/D (wo)

= —f (wo) (w§/c?) <XdN (w0)61,1262>/17 (wo)

= 4 (wo) (w}/%) (Xan (0) U2, 1201 ) /D (wo) . (60D)
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D(wo) = —j <L§”Um,fjm> - <£} (W) fjm,fjm>, (61)

1 0 0 010
Il = [ 0 -1 0 ] and Ig = [ 1 0 0 ] (62)
0 0 O 0 00

Since the susceptibilities Ax, xqn and ¥ are all complex with
their imaginary parts several orders smaller than their respective
real parts, the coefficients of asymmetry o4 (wp) and o2 (wp), the
coefficient of anisotropy o, (wo), and the coefficients of nonlinearity
n1 (wp) and ng(wp) turn out also to be complex with very small
imaginary parts.

Since the dependence of the slowly-varying envelope functions
Am(Z1,Z2,T), m =1,2,0n Z; and T is only through the combination
T — ' (wo) Z1, we may introduce a new set {(,7} of independent
variables related to the set {Z1, Zs, T} by

CAZQ == €Z1 = 622 TAT - ﬂ, (wo) Zl =& (t - ﬁ/ (w(]) Z) (63&)
In terms of the new dependent variables

A(C,T)éAl (Zl,ZQ,T), B(C,T)éAQ (Zl,ZQ,T), (63b)
Equation (58) becomes

% ﬁ (wo) 8214
ac "1

—jni(wo) A (\A| +|B?) + jna(wo) (A\B|2 —A*BQ) — 0 (64a)
0B ["(w) 8°B
aC 2 or2
—jmi(wo)B (|AP +|BI*) + jna(wo) (1AP B — A2B*) = 0 (64D)

(wo)A + ] (bl (9 wo) A— bg (9,&)0) B)

OZ(W(])B —J (bl (9,000) B+ by (9,0)0) A)

where
b1 (0,wo) = 051 (wo) — 04 (wo) cos 20,
bz (9,&)0) = 052 (w0> — Oq (wo) sin 26

The pair of Equations (64a)—(64b) is the CNLSE governing the
evolution of the complex envelopes A((,7) and B((,7) of the
wavepackets representing the two orthogonal polarization modes of
a weakly birefringent monomode fiber. In (64), a(wp) is the
usual coefficient of attenuation, by (0,wp) and be (6,wy) are the two
birefringence coefficients (associated with terms linear in A and B),

(65)
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and n1(wg) and ne2(wg) are the coefficients of the nonlinear terms.
Since the imaginary parts of o1 (wp),0s2 (Wo), 04 (wo),n1 (wy) and
ny (wp) are much smaller in magnitude compared to their respective
real parts, the complex-valued birefringent coefficients by (6,wp) and
ba (0, wo) and the coefficients of nonlinearity n; (wp) and ng (wp) may
be replaced by their respective real parts in (64) without any significant
error. All the coefficients appearing in the CNLSE (64), henceforth,
are understood to be real. The birefringence coefficient by (6, wq) gives
rise to linear coupling between the mode envelope functions A((, )
and B((,7). Since the last term in (64a) and that in (64b) are
equal to 2ns (wp) Im (A*B) B and —2ns (wg) Im (A*B) A respectively,
these terms represent an exchange of energy, that varies with ¢ and
7, between the mode envelope functions arising out of the nonlinear
coupling between the two modes. The two coupled partial differential
Equations (64a)—(64b) may be combined into a single vector partial
differential equation for the two-dimensional vector envelope function
A(GT)AIACT), B¢
oA " (wp) 2A
So + L+ )& — B (0.60) A — jm (o) A A

+j7’LQ(Ld0) (AHO'?,A) o3A =0 (66)

where the 2 x 2 matrices B (6,wg) and o3 are given by

B (0,wo) A —by (6, wp) bg(e,wo)y U3A[ 0 j]

b2 (0,000) bl (07‘*)0) _j 0

and the superscript H denotes the Hermitian (transpose conjugate).

5. DISCUSSION AND CONCLUSIONS

It is, in general, not possible for a weakly birefringent fiber to be
polarization preserving due to the presence of ‘linear coupling’ between
the two equations in (64) through the coefficient b2(6,wp). This is so
because even if one of the modes, say the mode with envelope B, were
initially absent, i.e., B(0,7) = 0, B({,7) cannot continue to be zero
for ¢ > 0 as the nonzero term —jbs(0,wp)A in (64b) forces B to be
nonzero for ¢ > 0.

It is instructive at this point to compare (66) with the corre-
sponding equation for the complex vector envelope appearing as (46)
in [5]. Apart from the fact that two independent coefficients n; (wp)
and ng (wo) (as against Menyuk’s just one) are needed to account for
the effects of nonlinearity, and that there are neither any third order
linear dispersion term involving " (wp) nor any birefringence term
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involving OA/O7 in (66), the nature of the birefringence coefficients
appearing in the two equations are quite different. A third order dis-
persion term involving 3" (wp) can appear only in a combined evolu-
tion equation for A (¢, 7) +eA’(¢, 7) if a nonzero e-order correction to
A (Z1,Z2,T), m = 1,2, is retained at the first stage of the pertur-
bation by assuming a nonzero solution for Eq (xz,2',t'; Z1, Z5,T) in

2 ~ . ’ ’
the form > A} (Z1, Z2, T) U (z,wp) &/ Pw0)z'=w0ot) 4 ¢ e and deter-
=1

mining the evolution equations for A} (Z1,Z,T), m = 1,2, from the
compatibility (solvability) conditions arising at the (third) e3-stage of
the perturbation [15]. Birefringence terms involving A /0T are absent
from (66) because of the assumption of weak birefringence. It may be
helpful at this stage to present the coefficients of the terms propor-
tional to A in the two equations in tabular form in terms of the two

‘ 1 0 0 1
matrices [16, 17] 0'1A{ 0 —1 ] and UQA[ 10 }:

Equation (66) Menyuk’s Equation (46) from [5]
Coeflicients a(wo) —g(wo)
of A —[os1 (wo)—04a (wo) cos 26] o1 .
o2 (w0) —0a (o) sin 26] o5 Afcosfo1+ABsinbos

A couple of observations may be in order: (i) Menyuk’s equation
does not appear to take fiber asymmetry into account and (ii) the
sign of the coefficient multiplying the sine function is different in
the two equations. The above fundamental differences in the form
of the birefringence coefficients may be attributed to the way the
fiber birefringence is modeled in the two approaches. Since our 6
corresponds to Menyuk’s 6/2, the dependence of the trigonometric
functions, appearing in the two expressions for the birefringence
coefficients, on the polarization state will be the same.

The detailed analysis of the nonlinear propagation characteristics
of optical pulses based on a numerical solution of the CNLSE will be
presented in the second part of this paper.
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