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Abstract—The phase of the reflection coefficient of a TE10

rectangular waveguide mode at the cut-off point in a gentle downtaper
is investigated through both experiment and computer simulation. The
result shows a very good agreement with the theoretical prediction
based on the work by Katsenelenbaum et al., that is, a +90◦ phase shift
occurs at the cut-off point for TE modes if the cut-off point is not too
close to the end of the downtaper. An application for the determination
of the resonant frequencies for the spurious trapped TE30 mode in an
uptaper-downtaper oversized resonant structure is presented.

1. INTRODUCTION

The waveguide uptaper-downtaper is important in traditional
gyrotrons and gyroklystron resonant cavities [1, 2] as well as in
the tapered gyro-Backward-Wave Oscillators (gyro-BWO) for mode
confinement [3]. The waveguide uptaper-downtaper is also used in
mode converter systems to confine unwanted spurious modes because
of the reflection at the cut-off points, causing deep and narrow
resonances [4]. Moreover, the downtapered probe has been used in
the Near-field Scanning Optical Microscopy (NSOM) [5] and even in
the microwave near-field microscopy [6].

The reflection of the electromagnetic wave propagation in the E-
plane-tapered and pyramidally-tapered waveguides far above the cut-
off frequency have been studied by Matsumaru [7] and Johnson [8].
The electromagnetic fields in the cut-off regime was also theoretically
studied by Knoll et al. [6, 9] in the tapered rectangular probe for
NSOM application. Furthermore, theoretical work had been done by
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Katsenelenbaum et al. [10] on the phase behavior of the TE and TM
modes at the cut-off point, in a cross-section approach, where they
predicted that the phase of the reflection coefficient at the cut-off
point is +90◦ for TE modes if the downtaper is sufficiently gentle,
provided that the cut-off point is not too close to the end of the
downtaper. However, a number of approximations have been made in
their derivation [10] and it is difficult to quantify them. The reflection
coefficient at the cut-off cross section is important in the study of
spurious trapped modes in both rectangular and circular waveguide
geometries and an experimental verification of the theoretical result
appears not to have been undertaken previously.

2. BACKGROUND THEORY

In this research, we mainly focus on the experiment and computer
simulation of the H-plane linear rectangular downtaper, in which only
the dominant TE10 mode was incident, at the frequency regime of
5GHz–7GHz. We expect that, although different in frequency and
geometry (e.g., cylindrical shape instead of rectangular shape), similar
behaviors will appear in the downtapered structures used in gyrotrons,
gyroklystrons, gyro-BWOs and in the tapered probe for the NSOM
application. Generally, in a downtapered waveguide, the coupling
between the incident and reflected waves has to be taken into account,
even before it reaches the immediate vicinity of the cut-off point.
However, for a gentle downtapered waveguide like the one we used
in our experiment, Katsenelenbaum et al. [10] and Xu et al. [11] have
shown that this coupling is weak, except in the region close to the cut-
off point; hence the mode conversion to the reflected wave may often
be neglected except in the region close to the cut-off point.

Let us begin by considering the wave solution of a linear
rectangular downtaper (cf. Fig. 1), with a single waveguide mode
(TEm0 in this case) incident on the larger (input) port. The scalar
Helmholtz equation of the TEm0 mode for the linear rectangular
downtaper is

F ′′(z) + β2
m(z)F (z) = 0, (1)

where βm(z) =
√

k2 − [mπ/a(z)]2, with k being the wave number in
free space. The WKB solution of (1) may be used if the condition on
the waveguide mode phase factor βm,∣∣∣∣

∂βm(z)
∂z

∣∣∣∣ ¿
∣∣β2

m(z)
∣∣ , (2)

is satisfied, i.e., the structure is slowly downtapered. The inequality (2)
is known to be the region where the geometrical optics approximation
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is valid [10, 11]. With a time dependence expjωt being assumed, the
solution to (1) is approximately given as the combination of the forward
and backward waves,

F ∼ C1
exp(−jΦ)√

βm(z)
+ C2

exp(+jΦ)√
βm(z)

, (3)

where Φ =
∫

βm(z) dz + Φ0, with Φ0 being the constant term
determined from the reference point of integration.

Now consider a waveguide mode being applied at the larger (input)
port of a rectangular downtaper of length Ltaper and with broadwall
dimension a(z), where ẑ is the direction of wave propagation (cf.
Fig. 1). The phase delay that is acquired by the incident mode from
the input port at z = 0, to the cut-off point at z = zc, with a(zc) = λ/2,
can be found to be

Φtaper = −
∫ zc

0
βm(z) dz 0 ≤ zc < Ltaper. (4)

The phase of the reflection coefficient ΦΓ evaluated at the lager
(input) port can then be written as

ΦΓ = 2 Φtaper + Φc, (5)

where Φc is the phase of the reflection coefficient at the cut-off point
(sufficiently far from the output port).

ẑ

cz z=0z =

( )za

L

Figure 1. The reflection at
the cut-off point in a gentle
rectangular downtaper. L is
measured parallel to the di-
rection of wave propagation
in ẑ direction. a(z) is the
broadwall dimension of the
rectangular downtaper. zc is
the cut-off point where the
incident mode is totally re-
flected back towards the in-
put port.
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Figure 2. The commercial
WR112-WR90 waveguide downta-
per. The broadwall dimensions are
a1 = 28.51mm and a2 = 22.88mm.
The longitudinal dimensions are
L1 = 22.66mm, L2 = 22.75mm, and
Ltaper = 50.04mm for the downta-
per. The cut-off frequency for the
TE10 mode at Port 1 (larger port) is
fc1 = 5.26GHz and at Port 2 (smaller
port) is fc2 = 6.55GHz.
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3. MEASUREMENT AND SIMULATION RESULTS

To experimentally verify (5), we considered a commercially available
rectangular downtaper shown in Fig. 2. This is a linear downtaper
with a rectangular cross section. We shall restrict our investigation to
the case where only the TE10 mode can propagate from the input port
(Port 1 in Fig. 2). For the purpose of analysis, we take the input port
to have the larger cross section. The output port (Port 2 in Fig. 2) may
be terminated by a matched or short load and is usually far enough
from the cut-off point in the downtaper for our research.

In the computer simulation, Cascade (Calabazas Creek Research)
and HFSS (Ansoft) were used to obtain ΦΓ at the larger (input) port.
Cascade is a mode-matching software developed by Calabazas Creek
Research and HFSS is a finite-element-method software from Ansoft.
In Cascade, we simulated the full structure of the downtaper; while
in HFSS, simulations for the downtaper were carried out for both the
full structure geometry and 1/4 of the full structure (by slicing the
downtaper according to the E- and H-planes of symmetries). They
both yielded identical results.

We considered cases of both the matched load and shorted load in
our experiment. From Fig. 2 and using (5), the phase of the reflection
coefficient at the cut-off point is

Φc = ΦΓ + 2 (β1L1 − Φtaper) , (6)

where β1 is the phase constant of TE10 mode at ẑ direction, in the
input uniform rectangular waveguide with length L1 (cf. Fig. 2). The
results from (6) are tabulated in Table 1 and Table 2, where ΦΓ is the
measured quantity in the experiment.

It can be seen from both Table 1 and Table 2 that the calculated
Φc is +90◦ (within the experimental standard deviation) when zc is
sufficiently far away from the output port such that the wave has
decayed significantly by the time it reaches the output port. However,
also note that Φc is no longer close to +90◦ as zc approaches the output
port, which implies that the structure beyond zc (matched or short
load) affects the phase of the reflection coefficient ΦΓ at the input port
when zc is close to the output port, as expected [10, 11]. We thus
conclude that the theoretical value of Φc to be +90◦ for the TE modes
is valid for this structure. This allows us to use Φc = +90◦ for the phase
of the reflection coefficient at the cut-off point for gentle rectangular
downtapers with a reasonably good approximation.
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Table 1. ΦΓ and Φc in WR112-WR90 rectangular downtaper with a
matched load.

Freq. L1+zc Experiment HFSS Cascade
(GHz) (mm) ΦΓ(◦) Φc(◦) ΦΓ(◦) Φc(◦) ΦΓ(◦) Φc(◦)
5.51 34.26 −30.00 90.74 ——– ——– −25.73 95.01
5.55 36.00 −46.88 88.43 ——– ——– −43.66 91.65
5.60 38.15 −65.00 88.61 −63.75 89.86 −64.34 89.27
5.65 40.25 −85.00 87.09 ——– ——– −84.76 87.32
5.70 42.32 −102.50 88.27 −103.13 87.64 −104.66 86.10
5.75 44.35 −122.50 87.19 ——– ——– −123.76 85.92
5.80 46.35 −140.63 88.22 −142.50 86.35 −143.15 85.70
5.85 48.32 −160.00 88.27 ——– ——– −162.48 85.78
5.90 50.25 −180.00 87.95 180.00 87.94 178.58 86.52
5.95 52.14 168.75 96.63 ——– ——– 159.03 86.90
5.99 53.64 153.75 97.75 ——– ——– 143.47 87.47

Table 2. ΦΓ and Φc in WR112-WR90 rectangular downtaper with a
short load.

Freq. L1+zc Experiment HFSS Cascade
(GHz) (mm) ΦΓ(◦) Φc(◦) ΦΓ(◦) Φc(◦) ΦΓ(◦) Φc(◦)
5.98 53.27 150.00 89.96 150.00 89.95 147.42 87.37
6.00 54.01 142.50 90.56 142.50 90.55 139.20 87.25
6.05 55.84 123.75 92.24 123.75 92.23 119.41 87.89
6.10 57.65 102.50 91.67 103.13 92.28 98.63 87.79
6.15 59.42 82.50 92.58 82.50 92.57 77.83 87.90
6.20 61.17 61.88 93.11 62.50 93.71 55.79 87.00
6.25 62.89 41.25 93.85 41.25 93.84 34.11 86.70
6.30 64.58 20.00 94.19 20.00 94.18 9.63 83.81
6.35 66.25 −5.63 90.37 −1.88 94.11 −14.20 81.79
6.40 67.89 −22.50 95.52 −24.38 93.63 −40.96 77.05
6.45 69.50 −45.00 95.25 −46.88 93.36 −69.42 70.81
6.50 71.09 −67.50 95.17 −67.50 95.15 −103.15 59.50

4. APPLICATION IN MICROWAVE CAVITIES

The phase of the reflection coefficient at the cut-off point Φc can
be used to determine the resonant frequency of the spurious trapped
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Figure 3. A downtaper-uptaper structure for spurious TE30 resonant
frequency determination. The structure contains two identical
downtapers shown in Fig. 2.

Table 3. Resonant frequencies from (7) and Cascade simulation.

n fn (GHz) from (7) fn (GHz) from Cascade ∆fn (GHz)
0 15.85 15.91 −0.06
1 16.28 16.27 0.01
2 16.77 16.76 0.01
3 17.25 17.27 −0.02
4 17.72 17.73 −0.01

modes. Fig. 3 shows the trapped TE30 mode in an oversized resonant
structure, from which the resonant frequency can be estimated as

4 (β3L1 − Φtaper)− π = 2nπ, n = 0, 1, 2, . . . , (7)

where β3 is the phase constant of TE30 mode in the ẑ direction,
in the input uniform rectangular waveguide. The first five resonant
frequencies of the trapped TE30 mode obtained from (7) are shown
in Table 3, together with results from Cascade simulation. It can be
seen that (7) gives an excellent estimation of the resonant frequencies
of trapped TE30 modes.

5. CONCLUSION

The phase of the reflection coefficient at the cut-off point of TE10 mode
in a gentle rectangular downtaper has been verified to be +90◦ within
a reasonably good approximation, through both the experiment and
computer simulation. The +90◦ phase shift at the cut-off point has to
be taken into account in the estimation of the resonant frequencies of
spurious trapped modes in microwave resonant structures.
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