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Abstract—In this paper, the electromagnetic field of a horizontal
electric dipole buried in a four-layered region is treated in detail. The
region of interest consists of a perfect conductor, coated with the two-
layered dielectrics under the air. Because of existing multi-reflections,
the final representations of the six field components are much more
complex. It is noted that the trapped surface wave and the lateral
wave along the boundary between the air and the upper dielectric layer
and those along the boundary between the two dielectric layers are
included. Analysis and computations have some practical applications
in microstrip antenna with super substrate.

1. INTRODUCTION

Almost a century ago, the electromagnetic field radiated by a dipole
source in the planar boundary between two different media was
first investigated by Sommerfeld [1]. The subsequent works on the
electromagnetic field of a dipole source in stratified media have been
carried out by many researchers, especially Wait and King [2-20]. In
the pioneering works by Wait, detailed analysis was carried out on the
electromagnetic field in stratified media by using asymptotic methods,
contour integration, and branch cuts [2-5]. In a series works by King
et al. the completed formulas for the electromagnetic fields due to
horizontal and vertical electric dipoles in the two- and three-layered
media were derived and computed [8-13]. Lately, the dyadic Green’s
function technique is used to examine the electromagnetic field in a
four-layered forest environment [14-16].

In the late 1990’s, the controversies concerning existence or
nonexistence of the trapped surface wave for the electromagnetic field
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of a dipole in a three-layered region had continued for several years
and rekindled several investigators to revisit the problem [17-24]. In
recent works on this problem, it is concluded that the trapped surface
wave, which varies as p~1/2 along the planar surface in the far-field
region, can be excited efficiently by vertical or horizontal electric dipole
in the presence of a three-layered region [21-24]. Naturally, similar
works are carried out on the electromagnetic field radiated by a vertical
or horizontal electric dipole in the presences of a four-layered region
[25,26]. The details of recent research findings on the electromagnetic
field in three- and four-layered regions are summarized in the book by
Li [27].

If both a dipole and the observation point are buried in a four-
layered region, because of existing multi-reflections, the problem is in
general more complex. In the proceeding work, the electromagnetic
field of a vertical electric dipole buried in a four-layered region was
treated [29]. In what follows, we will attempt to outline the completed
formulas of the electromagnetic field radiated by a horizontal electric
dipole buried in a four-layered region.

2. ELECTROMAGNETIC FIELD OF A HORIZONTAL
ELECTRIC DIPOLE BURIED IN A FOUR-LAYERED
REGION

The relevant geometry and Cartesian coordinate system are shown in
Fig. 1, where a horizontal electric dipole located at (0,0,d) in the
upper dielectric layer. Region 0 (z > [;) is the space above the
upper dielectric layer with the air characterized by permeability g
and uniform permittivity €9, Region 1 (0 < z < [;) is the upper
dielectric layer characterized by permeability pg, relative permittivity
er1, and conductivity o1, Region 2 (—ls < z < 0) is the lower dielectric
layer characterized by permeability pg, relative permittivity .2, and
conductivity o2, and Region 3 (z < —l2) is the rest space occupied by a
perfect conductor. Then, the wave numbers in the four-layered region
are

ko = wy/Hogo (1)
ki = w\/uo (€0erj +ioj/w);  j=1,2 (2)
kg — OQ. (3)

Because of k3 — o0, it is seen that the surface impedance 13 = 0.
For mathematical convenience, it is necessary to define the reflection
coefficients RIM and RIM of electric-type (TM) wave in Region 1,
which represents the reflections from the boundary between Regions 0
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Figure 1. Geometry of a horizontal electric dipole buried in a four-
layered region.

and 1 and the boundary between Regions 1 and 2. Correspondingly, we
also define the reflection coefficients RI and RIFE of magnetic-type

(TE) wave from the two boundarys. Let k;, = A and k;, = \/kiz —\2 =

v, we have

eok1. — e1ko- _fm —E1% _ Kk (4)

RIM _
01 - k k'
eok1z +e1ko: €01 +E1v0 ,7%-1-%

71
+ z tan Yalo
k2
Ryt = 1 z—tan l (5)
k% k% Y2t2
Y0 — N
R = 2= 6
o Yo + M (6)
+ 771 tan yol
RQTlE _ .’71 2 2 (7)
Y2 — i1 tan yalo
Obviously, the reflected field includes the waves in the directions +2
and —Z. Considering multiply reflection, the reflection coefficients in

the direction +:2 is written in the forms

ﬂ_m
+z tan'yglz - 22 ol —H 3 2 tanyalo
R S— _Wliw im1 (20 )77
T k—%—z tan yalo k—% ka k—%—z tan yalo
pTM — — (8)
2 k2 +z tan'yglg
1— 1 2 i2y11
7—1-4-7 "%71 12 tan'yglze
2T
k2 Tk KT k3

Y2+iy1 tanyalo eimd _ 20— 4im (201 —d) y2tim1 tanyolo
pTE _ 22=in tan yalo Yo+71 Y2—iv1 tan ya2lz (9)
_ Jo—m1 yetim tanyals ei2vih :
Yo+y1 Y2—iy1 tanyalz

Similarly, the reflection coefficients in the direction —Z is written in
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the forms
2100 LI,& 71 +1 2 tanyal
7732 . 2 2 Y202
’f{l 50 6171(2l1—d) . k} 0 171(2l1+d) 1
1 Q
J1.70 J14 00 5 —i 2tan'yglg
QTM . k2 " K2 k2 K2 k2 k3 (10)
o g 142 5 tan a2l
1 k2 k(2) k2 k2 ei2’yll1
1?1"';70 ;% tanvglz

20=M pimi(2h—d) _ J0=m 171(211+d)72+1717m7212
QTE Jo+7 € Yo+ © Y2 —171 tan yala (11)
1 — Yo—m yetiyitanyala iyl )
Yo+7y1 Y2—iv1 tanyal2
From (4.7.19) in the book by Kong [29], the integrated formulas for
FE1, and Hp, can be expressed in the following forms.

B — 87;81 /+°° [eﬂl\zfdl 4 pTMgimz _ QTM€2'71(2llfz)}

< HD (Ap) cos gpA2dA; 0= gf d (12)
Hy, — 87:'% /+°° [em|z—d| _|_PTE€i713_|_QTEez’~/1(2l1—z)}

x HY (Ap) sin pAZdA. (13)

By using the relations in (4.7.9) and (4.7.10) in the book by Kong [29],
the rest four field components can be obtained readily. We write

By, = 8cosqb oo Y [eimzﬂq _’_PTMei'ylz_i_QTMei'yl(ﬂlfz)}
TWEL
X [)\H(l)()\p) - _1H(1)()\p)] A
w,uo COS¢/ — wl|z d| —|—PTE Z'ylz QTEei')q(Qll—z)]
< HY (Ap)dA 14
1 p) (14)
E1¢ _ _ WHo Sln¢/ — z'yl\z d| —I—PTE 1712+QTE i1 (2L — z)]

x Y () - p—lH{”up)] dA

sin ¢ oo " [em|z_d\ 4 pTMgimz 4 QTMem(zll—z)]
8rwelp

x HY (Ap)dA (15)
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Hy, — sing [ |::Fei71|Z7d| _ pTE im= _i_QTEei'yl(2llfz)}
8T J_ o
x A ) = p7 (1) ()]
_sing [ |:e7jfyl|z—d| 4 pTMgim= _ QTMri'y1(2l1—z)}
8P J o
1 0<2z<d
x H{Y (Ap)dX; ity (16)
H1¢ _ C(;S 525 |:ez'fyl|z—d| + PTMeiMZ o QTMeiyl(Qll—z)}
™ —00
XPE@Mm—p”HpQM<ﬂ
cos¢p [ [e’i’}’l|z*d\ _ pTBgim= QTEei'n(lefz)}
8mp J oo
1 0<2<d
< H{ (Ap)dX: i (17)

It is convenient to express the above formulas of the six field
components in the following forms.

By, = By + E{2) + E{) (18)
By = B\ + EY) + BJ) (19)
Ei. = B} + B + Ef) (20)
Hi, = Hy) + H{ + H) (21)
iy = HY + 1 + 0 )
Hy.=HY+H? +HY (23)
where
E&) __cosg > |:ei~/1|z—d\ +PTM6i71z+QTM6i71(2l1—z)]
8rwel J_oo
x HEY (Ap)yiAdA (24)
Eg) _ _cosp * |:ei'yl\zfd|+PTMei712+QTMei71(2l17z)]
8rweip J_o
x HY (A\p)y1dr (25)
Eﬁ) _ _‘WQ;ZS@/Z [ei'yl\zfd\ _i_PTEei'ylz_i_QTEei'yl(lefz)}

< H{D (Ap)yy tdA (26)



252

1
Ey)

Lu et al.

sing [ {eml\zﬁq | pTMimz= +QTMeiw1(2llfz)}
8rweip J_o

x HY (Ap)yrdA (27)

_Wposing [ {ei’ﬂ\z—d\ + pTEgim=z 4 QTEeml(%_z)}
8 oo

x HY () ' Ad (28)

W o Sin(b © |:€i'71|'z_d| + PTEei')qz + QTEei71(2l1—Z):|
8mp ) oo

xH{Y (\p)yi ' dA (29)
SiHQﬁ 0 |::F€i71|2—d| _ PTEeimz + QTEei'y1(2l1—z)]
8T J_ s
1 0<z<d
x HY (Ap)AdA; dss (30)
_sing [ [:Femlﬁd‘ _ pTBgim= QTEem(zlrz)}
8mp J o
1 0 < z< d
x H{ (Ap)d: PSRN G
_Sin¢ o0 [iei"lllz_d‘ + PTMeiqqz _ QTMei’yl(Qll—Z):|
87p J -0
1 0<z<d
x H{Y (Ap)d); FISNC)
cosp [ {:Fei’n'Zid' _ pTEgim= QTEem(mrz)}
8mp J o
1 0 <z < d
x H{ (Ap)d: PSRN G
cos¢p [ [ie”llz_cu 4 pTMgimz _ QTMeim(Qll—z)}
8T J_
0<2<d
x HY (Ap)AdA; dss (34)
_cosg [ [ie”ﬂz’d‘ | pTMim=z _ QTMem(mrz)]
8mp J oo
1 0 <z< d
x H{ (Ap)d: PSRN G
1C0SP [0 iile—dy2 1 (D) . 0=<z<d
Srwes ) +e'M AN H{ 7 (Ap)dA; d<2 (36)
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(2) _ icosg [ pTM mz)\2H(1) Ap)d)\
Elz 87Tu)51 € 1 ( p) (37)
(@) _ €08 [ rar im(en-2) 32D 3 )
By, = 87rw€1/ O e v o
alY) = B2 [" ezt p)ay (3)
™ —oo
HY = B [ PR H G (40)

Hl(;z) _ ZSIH¢/ QTE i1 (20— Z))\ 1H1( )(Ap)d)\ (41)

By now, it is found that the integrated formulas of the electric and
magnetic field components in the directions of p and gZ; are still quite
complex. In order to evaluate those integrals, it is necessary to divide
those integrals into the electric-type terms and magnetic-type terms.
We have

EY) = EQY + ELY + B (42)
EY) = E(2 Yy E( 24 E(2 3 (43)
EY) = E(3 Yy E( 24 E(3 3 (44)
B = E(l o E( 2) E<1 ) (45)
EY) = E(2 Yy E<2 24 E(2 9 (46)
EY) = E(3 D BEY E(3 9 (47)
H{ = H( Yy H(“) +H(1 %) (48)
B = H( Yy H(2 2 +H(2 ) (49)
e - H<3 Yy H(3 2y H(3 3 (50)
HY) = H(l Yy H(l 2y H(1 9 (51)
B = B )+H(22) +H(23) (52)
HE) = pr Vw13 4 HE (53)
where
B = 00 [T ket gD 0gan 6
B = S0 [T e g0y ) (55)

1o 8mweqp
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H(371)

H(371)

o)

3,2
Y

T 8mp )

wocos P [ a1 .1
=gt [ e

sin ¢ > vt 2—d] 1)
iz H,” (\p)dX
8rwe1p _Ooe Y H ()

_WHosmO / el B (Ap)dA
Ry . 1 Ho

wposing [

= mei%‘Z*dw;lﬂl(l)(Ap)dA
%j) : sl gy 0 ;f d
_s;j _Z Fenl==d 7 (3 p)dx; 0 5 25 d
_S;I;:f _Ziemz_lel(l)(Ap)d/\; Og;fd
c;j;;ﬁ Z Fem == 7 (3 p)dx; 0 %;E d
_C(;rqﬁ _C: :l:ei'yl\z—db\Hél)()\p)d)\; 0 3 ;E d
_C;:b _Z :l:ei'yl\z—d|H1(1)()\p)d)\; 0 3 ;f d

871'&)81 — o0

(e}
cos¢/ QM e h=2) xy 7D (Ap)dA

8mweq
cos ¢

/ PTMeimzq 77O (\p)dA
8rwep J_o

cos ¢ QTMem =2y HW (\p)dA

8mwerp J_ o
Sin ¢ /00 PTMemZ’YlH(l)()\P)d)\
8mwerp J_o 1
sin ¢
8rwep J_o
sing [°

QTMeiyl (QZI_Z)'YIH{I) ()\p)d)\

PR
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3,3
pr )

HZ
HEY
a3
HEY
EPY
ERY
EZY
EZY
ES
HY
Y
Y
HZY

(1,2)
H1¢

1,3
Y =

cos ¢
8
_ cos o /OO QTMeiw(?ll_z)Hél) (Ap)AdA
87T —00
_ cos o [

8mp J_wo
COS¢/ QTM€i71(2ll—Z)H£1)()\p)d)\

/ PTMemzH(g )()\p))\d)\

PT™em=g (1 ()\p)dx

8mp
00

S / PTEeM 2y HY (Ap)dA
7Tp —00

_WHocos$ / T QTEm =241 D (3 )
87 » 1 11
_LHoSIG [ B ey (D) gy
. - 1 0
_M /oo QTEez‘vl(?h—z))W*lH(l)d)\
o - 1 0
wppsing [ 12— 1
ot /_ PRy LHM (Ap)dA

whosin ¢ / T QUEH =1 g1 (A
871'/) —00 1 1

. o0 .
,Sg;f PTE€271Z)\H(§1)()\p)d>\
sin ¢

n / QTEem@h=2) gV (3 ) \dA

sin ¢ / PTEei'ylefl)()\p)dA

8mp
_ sin ¢

e / QTEemh=2) g () )dA

Cos ¢

_ > PTE ivle(l) Ao)d)\
8o /_Oo e 1 (Ap)

cos ¢ / QTEem(Qll*z)Hfl)()\p)dA

8mp

255
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It is seen that (36), (39), and (54)—(65) represent the direct
incident wave. They have been evaluated in the book by King, Owens,
and Wu. The integrals in (37), (38), and (66)—(77) involving Q7 and
PTM are defined as the terms of electric type. The integrals in (40),
(41), and (78)—(89) involving QTF and PTF are defined as the terms
of magnetic type. Next, we will attempt to evaluate the integrals in
the electric-type and magnetic-type terms.

3. EVALUATION FOR THE ELECTRIC-TYPE FIELD

(1 2)

In this section, we will evaluate the electric-type integral £ In

(1,2)

order to evaluate the integral £}/, it is necessary to shift the contour
around the branch lines at A = kg, A = k1, and A = k2. The next main
tasks are to determine the poles and to evaluate the integrations along
the branch lines at A = kg, A = k1, and \ = k. First, we will examine
the pole equation of the electric-type field. It is

2
fTM()\) = % — ZZ;ZE tan yaly — i% tany;ly
0r1 1Ry 1
—Zgzg tan 1y tan yalo = 0. (90)

Comparing with the electric-type pole equation of the four-layered
cases as addressed in [25-28], it is seen that (90) is same as that
addressed in [25-28]. It had been known that the poles may exist
in the rang of kg < A < ky. The poles can be determined by using
Newton’s iteration method. Then, we have

1,2) zcosgb . s
BY = — ZP )e M N X g (N Hi Y (Xip)
wep =

_cosé PTM ez, 1D (\p)dA (91)

8TWEL Jo4T 141
where
y1 cosyid Y1 tanvyili sinyid ~ -yotanyily cosyd -y sinyi1d
prMpy - B L
[fTMN))
: <k2 + Zﬁ tan 72l2> (92)

where A7p is the poles of electric-type wave, and | FTM(N)] is written
in the form

A Y1, 0 iA (2 7
TM /
MN=-—-—=s—+—]+ t Ih+ Lt l
] kgk? <’YO 71) k2k2< SRR T, e
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i\
+7115 sec? 72l2> k4 (2 tanyily + v1l1 sec 'ylll)

A (2
+-575 tan Y111 tan vsls —|— 20 tan ~v1l1 tan sl
k k‘2 Y2

707211
il

F)/n()\;kE) = \/ k2 )\*]E7 n= 07 17 2. (94)

Next, it is necessary to evaluate the integrals along the branch lines at
A= ko, A = k1, and A = ko. It is easily proved that the integrations
along the branch line A = ks is zero for the integrals in (91). Subject
to the conditions of the far-field of kgp and z + d < p, it is seen that
the dominant contributions of the integrations along the branch lines
at A = kp and A = k; come from the vicinity of kg and that of kq,
respectively. First we will treat the integral along the branch line at
A= k1. Let A = k1 (1 +i72), at the vicinity of k1, the following values
are approximated as

5
Hfl)()\p) S Wklpel(k‘lp*%ﬂ .o kipr? (95)

+

sec? v11y tan yals + Yolo tan 11 sec? fyglz> (93)

=k = A2~ kel iTV2r (96)
Yo = \/k2 A2~ Z\/k2 kg = o1 (97)
’)’2:\//{%—)\2%\/]&‘%—/{%:721. (98)

Considering the case of interest that both [; and [y are not very
large, we arrive at the following approximations.

cosyid~ 1; sinyid~yid; tanvyily ~ yl;. (99)
Neglecting the high-order terms of v;, the reflection coefficient PTM ig
simplified as

P™ = (7 + Ap)Bp (100)

where

k '7r
Apt = ———e i) tan Yol (101)

NCTE

\/E (k12 70111 + z“/md) ei%w
B, — (102)
pl .
. l !
k ( o1 _ ;021 tany21le _ o121l tan 2112>
k2k? K2KZ K2 k2 i
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Considering the condition p > z, we find

zklz
~ e

zk1p+ 2

Pt a, (103)

5
67.177

With the change of variable 7 = N t, and use is made of the

following integrals,

&0 1
/ e ’dy = =, /T (104)
0 2 a
* 2 —ax? 1 ™
rée Wdr = — [ — (105)
0 da '\ a

the evaluation along the branch line A = k; for the integral in (91) can
be obtained readily. We write
L= — 89 [ prMgimeya, 5O (3p)dn
871'(4(}51 Iy
2
_ cos OBp1k] RN 1 Ay + 3z Giim
2mwep 2k1p V2p

=+ 2\/§p3€ 4 4 27/)214171 . (106)

Similarly, the integral in (91) along the branch line A = kg can
also be evaluated by using the same manner. Let A = ko(1 + i72), at
the vicinity of kg, the following values are approximated as

Yo = k2 — A2~ koe'i™V/27 (107)
N o=k =X~k —k§ = mo (108)

Yo = \/k3 =A% = \/k3 -k = 700. (109)

Then, the reflection coefficient PT™ can be expressed as follows:

P _ ¢ <1+ By2 ) (110)

T—Ap

where

<710 —H'm tan ’YQ()ZQ) (tan y10l1 cos y10d—sin y10d)
Cr = 'YlO ’Yzo (111)

ka - T2 tan ’71011 tan ’72012

7;8220 tan yoolo + Z tan Y101

= (112)

7\/5501 (71320 = > tan 71011 tan 72012>
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710 cos y10d + tan ~1ol1 sin y10d
By = App + i (113)
\fe 1 (tan ’yloll cos y10d — siny1od)

Then, the integral in (91) along the branch line A = ko can be evaluated
readily. We write
I = —£80 [ pray g ()
8rwer Jr,

2
= —COS(Z)kOCHsz’ho 2 eiMozgilkopt+)
2mweq wkop
1
[ ]: +z—A e koPAT orfe (1/—/€0pA22>:| (114)
0p

Combined with (91), (106) and (114), we have

1,2) ZCOS¢ i1 (A5 5) 2y % * 1 *
By = = Z PIM (5 )™ 7 g (X5 ) HG (X)

+COS¢ p1k1 eikl /p2+z2 1 A 3z éﬂ-
2TweLp 2k1p \fp

+ 723 et 4 ﬁA
2\/§p3 2p2 pl
k3 [ 2 s ikt
_C2()S¢ 0 CprQ")’lO ezylozez(kop-l—z)
TWEL wkop
1
X [ 1/}; +Z—A o R0PADS o fe (\/k:opA?ﬂ)] . (115)

With the similar method, the rest terms can also be evaluated readily.

ZCOS z 2) \ * * *
ES)B) = ¢ZQ NGp) R )>\ 7 ( jE)H(gl)(AjEp)

cos ¢ , 2
+ Bqlk%ezkl p%2+(201—2)

2mwep
1 [3(2 — 2)3¢i1™ }
X + A
{lep [ V2p o
N [(211 —2)3e"E . i(20y — z)QAql] }
2v/2p3 22

_cosg — (9B 27?0’710\/ 2 emohi=2)gilkopt3)
drweq wkop
X [1 [— Fop +imAgpe” koPAGz erfe (w / —k:opAgQ) ] (116)
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1COS ¢ * 3\ im(Aig)z * *
52 _ S PN ) e iRy (V) HY Y (X )

.5 -5
36117 1 eta™ 4y i22
X —+ A —+ | —+A —
[( Vp pl) ki (ﬁﬂ ,,1> p]
—l-COSqSkW)C1Bp2\/T€MIOZei(kOPD
dmwep mhop
y szJr im A e 0P 220 (W) ] (117)

2.3 1cos ¢ i » N
£l = e SO O 0 Y 4
i cosd) (201 —2)2

s .
y [ \/; ©irApe kopAﬂerfC<\/mﬂ (118)

(1,2) _ ising TM v+ N\ im(Aig)z ¥ (1) /\*
FE = P, \E E < VHY (O
1¢ 4w51pzj: 1 Agp)eEEN (A Hy (Ajep)

o
+SiMbkM)C1Bp2\/Tehmzei(kopz)
dwelp wkop
" [\/;ﬂm 2 h0r P?effC(\/MH o
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(1,3) i 8in ¢ z i) (2lhi—2) * (1) (y*
Elqb 4w51pZQ (s "V mNjp) H T (Ajgp)
ising i I
drrwey p?
5

+
)
drwelp mkop
) { \/zp i Aqu_kopAgZerfcwm)} (120)

3.2 isin¢ * 7 * )z 1 *
Hy? = —2p 8 P () 58 D (3 o)

sin ¢ T ik 2+ 22 1 iz
(L i)
8mp3 F V2k1 V2

smqb 2 o m
T Oy Book 7102 pi(kop—7F)
smp PN\ TS O
4 —kopA 2
[, [— Fop + i Appe” 0P pzerfc< —k:opAﬂﬂ (121)

1 sin i (A — *
" = ¢ Z QTM (X;)e M ip)Ch =2 (D (x5, )
sin ¢ Bye— it etk1V/o?+(2h—2)?
8mp3 1
1 (20 — 2)? 5
% + "1™ (211 — 2)Ap
<\[k1 V2p !

sm¢ 2 —z) Ji(kop—=
8 Cy q2k0\/k>0pe’ho(2h )6(0/’ )
. — A2
W:p imige e (yhod)| a2

) - oS ¢ Z 2NN B (A2 )
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cos ¢k S o ( 1 iz >
+ B, €Z etk p*+z A eZ47rzA
8mp? NCTNGT,

smqb 2 .
8 CprQkO \/Tope Y10 e (k0p+4)
T e .
X [\/;‘1‘171'14 ge” 0P p2erfc< —kopAm)] (123)

2,3 1Cos @ e O (2o b
" = - 4 3 QTM (N )M NI Ch = D (X2 )
_ cos ¢k1B LiT ik v/ (2L =)
8rp2 ¢
1 (20 — 2)? :
X <\[k1 + Z( \IEPZ) + EZ%W(2Z1 . Z)A(ﬂ)

smqb 2 . Ny .
L . _kOpA22 — 2
g [\/; imAge T erie (W)} (124)

3,2 i cos ¢ ) D) g
H£¢ : = = 87p ZPTM iy ( iB) H£ )()‘jEp)

J

cos ¢ o 1 is2
———B,€ vgetM petz < +7—|—€Z4WZA >
smpt V2ki  V2p

cosqﬁ 2 o
C1 B2k iv102 i(kop—T)
8 1DPp2h0 ﬂ_kope e 1
X [\/;+Z77Ap2e opAerrfC< —kOpAI%Q)] (125)

3,3 cos ¢ i L
LY = S 05
+;OS¢B o1 pik1y/ PP+ (20 —2)?
1 (2l1 - 2)2 5
X + + el (20 — 2) Ay
<\/ 2k1 V2p g

cosqﬁ 2 —2) gilkop—7
T8 2 q2k°me710(211 eilkor=3)
. A
y [ \/;p ©imAgpetor qzerfc< —kopAgz)} (126)
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cos ¢ * i * *
B = = D P ) e (N P ()

1COSQP o 3T ki) p? 122 1 iz’ i3
+————ki{Bpe "1™V, — + +e'1Tz A,
e V2k1  V2p :

icos¢ 5 2 i(kop—73)
k0B _ = o0z t(kop
+87Tw€1 01 1)2\/;00e ‘ '
y [\/zp”mﬂe KoPAZ o g (\/MH (127)

B = S QI ()5 (121D )

dwe !
LSO pap itV
8rplwey 1+ F
1 i(20 — 2)% | s >
% + +e'1™(21 — 2)A
<\@k1 V2p . HAa

icos¢ 5 2 o@h—2) i(kop—T)
o k2CH B Y10(4l1 0P
8mweq 02 qQ\/;e ¢ ’
A2 2
X [1 [ — Fop +imApe” koPAgs arfe (\/m)] (128)

where
TM()\) <k2 cosyid — sm’yldtanwlg) (1 —itanyply)
1
[fTMN)]
At 70)
(2w (129)
(5%
o1
A== (130)
vatnigh (3 + )
. N (k%erz%ll) (é_%)
_ 131
al o1 ’721 tan l (7 _ 'YOlll> ( )
k2k2 ’721 2 1 k2
. (716120 COS'YlOd = Sm’YlOdtan'hOlZ)( —itanyiol1)
- _ 132
2 '2120 720 tan ’710[1 tan ’72012 ( )
710 tanyiol1 + 7,18230 tan yo0l2
Aq2 172 (133)

\fkoe (k?,gz — w5 tanyioly tan’720l2)
o™l 02
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ko _izz710
BqQZAqQ - Ee k;2 (134)

4. EVALUATION FOR THE MAGNETIC-TYPE FIELD
(3.2)

As an example, ) p

evaluate ES)’Q), we shift the contour around the branch lines at A = kg,
A = k1, and A = ko. Next, it is necessary to determine the poles and
to evaluate the integrations along the branch lines at A = kg, A = kq,
and A\ = ky. The pole equation of the magnetic-type terms is written
in the following form.

is chosen to be evaluated specifically. In order to

FTE(N) = 792 — iy0y2 tany1ly — y071 tan yala
—7% tan 11 tan yalo = 0. (135)
Clearly, the poles may exist in the range of kg < A < ko, and ky is

a removable pole. The poles can be determined by using Newton’s
iteration method. Then, we have

3.2 1wl COS ¢ * Vi (Nip)z . —1 0y x Dix
EYY = —TZPFE(AjB)e N () HY Y (A )
_wHocos@ PTEemea D (Mp)dh (136)
8mp To+T+T

where A7 is the pole of magnetic-type wave.

+ 77y1 tan sl .
PIE() = BB RE () cosyid + v tan yil sinyid

FTEN]
—i7yp tany1ly cosy1d + iy siny1d) (137)
[fTE()\)}/ = ):312 — ):;21 +1 ):YO tan -yl + Z)\WZ tany1l;
+i’7072)\l1
M

Al
4 YoY1AL2
72

A A
sec? Yl1 + Zl tan yalo + lﬂ tan yalo
70 ga!

sec? Yolo + 2 tan 111 tan sl

tan y11; sec? yals (138)

2\
+y1 Al sec? Y111 tan yala+ AR

Y2
mNjp) = \kn—Ni5% i =0,1,2. (139)

Similar to the case of the electric-type terms, it is seen that the
integration along the branch line A = ko is zero. It is necessary to
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evaluate the integrations along the branch lines A = kg and . We first
exam the integration along the branch line A = k; in (136). Then, we
write

PTF = (T + Ap3) Bps (140)
where
721
Az = - (141)
P Z'\/gk?lez%r tan721l2
-3
iV 2k1e'aT ¢ Io(1 — ivyp1l ivo1d
By = iv/2kye's an y21la( Y01t1 + 2701 ) (142)

Y21 — 1701721l — 01 tan y21lo
Subject to kop > 1 and z + d < p, we have

I = ~2CSP [ prEgnz —L ) (3 p)ax

8tp  Jr,

.5
W COS ¢ in/2g22 [ €472
g WBpgez 1V p -tz ( \/ip + Ap3> . (143)

Next, we exam the integration along the branch line A = kg in
(136). Then, PT¥ is expressed as follows:

B
PTE — ¢y <1+ e > (144)
T — Ap4
where
_ (tan~y10l1 cos y10d — siny1od) (20 + iv10 tan y2ol2)

Cy = (145)

Y20 tan y10l1 + 10 tan y2ol2

2
10720 — V3o tan yiol1 tan yopla

Apy = — 070 ~ Yo tany g (146)

iv/2koe ™ (90 tan y10l1 + Y10 tan yaola)

cosy1od + tan vy1ol1 siny10d

Bp4 _ Ap4—i— 710 710 710 Y10l1 Y10 (147)

—iﬁkoei%“(tan ~10l1 cos y10d — siny10d) '
Similarly, we have
Wiy COS @

I, = _LHOCOS? PTEemlz'yle(l)()\p)d)\
S0, 1 Hy

2 ™
_ W Cos ¢kOC3Bp4 el(’YlOZ-i-k‘op—Z)
4mpy10 V mkop
Ny i iwAp4efk°pA§4erfc <, / —kopA24) . (148)
kop P
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With (136), (143), and (148), the final expression of ES;Q) is written
in the following form.

3,2 Wi COS o (At )z —1 1)\
B = = DA ) i () HY (4 )

5
W COS ¢ hin o2z [ €47z
—————Bp3e™V? A
k7 P vap

R

41 py10 mkop

) [ \/kTerA e Merfcwm)]. (149)
0P

With similar manner, the rest terms of the magnetic-type field
components wave can be derived readily. We write

zw,uo COS(Z’Z QTE()\;B) z’Yl( Ap)(@2h— Z)H(l)()\* )
N (Ap)

Wko COS ¢ ik1y/p?+(2l1—2)2 | € ST (2 - )
B K1\ P 1 A
T hmhp? D0 Ve

_wuoCOS¢kOC4Bq4 [ 2 cim0(2h—2) yi(kop—T)
47 py10 Tkop
T 2
J— FimAgge RorAa orfe ( \/ —kopAgs? 150
X [ k0p+m e erC< 0pAqa (150)

, iwpg sin @ . s ok .
Eff) = _404 ZPITE()‘J' Je 71(Ajp)% \x oy L jB)H(l)( “5)

3,3
BB =

dmp V2p

iwpoSin g 5 [ 2 i(vi0z+kop—T)
_ k B Y10 0P
4710 0CsBp 7T]<?op6 '
X [, / ]: +imApse —kopApa® orfe (\/—kopApf)] (151)
0p
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Vl()\}(B)

. . 5
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dmp V2p

iwposing 5 [ 2 ie@h—2) ilkop—T)
_ k204 B Y10(2h 0p
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iwp sin * O\ iy (A —2) =1 \x *
263 _ MZQ{E(AJB)NMW”% Iy s HYY ()

 wpig sin QSB Jeihn /Pl —2)? [@iiﬂ(Qll —2) .
q q

Arkyp? V2p

L NN 4\ﬁemo<%—z>ei<kop—:>
4mpyio PV whop
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sin ¢k Bezzezkl p2+(2l1—2)2
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1 i(2l — 2)2 s
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1,3 i COS ¢ w \im(Vig)z (1) yx
Y = SEOS QP ) i ) (X )
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8mp?
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where
TE i(v1—70)(1—itanyil1) (y1tan yala cos y1d+y2 sin y1d)
) = 163
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(1 — i tanvyp1l1) (10 tan yapla cos y10d + Y20 sin y10d)

Cy= (166)
Y10 tan y20l2 + 20 tany1oly
10720 — Vi tan yiolt tan yaols
e (167
iv/2koe" 1™ (y10 tan yaola + Y20 tanyiolh)
By =Agg — — 10 (168)

ﬂkoei%”
5. FINAL FORMULAS FOR THE FIELD COMPONENTS

With the above results and those for the direct field addressed in
the book by King, Owens, and Wu [8], the final formulas for the six
components of the electromagnetic field can be obtained readily. The
completed formulas of the vertical electric field Eq.(p, ¢, z) and the
vertical magnetic field Hi,(p, ¢, z) can be expressed as follows:

j . —d k2 3ik 3
Fr = 0 o (f) <zr ) <—1 -+ 3>
1 1 1 T1 U Ut

cosgb ki * *
Z PIM (X p)e 157 () HEY (Vo)
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T hoer ZQ R ()2 HY (N )
+Mk23 e_iZeikl\/m< L —%—7122 +€Z4WZA >
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X [1 / Fop +imAgpe” 0P a2erfc (,/ kgpAq2>] (169)
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Evidently, the completed formulas for the rest four components can
also be written directly. In this paper, those formulas not listed one

by one.

| E,,|in V/m

0 100 200 . 300 400 500
pinm

Figure 2. Vertical electric field Ey,(p,0,2) in V/m at kily = kaly =
0.5 with f =100 MHz, €,; = 2.65, ¢,y =4, and z =d = 0m.
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Figure 3. Vertical electric field Ey,(p,0,2) in V/m at kily = kalo =
1.5 with f = 100 MHz, ¢,1 = 2.65, 6,1 =4, and z=d =0m.
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Figure 4. Vertical electric field E,(p,0,2) in V/m at kid = 0.3 and
klz:0.4 with f: 100 MHZ, Erl :2.65, Erl :4, and klll :kglg =1.5.
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Figure 5. Vertical electric field Ey,(p,0, 2) in V/m at kid = 1.2 and
kzlz: 1.4 with f: 100 MHZ, Erl :265, Erl :4, and ]{21[1 :]{ZQZQ =1.5.

6. COMPUTATION AND CONCLUSION

For the trapped surface waves, both the wave numbers X’ and )\;f p are
in the range from kg to k2. When both )\;f p and )\; p are in the range



Progress In Electromagnetics Research B, Vol. 16, 2009 273

from ko to ki, both y1(Aig) = /kf — Xip% and v (Nip) = /K] — Al

are positive real numbers, that is to say, the trapped surface waves
along the boundaries z = 0 and z = [; have not an attenuated factor
in the 2 direction. When both )\;E and )\;‘-B are in the range from

Bi to ka, both 1(Xip) = iy/X5p% — kF and yi(Xjg) = iy/A7,% — K

are positive imagine numbers. The trapped surface waves attenuates

. —\/Ajp2—k2z : .
exponentially as e 3B 71" along the boundary z = 0 in the 2

direction and attenuates exponentially as e V Xjp® —ki(2h—-2) along the
boundary z = [y in the Z direction. In this paper, both the poles )\;E of
electric type and the poles )\; p can be determined by using Newton’s
iteration method.

The lateral wave consists of two parts. The first lateral wave
propagates in Region 0 along the boundary z = I; between Regions 0
and 1 with the wave number ky. The second lateral wave propagates
in Region 1 along the boundary z = 0 between Regions 1 and 2 with
the wave number k.

With f = 100MHz, ¢, = 2.65, €¢,1 = 4, and 2z = d = Om, for
vertical electric field Ey,(p, 0, z), the total field, the terms of direct wave
and lateral wave, and the trapped-surface-wave term are computed
at kili = kolo = 0.5 and kil = kolo = 1.5 shown in Figs. 2 and
3, respectively. With f = 100MHz, ¢,y = 2.65, ¢,1 = 4, and
kily = kolo = 1.5, the corresponding results are computed at k1d = 0.3,
kiz = 0.4 and k1d = 1.2 and k1z = 1.4 and shown in Figs. 4 and 5,
respectively. It is noted that, because of multi-reflections, the term
of the ideal reflected wave cannot be separated to the lateral-wave
terms. The results obtained may have useful practical applications in
microstrip antenna with super substrate.
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