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Abstract—The dispersion equation for electromagnetic waves guided
by an open tape helix for the standard model of an infinitesimally
thin and perfectly conducting tape is derived from an exact solution
of a homogeneous boundary value problem for Maxwell’s equations.
A numerical analysis of the dispersion equation reveals that the tape
current density component perpendicular to the winding direction does
not affect the dispersion characteristic to any significant extent. In
fact, there is a significant deviation from the dominant-mode sheath-
helix dispersion curve only in the third allowed region and towards
the end of the second allowed region. It may be concluded that
the anisotropically conducting model of the tape helix that neglects
the above transverse-current contribution is a good approximation
to the isotropically conducting model that takes into account this
contribution except at high frequencies even for wide tapes.

1. INTRODUCTION

In the first part of this contribution [1], the dispersion characteristic
of electromagnetic waves guided by an open tape helix was derived
neglecting the contribution of the tape current density component
perpendicular to the winding direction. In this part, the method
of deriving the dispersion equation for the above anisotropically
conducting model of the tape helix is extended to the case where the
tape is modeled to be only infinitesimally thin and perfectly conducting
in all directions. Once again, there arises neither a need for any apriori
assumption regarding the tape-current distribution nor is there a need
for satisfying the tape-helix boundary conditions in any approximate
sense.
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2. DERIVATION OF THE DISPERSION EQUATION

We make use of the tape-helix model introduced in Part I except that
we no longer require the tape to the perfectly conducting only along the
winding direction. We use the notation of Part I, and make use of the
prefix I while referring an equation number of Part I. Accordingly, we
consider a tape helix of infinite length, constant pitch, constant tape
width and infinitesimal thickness surrounded by free space. We take
the axis of the helix along the z-coordinate of a cylindrical coordinate
system (p, ¢, z). The radius of the helix is a, the pitch is p and the
width of the tape in the axial direction is w. The pitch angle ¢ is
therefore given by cot v = 27a/p.

Floquet’s theorem for a periodic structure in conjunction with the
property of invariance exhibited by an infinite helical structure under
a translation Az in the axial direction and a simultaneous rotation by
2wAz/p around the axis permits an infinite-series expansion for any
field component (phasor) F' (p, ¢, z) in the form [2]

[e.9]

Fp,¢,2) = > Fy(p)eltmein? (1)
where
Bn = Po +27n/p (2)

and where ) = (p(w) is the guided wave propagation constant at the
radian frequency w. Fach term in the series-expansion (1) has to satisfy
the Helmholtz equation in cylindrical coordinates. Hence, the Borgnis
potentials [2] U(p, ¢, z) and V (p, ¢, z) for guided-wave solutions, at the
radian frequency w, may be assumed in the form

o
U, vt = Z [An, BulT Iy (10p)e? ™ =522) for 0 < p < a,
= Z [Ch, Dy]" Ko (1np)e? 502 for p > a, (3)

where A,,, B,, C, and D,, n € Z, are (complex) constants to be
determined by the tape-helix boundary conditions, I,, and K, are
nth order modified Bessel functions of the first and the second kind
respectively, and the superscript ‘7” denotes the transpose. In (3), the
transverse mode number 7,, n € Z, is defined by

B2 = R A )

where p is the permeability and e is the permittivity of the ambient
space. Expressing the tangential field components in terms of the
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Borgnis potentials [2], we have

Z_(?)22+k0U Z —T2 A In(1up)e? "7 P2) for 0 < p < a,
i —72Cn K (1np)e? ™22 for p > a (5a)
By = 10U +jwu%:VOO
p 0pdz ap
- i [1BnAnLn(Tnp)/p + jwptn Bul} (1ap)] €17 0n2)
o for 0 < p < a,
i [180.Cr K (Tnp) [ p + jwiiTn Dn K, (Tap)] €19~ Fn2)
o for p > a (5b)
H, = ?3‘2/ + EV = i 2B L (1ap)ed PP for 0 < p < a,
n=—o0
i —TgDnKn(Tnp)ej("‘p_an) for p > a (6a)
1 2
He = pziogz —jwezr,f
= i [—jwern Ap L (Tnp) + nBnBnly(tap)/p] el =Fn2)
o for0<p<a,
i [~ jwernCo K} (Tup) + 18y Dy Ky () / p] €219~ 5n2)
n=—o0

for p > a (6b)
In the expressions (5) and (6) for the tangential field components, I,

and K/ denote the derivatives of I, and K, with respect to their

arguments.
The boundary conditions at p = a for the perfectly conducting
model of the tape helix are

(i) The tangential electric field is continuous for all values of ¢ and z.
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(ii) The discontinuity in the tangential magnetic field equals the
surface current density on the tape surface.

(iii) The tangential electric field vanishes on the tape surface.
Thus

E.(a—,¢,2) — Ex(a+,¢,2) = (7a)

E@(a_v(pv ) E@(a—f- 2K ) (7b)
H.(a—,¢,2) — H.(at, ¢, 2) = Jsa( 2) (7c)

Hy(a—, ¢,2) — Ho(at, ¢, 2) = z( %) (7d)
E.(a,9,2)9(p, 2) = (7e)

Eg(a, ¢,2)9(p,2) = (7f)

where J.(p,z) and J,(p,z) are the axial and the azimuthal

components of the surface current density, which is confined only to the
tape surface, and the function g(¢p, z), defined in terms of the indicator
functions of the disjoint (for the same value of ¢) intervals

L(@)A [+ ¢/2m)p —w/2, (L + ¢/2m)p +w/2], |E€Z,
by

9(@.2)2 Y 1pe)(2)

l=—00

will be equal to 1 on the tape surface and 0 elsewhere (i.e., over the
gaps) on the surface of the (infinite) cylinder p = a. In (7a)—(7d)

F(a%, ¢, Z)élélﬁ)l Flat6,p,2)

for any field component F(p,¢,z). The functional dependence of
the surface current density components Jy,(p,z), m = z,¢, which
are confined to the two-dimensional region corresponding to the tape-
surface, on ¢ and z is governed by the periodicity and the symmetry
conditions imposed by the helix geometry. Accordingly, J,(p,z),
m = z,, admit the representations

(Z Jyne? P~ W’) g(p,2), m=z¢, (8

n=—oo

where the (complex) constant coefficients J.,, and Jon, n € Z,
appearing in the expansion (8) of the surface current density
components are to be determined (in terms of any one of the constants
J»0 and Jo0) by the tape-helix boundary conditions. Since

oI (np—Bnz) _ ,—ifoz,—i 45" (z—¢p/27)

)
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and
1Il(<p) (Z) = 1[lp—w/2,lp+w/2] (Z - gop/27T) )

the surface current density expansions of (8) may recast into the form

Jm(@a Z) = eijﬁozfm(C)v m =z, (9)
where
fm(C): Z < Z Jmnej%-ng/p)l[lpw/2,lp+w/2] (C) y M=z,p, (10)
l=—oo\n=—00
and
(=2z—pp/2n (11)

The functions fp,, m = z, ¢, being periodic in ¢ with period p, may be
expanded in Fourier series

o
fn (@)= > e s2mkc/o (12)
k=—o00
where the Fourier coefficients Iy, k € Z, m = z, ¢, are given by

p/2 .
Tk = (1/p) Fm(Q)e?mke/P ¢
—p/2

=W Z Jmnsinc(n —k)w, m=z,¢p (13)

k=—o0

In (13), @ = w/p and sinc X A sint X /7 X. Thus

In(p,2) = Y Tone? ™79 =2 (14)

n=—oo

Making use of the expansions (14) for Jp, (¢, z), m = z, ¢, in (7c¢) and
(7d), we may deduce from the first four of the tape-helix boundary
conditions (7a)—(7d), the following expressions for the coefficients A,,,
B, C, and D,,n € Z, appearing in the field expansions of (5) and
(6), in terms of the coeflicients I'.,, and I'y,,n € Z, of the current-

density expansions (14) on equating the ‘coefficients’ of e7("#=8n2) on
both sides:

Cn = (Ina/Kna) Ap ( )
Dn = (ITL(Z//K;]Q) Bn (15b)
Ap =aKp, [an - (nﬂna/ﬂ%a) Fgon] /jwe ( )
B, = a2K7/1arapn/Tna ( )
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where we have resorted to the following abbreviations
Inaéln (Tnha), K. éKn(Tna),
I,’wél;l(ma), K’IllaéK’;l(Tna)
for the modified Be;sel functions and thgr derivatives evaluated at
p =a. In (15), (16), and in the sequel
koa & ako, Boa 2 afo, Bna & afin = foa +ncoth, Te Aar, (17
Finally,the enforcement of the homogeneous boundary conditions (7e)

and (7f) on the tangential electric field components leads to the two
equations

hz(C)é Z ( Z (,unrzn - l/nrcpn) €—j27rnC/p> 1[lp—w/2,lp+w/2](<)

(16)

l=—00 \n=—00
=0 (18a)
h’@D(C)é Z < Z (Vnrzn - %Fgm) e—j27rn(/p> l[lpfw/Z,lerw/Q](C)
l=—00 \n=—00
=0 (18b)
on cancelation of the non-zero factor je =77 /wea. In (18)
unéTgGIme (19a)
M D koL Ko + (05na/Tna) *Ina Kna (19¢)

Equations (18) imply that each Fourier coefficient of the two periodic
functions h,,(¢), m = z, ¢, of ¢ (with period p) must vanish, that is

Z (pnl 2 — L) sinc(n — k) = 0, (20a)
n=-—o0o
> (valzn — mnTon) sinc(n — k)i = 0 for keZ  (20b)

Substituting for I';,, and I'y,, from (14), Equations (20) may be put in

the form
o0

Z (kg Tzg — VkqJpq) = 0, k € Z, (21a)
q=—00
> (kgzg — Mkgdpg) =0, kEZ (21b)

g=—00
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where
o
Pkg = Z fin sinc(k — n)w sinc(q — n)w, (22a)
n=-—o00
o
Vg = Z Up sinc(k — n)w sinc(q — n)w, (22b)
n=-—o00
o
Mg = Z N sinc(k — n)w sinc(q — n)w, (22¢)
n=-—o00

k,q € Z.

In terms of the three infinite-order matrices A, A[rglrqez,
A Alvgglrgez and Ay Alngglrgez, and the two infinite-dimensional
vectors I, = [y Jonzs Jonds Jm0s Jmi, Jm2, - -], m = z, ¢, the two
infinite sets of linear homogeneous Equations (21) for determining the
two infinite sets of coefficients J., and Jyq, ¢ € Z, may be expressed
compactly as

AJ.—AJ,=0 (23a)

AJ.-AJ,=0 (23b)
where 0 denotes the column vector of infinite number of zeros. Solving
(23a) for J, in terms of J. as

Jo,=A AT, (24)
and substituting into (23b), we have the infinite set of equations
[A, —A,ATAL]T. =0 (25)

for determining the infinite set of coefficients J.4, ¢ € Z. For a
nontrivial solution for J,, it is necessary that

A, — Ay ALTA, =0 (26)

The determinantal condition (26) gives, in principle, the dispersion
equation for the cold-wave modes supported by an open perfectly
conducting infinite tape helix of infinitesimal thickness and finite
width.

It may be appropriate to note at this juncture that the dispersion
equation derived by Samuel Sensiper for a perfectly conducting tape
helix in his doctoral thesis [3] also has a form resembling (26); however,
the expressions for the matrix entries ppq, vig and nyg, k, ¢ € Z,
obtained by him are radically different from those given by (22). In
fact, these entries (after correcting a misprint in his thesis), in our
notation, are

S S S
Mlg:q) = Mkqu? Vlgq) = Vk:qu and nl(cq) = 77]<:qu7 kaq € Z>
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where
My, = (e%(k=a®) — 1) /jom(k — qb) for k — g # 0,
1 for k —quw =0
In terms of the associated infinite-order matrices A,(LS), A(VS) and A%S),
the dispersion equation of Sensiper becomes

1

PNQYNCY (Af)) A®| =0 (27)

In order to see that (27) cannot be the correct dispersion equation
for a tape helix, let us consider the zeroth-order approximation to the
dispersion equation resulting from a truncation of the infinite-order

matrices AELS), A and A%S) to the 1 x 1 matrices [,u((fg)], [u(()g)]

and [nég)]. Since Z/(gos) = 0 and Myy = 1, the dispersion equation
corresponding to the above zeroth order truncation becomes
kgall (TOG)KI (Tﬂa) =0 (28)

Equation (28) has only the trivial solution ko, = 0. This circumstance
may be traced to the inherent inability of the form of series expansion
assumed by Sensiper for the surface current density components to
correctly confine the surface current to the region of the tape only.
The same drawback persists even in the analysis of the tape-helix
model that neglects the transverse component of the tape-current
density necessitating an ad hoc assumption regarding the tape-current
distribution as a consequence of which it is not possible to satisfy the
tangential electric field boundary conditions over the entire width of
the tape. On the contrary, when the infinite-order matrices appearing
in (26) are truncated to 1 x 1 matrices, the corresponding zeroth order
dispersion equation following from our exact analysis is

Vi — Hoomoo = 0 (29)
where
o]
oo = fio + Z (ptn + pi_y) sinenab, (30a)
. n=1
Yo = Z (Un + v_y) sincnab, (30b)
n=1

o0
Mmoo =10+ Y _ (N + n—n) sinc’nab (30c)

n=1
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Figure 1. Zeroth order dispersion curve including the transverse-
current contribution for @ = 1/7 and ¢ = 10°.

The zeroth-order dispersion curve for the choice of w = 1/7 and
1 = 10°, when the infinite series for pgg, oo and ngg are truncated
at the 6th term (that is, when the contributions from the main
lobe of the ‘sinc?’ functions only are retained), is plotted in Fig. 1.
The plot of Fig. 1, however, should not be misconstrued to be
representative of the dispersion characteristics of an open tape helix
including the transverse-current distribution since (29) is too crude an
approximation to the true dispersion equation for this case. As will be
demonstrated in the sequel for the choice of parameter values w = 1/2
and ¢ = 10°, the infinite-order matrices A,, A,, and A,, need to
be symmetrically truncated to order at least 7 x 7 in order to get a
reasonably good approximation to the dispersion characteristic for the
assumed model of the tape helix.

3. NUMERICAL SOLUTION OF THE TRUNCATED
DISPERSION EQUATION

As was done in Part I, we resort to a symmetric truncation of the
infinite-order matrices A,, A,, and A,, to the (2N + 1) x (2N + 1)
matrices Aua A,, and An- Our objective, as for the the anisotropically
conducting model, is to study for w = 1/2, the behavior of the
dispersion characteristic with respect to the truncation order N, and
deduce the smallest value N of N such that there is no perceptible
difference between the dispersion curves for N and N+1. Tt is readily
seen from the expressions (22a)—(22c) that only the main lobes of the
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sinc functions contribute significantly to the values of iy, 4, and
Nkq- Thus, for the choice of w = 1/2, the infinite series for them get

: L 2 L I A -
o 2 4 6 8 1o 12 14 16
g, ——s

Figure 2. Dispersion characteristic of tape helix for truncation order
N =1.

———S8heath Helix

(=1
(=3 2
e
>

8 1o 12 14 16

B

Figure 3. Dispersion characteristic of tape helix for truncation order
N =2.
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truncated to [1]
min(k,q)+1

brg D fukg = Z fpsine (k ; n) sinc (q ; n> (31a)
1

n=max(k,q)—

min(k,q)+1 k—n n
Chqg D DUpg = Z Upsine <2> sinc <(]2> (31b)
n=max(k,q)—1
min(k,q)+1

k— _
diqg A kg = Z Npsine ( 5 n> sinc <q2n> (31c)

n=max(k,q)—1

When the contributions from the main lobes of the sinc functions
only are retained in the expressions for bp,, cpy and dpy, —N <
k, g < N, there will only be three types of non-zero entries in the

~

(2N + 1) x (2N + 1) symmetric matrices A,, A,, and A, for the
choice of w = 1/2, viz.,

bk = pk + (2/7) (-1 + fe+1) - N<EZN,
bi k1 = b1, = (2/7) (b + piret1) ~-N<E<N-1,
biks2 = bryogk = (2/7)  pks1 ~-N<k<N-2
with similar relations for ¢ ;4; and dk k+i» © = 0,1,2. Thus,

the truncated coefficient matrices A AV, and A will be banded
symmetric matrices with nonzero entrles only along the main diagonal
and the four symmetrically located subdiagonals adjacent to the main
diagonal. Thus, the approximate dispersion equation corresponding to
a truncation order equal to IV becomes

F N (koas Boa) A | A, — AyA Al =0 (32)

The approximate dispersion Equation (32) is solved numerically on a
computer for truncation orders of N =0, 1, 2, 3 and 4, by seeking a
real root of (32) for koq (Boa) for various values of fy, € (0,16), and
the resulting family of tape-helix dispersion curves for the choice of the
pitch angle 1y = 10° are plotted in Figs. 2-5 for truncation orders 1, 2, 3
and 4 respectively. The dominant-mode dispersion curve of the sheath
helix (for the same value of ¢ = 10°) is also plotted in the figures for
comparison. Tape-helix dispersion curve for the truncation order of 0 is
not shown because of its limited range of validity. It may be seen from
the plots that a truncation order as low as N = 3 is adequate to deliver
a fairly accurate estimate of the dispersion curve for a tape width-to-
pitch ratio of 0.5. However, a fairly large number N of the ‘modal

amplitudes’ .J,,, and jwu 0 < |n|] < N corresponding to Boa(koa)
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Figure 4. Dispersion characteristic of tape helix for truncation order

N =3.

0.5

2 4 8 12 14 1a

B s

Figure 5. Dispersion characteristic of tape helix for truncation order

N =4.

(where (pq(koq) is the estimate of the normalized propagation constant
corresponding to the normalized frequency kq,, that is, the unique
root of the equation IAcOa(ﬂOa) = koo for [p,) are needed in the series
representation (8) of the surface current density components J,(¢p, z)
and J,, (¢, z) in order to be assured of a reasonably good approximation
for the tape-current density, and hence for the electromagnetic field

vectors.
Stacking the first (2N + 1) (for N large enough) lowest order
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coefficients in the expansion (8) of the surface-current density
components into the two (2N + 1)-dimensional vectors J,, =

[/, 7 Jmﬁ? o ot Imoy Ity - jm(N—1)7 Jmn]T, m = z, ¢, the
truncated versions of (24) and (25) may be expressed as
J,=A, AT, (33)
and
A, - AnAglAu} J.=0 (34)

where 0 denotes the column vector of (2N + 1) zeros. Thus, the task
before us is to find the null-space vector of a (2N + 1) x (2N + 1)
(N large) rank-deficient matrix corresponding the the already located

root. koq(Boa) of the determinantal Equation (32). A direct method
of doing this is likely to be computationally very intensive because of
the large size of the coefficient matrix in (34). Fortunately, there is
an alternative computationally more efficient method for iteratively
computing the null-space vector.

We begin by recasting the two infinite sets of Equation (21) into
a single infinite set of equations with matrix coefficients

o0
Y opgdy=0, keZ, (35)

q=—00
for determining the two-component vectors
T
Jg & [Jaqy Joq]” qE€Z,
where the 2 x 2 matrices aiy, k, q € Z, are given by

Hkq _qu:|

Aqg —
q |:qu —MNkq

When the infinite set of Equations (35) is symmetrically truncated to
(2N + 1) equations, and the infinite-series representation for piry, Viq
and Ny, —N < k, ¢ < N, is truncated retaining only the contributions
from the main lobes of the sinc functions, the truncated versions of (35)
go over into

where
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and the byg, crq and dj, are defined in (31). The (2N +1)-dimensional

vector J, made up of the (2N + 1) first components of the (2/V 4 1)
two-component vectors

~ ~ ~ T
i, = [qu, J@q} , -N<g<N,

is of course the sought-after null-space vector of the (2N +1) x (2N +1)
matrix appearing in (34) corresponding to the already determined root
koa(Boa) of the ‘Nth order’ dispersion Equation (32). The J,, —N <
g < N, make up the first (2N + 1) lowest order coefficients in the
truncated expansion for the surface current density vector. We now
make the key observation that the set of Equations (36) has a form
identical to (I36) except for the replacement of the scalar coefficients
arg, —N < k, ¢ < N, by the matrix coefficients az,, —N <k, ¢ < N,
and the replacement of the (2N + 1) scalar components jq, —N <
g < N, of the null-space vector by the (2N + 1) two-component
vectors J,, —N < ¢ < N. Moreover, the (2N + 1) x (2N + 1)
matrix [ag,]-nN<kq<n, Whose entries are themselves 2 x 2 matrices,
has the same banded structure as that of the (2N + 1) x (2N + 1)
matrix [agq|-nN<kg<n Of Part I with scalar entries. Thus, it becomes
feasible to adapt the recursive method (of successive substitutions
and eliminations) employed in Part I to arrive at the approximate

dispersion equation to the present context to recursively solve for jq

2 <lq| < N. Both J; and J;
;T

in terms of j(m_l) and j(|q|_2)

sgnq sgng>s
are solved in terms of Jy. Since Joé[Jzo, J¢,0]
of the form

~

satisfies an equation

a3y =o, (37)

(N)

where the 2 x 2 coefficient matrix ag,’ is singular, only the ratio of J.0
to jwo is fixed by (36). Thus, all of jq, —N < g < N, are determined
modulo an arbitrary (complex) mulitiplicative constant. We now give
below the relations required for carrying out the recursive computation
of the coefficients jq, —N < g < N, appearing in the expansion for

the surface current density vector. We assume N to be equal to 2 at
least.
Fo = (a® 0 Jn VT
N—i — aN—i,N—i aN—i,N—z’—l N—i—1+ AN N—i—2d N—i—2

for0<i<N-—2 (38



Progress In Electromagnetics Research B, Vol. 19, 2010 147

. . . . —1 .
a(’) _ a(z—l) _ a(z—l) a(z—l) a(2—1)
N—i,N—i — AIN—i N—i N—i,N—i+1 \ AN—i+1, N—i+1 N—i+1,N—i>
) . . -1
a(’) —an_ L a(@fl) a(171)
N—i,N—i—1 — AN—-i,N—i—1 N—i,N—i+1 \ AN—i+1,N—i+1

AN —i+1,N—i—1,

. . —1
(1) (i1
aAy_; 1 N—j = AN—i—1,N—i ~ AN—i—1,N—i+1 | AN ;11 N 41

(i-1)
AN_i+1,N—i>

. . —1
(4) (i—1)
Ay i 1,N—i—1 = AN—-i—1,N—i—1 — AN—i—1,N—i+1 | AN 411 N 411

AN —i+1,N—i—1
for1<i< N -2, (39)
together with a corresponding set of relations with an overbar over
the suffices. In (38), (39), and in any of the subsequent formulae,
a,(g), —N <k, I <N, is to be interpreted simply as ay;. The recursive
relation for J 1 1s

-1
~ N) N—1 -1 _ N-1
Ji =afy)3o = [(a(l )) ap; —afaj) )]

1 (N—-1 N—1\ "} (nv=1)| 5
[aulago ) _ <a%1 )) a%o )] Jo, (40a)
and the expression for a%[) in the recursive relation
Jr=ali, (40D)

(

for jT is obtained from that for a1](¥) by complementing all the suffixes

where Tél and Géo. In the expression for agg)

N— N— N-2)\ !
ago b = ajig — a§2 2) (aéQ 2)) ag,
(N=1) _ _(N=2) _(N-2) [_(N=2)\ "' _(N-2)
ap =4 — A3 (322 ) Ay (41)
together with a corresponding set of relations obtained by complement-

(N)

ing the suffixes. Finally, the 2 x 2 rank-one matrix a;,’ appearing in
(37) is given by

(N)

N-1
ald (N-1)

01

— ayy (aé—;v_m) B agp — a2 (aég_2)> B ag (42)

(N)
A

(N—1)_(N)
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where .

agfl) =ay; — ap3 (a%vfm) a%vfz) (43a)
and

ag) " = ao - an (agﬂ)) Caly? (43b)

Denoting the entries of the rank-one matrix a(()jov) by aglv), k,1=1,2,

we have

7 3 N N N N A
Jao/Jo0 = —afy faf}) = —af’ /Y = Ax (Boalkon) ) (say)

Jz0 = A (Koa)Jp0 (44)

where 5\N(k0a)é)\ ~(Boa(koa)). Working backward from (44) through

(40) to (38) with the help of (39), (40), (43) and (42), we can determine
all the 2(2N + 1) coefficients in the truncated expansion of the surface
current density components in terms of one undetermined (complex)

or

constant jg,o.

Before concluding the paper, it seems appropriate to correct a
statement made towards the end of Section 2 of Part I regarding the
interval of existence for real solutions to (I30). It has been erroneously
concluded, on the basis of the particular fixed point format (132), that
the truncated version of (I30) does not possess any real solution for
koa(Boa) beyond By, = 1.543. As a matter of fact, it is possible
to extend the interval of existence beyond the stipulated value by
resorting to an alternate fixed-point format for the truncated version
of the dispersion equation (I30) which may be expressed as

o0+ Y An(on+0-n) =0 (45)
n=1
where
n A sine?na, n=1273,...

Making use of the expressions for og and o, [n| > 1, (45) may be
written in terms of koa and By, as

C(10a) + Z’Yn (Tna) + C(T—na))] k(Q)a

D 7—Oa + Z ’Yn Tna + D(Tna))] k(2)a C0t2 ¢

C(70a) + Z’Yn (Tna) + C(Tna))] ﬁga (46)
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C(Tna) :I\n| (Tna)K\n| (Tna)7

D(Tna) :I\n|+1 (Tna)K|n|+1 (Tna)

+ (|n|/7—na) (I|n\(Tna)K|n\fl(Tna) - I\n|+1(7na)K|n|(Tna))
Defining

for |n| >0

w
X (oas Boa) 2 C(70a) + >~ 1 (C(Ta) + C(7-1a)

and

n=1

n=1

w
8 (koas Boa) & D(0a) + Y a(D(Ta) + D(m—na)),

Equation (46) may be put in the alternate fixed-point format
kOa = GE/?/) (kOa; ﬂOa)

A {ﬁga/ (1 + X

2

1/2
") (koas Boa) cot? ﬂ)/XgW) (koa: 5%)) }
Equation (47) may be solved numerically for koq,(Boa), Boa > 0, for

(47)
the choice of w = 0.1/m, by the method of successive substitutions
to find any fixed point of the ‘operator’ for kg, in the range 0 <

koa < (1/2) cot 10°. The resulting dispersion curve is plotted in Fig. 6.
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Figure 6. Zeroth order dispersion curve excluding transverse-current
contribution for w = 0.1/7 and ¢ = 10°.
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together with the dominant-mode dispersion curve of the sheath helix.
It may be seen from Fig. 6. that a real solution of the dispersion
equation exists for values of [y, up to 9.45 in the complement of the
forbidden regions. However, the tape-helix dispersion curve (for the
truncation order N = 0) crosses the sheath helix dispersion curve from
below around a value of 5y, = 1.8 and stays above it for the remaining
values of By, in the allowed regions except for a second crossing from
above at around (g, = 4.5 near the first forbidden-region boundary.
It may therefore be inferred that the behavior of the ‘zeroth-order’
tape-helix dispersion curve of Fig. 6. may not be acceptable beyond
Boa = 1.8 notwithstanding the fact that a real root koq(Bos) of the
dispersion Equation (47) is available for larger values of (y,. This is
again a confirmation of the already established fact that the zeroth
order (N = 0) truncation of the tape-helix dispersion equation is too
crude to reveal the true nature of the dispersion characteristics.

4. CONCLUSION

In this paper, we have demonstrated the feasibility of an exact analysis
of guided electromagnetic wave propagation through an open tape helix
including the effect of the transverse component of the tape-current
density. The main conclusion that may be drawn from the analysis is
that the tape-current density component perpendicular to the winding
direction does not affect the dispersion characteristic to any significant
extent except for a small decrease in the phase speed of the cold wave
supported by the helix towards the high-frequency end.

Work on the extension of analysis presented in both parts of this
paper to a full field analysis of the practically important case of a
dielectric-loaded tape-helix enclosed in a coaxial perfectly conducting
cylindrical shell is currently in progress and will be reported in due
course.
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