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Abstract—The dispersive behaviour of an artificial Transmission Line
is investigated demonstrating the existence of a negative group velocity
region. More specifically, the propagation of amplitude modulated
signals in a microstrip line coupled with Split Ring Resonators is
analyzed, investigating the influence of the propagating pulse shape
on the possibility to observe a negative group delay.

1. INTRODUCTION

In recent years artificial media (metamaterials) have attracted
widespread interest; nowadays, their unusual properties have been
investigated in a large number of papers and several applications have
already been proposed.

Theoretical and experimental studies have been produced which
demonstrate that an appropriate design of these media allows to
achieve unusual dispersion characteristics such those corresponding
to backward or superluminal propagation [1–16]; this opens up
new perspectives for the so called ‘dispersion engineering’, i.e., the
engineering science dealing with “the design of new classes of materials
with novel and counterintuitive dispersive effects” [3].

In this paper we focus on the dispersion properties of a microstrip
line coupled with Split Ring Resonator (SRR); experimental and
numerical results demonstrate the existence of a negative group
velocity region which has been analytically investigated by studying
the propagation of amplitude modulated signals.

The paper is structured as follows: First, the superluminal
propagation phenomenon is briefly introduced in Section 2, then the
SRR particle is introduced in Section 3 and full-wave simulation and
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experimental results of an SRR-coupled microstrip line are given in
Section 3. Later on, Section 4 describes the analytical approach
adopted for the line dispersion analysis and Section 5 illustrates the
results obtained for the propagation of amplitude modulated signals.
Finally some conclusions are drawn in Section 6.

2. THE NEGATIVE GROUP VELOCITY PHENOMENON

We consider an effective homogeneous medium consisting in a
periodic structure made of N unit cells characterized by an effective
characteristic impedance, Zc,eff , and a per-unit cell propagation
constant γeff :

γeff = αeff + jβeff (1)

With reference to a small-bandwidth propagating signal, the following
velocities can be defined [23]:
• the phase velocity (vp), which is the propagation velocity of a

sinusoidal signal:
vp,eff =

ω

βeff
(2)

• the group velocity (vg), which is the velocity by which the peak of
a well-behaved wave packet travels:

vg,eff =
[
dβeff

dω

]−1

(3)

• the front velocity, which is defined as the velocity of propagation
of the signal switching-on instant;
The term superluminal refers to a propagation with a group

velocity negative or greater than the speed of light in vacuum (c),
whilst the propagation is defined backward when the phase and group
velocity are respectively negative and positive, so that the two vectors
are antiparallel.

As predicted in 1968 by Veselago [1] and after the pioneering
work of Smith [10] demonstrated by a large number of experimental
studies, backward propagation can be observed in Double Negative
(DNG) media, whilst more recently it has been demonstrated that
metamaterials supporting superluminal propagation can be also
designed [3–9, 11].

Particularly in [6] it has been experimentally demonstrated that
superluminal propagation can be observed in a DNG medium made
of alternating layers of wire arrays and SRR arrays, whilst in [7] a
periodically loaded transmission line has been proposed to achieve both
backward wave propagation and superluminal propagation.
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In the following it will be demonstrated that similar observations
can be also developed for an SRR-coupled microstrip line.

3. SPLIT RING RESONATOR-COUPLED MICROSTRIP
LINE

The SRR particle is shown in Figure 1(a); it is a strongly resonant
structure firstly proposed by Pendry [24] as elementary building block
of a medium with negative values of the magnetic permeability.

Nowadays this particle has been studied and experimentally
characterized extensively in the literature, demonstrating that an
array of SRRs on a dielectric substrate exhibits negative values of
the magnetic permeability around the SRR’s resonant frequency. The
corresponding effective magnetic permeability is given by [6, 10]:

µr ,eff (ω) =

(
1− ω2

pm − ω2
om

ω2 + jωΓm − ω2
om

)
(4)

where Γm is the magnetic damping constant, whilst ωpm and ωom

are respectively the SRR magnetic plasma and resonance frequencies.
They determine the frequency range in which the SRR array behaves
as an effective homogeneous medium with negative values of the

(a)

(b)

(c)

(d)

Figure 1. (a) Layout of the simulated 6 Split Ring Resonator
(SRR)-coupled microstrip line. (b) Photograph of the realized 12
SRR-coupled microstrip line. (c), (d) Comparison between the full-
wave simulation results achieved for the two analyzed structures:
transmission coefficient amplitude (c) and phase (d).
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magnetic permeability. The SRR resonant behaviour is excited by an
external time-varying magnetic field perpendicular to the ring surface,
inducing currents that produce a magnetic field that may either oppose
or enhance the incident field, thus resulting in positive or negative
effective permeability.

One of the recently proposed applications for the SRR particle
consists in the possibility to generate useful stop-band or pass-band
behaviours in conventional 3D or planar waveguide structures [12–23].
More specifically it has been demonstrated that a stop-band exists in
a SRR-coupled microstrip line near the particle resonance frequency.
In this paper we focus on the dispersion characteristics of this stop
band; it will be numerically and experimentally demonstrated that it
is characterized by negative values of the group velocity.

4. FULL-WAVE SIMULATION AND EXPERIMENTAL
RESULTS

The analysed structure is illustrated in Figures 1(a) and 1(b): the SRR
particle, which has been designed to have a resonance frequency (fris)
at 8.1 GHz, has been placed near a microstrip line. The magnetic field
associated to a current flow on the microstrip line is perpendicular
to the SRR surface, so that it excites the resonant behaviour. This
coupling mechanism generates a stop-band around the SRR resonance
frequency; indeed, at fris most of the energy supplied at the input
port of the microstrip line is stored in the SRRs and not delivered to
the output port [24]. Furthermore, by considering the SRR equivalent
circuit proposed by [25], the SRR-coupled microstrip line illustrated
in Figures 1(a) and 1(b) is equivalent to a microstrip line periodically
loaded with a lossy resonant circuit; consequently, according to the
discussion developed in [11], we expect also negative values of the group
velocity corresponding to this stop band.

Figures 1(c) and 1(d) show the full-wave simulation results
achieved respectively in the case of 6 and 12 SRRs symmetrically
placed near the microstrip line. More specifically simulations have
been performed with the tool Momentum (Advanced Design System-
Agilent) which is a full-wave planar simulator based on the Method
of Moments (MoM). According to our previous observations, from
Figures 1(c), (d) it can be noticed that the SRR-coupled microstrip
line exhibits a stop band. It is also evident that in this band the
transmission coefficient phase has a positive slope corresponding to a
negative group velocity behaviour.

In order to verify these results, a 12-SRR-coupled microstrip line
has been realized on a FR4 substrate (see Figure 1(b)):
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Figure 2. Comparison between the full-wave simulation results and
the experimental data obtained for the transmission coefficient of the
split ring resonator-coupled microstrip line illustrated in Figure 1(b).

εr = 3.7, h = 1.6mm, copper thickness = 0.017mm, (tgδ) =
0.0023.

Experimental results are reported in Figure 2.

5. DISPERSION ANALYSIS: METHOD FORMULATION
AND IMPLEMENTATION

We consider a two-port network consisting in a periodic structure made
of N unit cells characterized by an effective characteristic impedance,
Zc,eff and a per-unit cell propagation constant γeff :

γeff = αeff + jβeff (5)

By using the network scattering parameters the following medium
transfer function can be defined:

H (ω) = |H (ω)| exp {−jβeff N} = S21 (ω) (6)

Being S21 the network transmission coefficient.
Assuming that the signal at the input port of the network is a

time harmonic electric field amplitude modulated by a slowly varying
function A(t):

Ẽin (t, ω0) = Ein (t, ω0) û = A (t) cos (ω0t) û (7)

the signal time characteristic at the output port can be calculated as
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an inverse Fourier transformation (IFT ) [11, 22]:

Eout (t) = IFT {FT {Ein (t)}H (ω)}

=
1√
2π

2<e
{ +∞∫

0

FT {Ein (t)}S21 (ω)dω

}
(8)

where Eu(ω, ω0) is the Electric Field Fourier Transform (FT ), and the
Hermitian symmetry of Hd(ω)/S21(ω) has been used.

By discretizing the input signal and substituting the FT/IFT
with the Discrete Fourier Tranform (DFT )/Inverse Discrete Fourier
Tranform (IDFT ), (8) can be easily solved, provided that S21(ω) is
known.

In this paper, by using the measured S21 data of Figure 2, (8)
has been implemented with MATLAB and used to investigate the
reshaping experienced by a signal propagating in the SRR-coupled
microstrip line.

6. ANALYZED SIGNALS

According to a wide and rich discussion in the literature [26–34], in
this section we use (8) with the measured data of S21 to study the
propagation of the signal reported in (7) in the artificial TL described
in Section 3.

More specifically, the shapes of the propagating signal have been
fixed in order to investigate the assertions made in [31], where the NGV
phenomenon has been attributed to an asymmetrical energy absorption
from the propagating signal: Crisp pointed out that the attenuation
experienced by a propagating pulse depends on the time derivative of
its time envelope.

According to this, the analyzed signals are:

• the well known Gaussian pulse:

A (t) = GP (t, σ, µ) = exp

{
− (t− µ)2

σ2

}
, (9)

• a signal with a not-defined amplitude peak, a raised cosine signal:

R(t′, ρ, T0, T ) =





S, |t′| ≤ T0
2

S
{

1− sin
[

π
ρ

( |t′|
4T − 1

2

)]}
,

|t′| ≥ T0
2

|t′| ≤ T0
2 + 4ρT

0, elsewhere

ρ = 0.1, T0 = 12 ns (10)
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where t′ = (t− τ), being τ the pulse center, while ρ, T0 and T
determine the propagating signal’s time length, equal to: (8ρT+
T0) (ρ ∈ [0, 1] is called the roll-off factor).

• a signal with an asymmetric time characteristic with respect to its
amplitude peak (in the following referred as Asymmetric signal)

AS (t, σ1, σ2, µ1, µ2) ={
[1− F (t, σ1, µ1)] , t ∈ [0, µ2]
[1− F (µ2, σ1, µ1)]F (−t, σ2,−µ2) , t ≥ µ2

,

F (t, σ, µ) = exp
{

(t− µ)
σ

}

σ1 = 0.5 ns, σ1 = 9 ns, µ1 = 0, µ2 = 8σ1 = 4 ns (11)
In this case, the signal parameters have been fixed in such a way
that the pulse trailing edge portion exhibits a time derivative
greater than the one corresponding to the leading portion.

(a)

(b)

(c)

Figure 3. Spectrum amplitude of the simulated signals: (a) Small-
bandwidth Gaussian pulse (G(f)), (b) raised cosine (R(f)), (c)
asymmetric signal (A(f)).
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The corresponding spectrum amplitudes are shown in Figure 3,
whereas the first and second order time derivatives are given in
Figure 4.

It is evident that the Gaussian pulse and the asymmetric signals
are characterized by an exponential time derivative whereas the
rised cosine is characterized by a sinusoidal time derivative. More
important, from Figure 4 it can be noticed that the simulated signals
exhibit different types of discontinuities, allowing evaluating how the
‘well-behaved’ property of the propagating pulse influences the NGV
phenomenon.

In all cases the input signal carrier frequency, f0 = ω0/(2π), has
been fixed equal to the SRR resonance frequency (i.e., 8.1 GHz).
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Figure 4. Normalized time derivatives of the simulated modulating
signals: first (a) and second (b) order time derivatives.
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6.1. Results

We start our analysis by studying the propagation of the well-behaved
Gaussian pulse; three cases have been considered: a small-bandwidth
Gaussian pulse (σ = 20 ns, µ = 100 ns), the same signal with a jump
discontinuity and a broad-band Gaussian pulse (σ = 3 ns, µ = 150 ns).

Figure 5(a) shows the results achieved for the small-bandwidth
Gaussian pulse (see Figure 3(a) for the corresponding spectrum
amplitude); it is evident that the signal energy redistributes in such a
way that the pulse amplitude peak experiences a negative group delay.
In order to investigate the influence of the pulse behaviour on the
superluminal propagation phenomenon, we studied the propagation of
the same pulse with a discontinuity in the time envelope (see insert of
Figure 5(b)); from Figure 5(b) we can see that the pulse travels at a
positive group velocity experiencing a strong distorsion.

The results obtained for the broadband Gaussian pulse are
reported in Figure 6: as expected the signal experiences a strong
distorsion.

As for the results calculated for the raised cosine and the
asymmetric signal they are given in Figure 7.

It can be noticed that the stronger distorsion is experienced by
the raised cosine signal. In this case, the signal energy concentrates at
the instants corresponding to the transition between the flat portion
and the sinusoidal form of the pulse, which corresponds to jump
discontinuities for the second-order time derivatives of the raised cosine
signal time envelope.

From Figure 7(b), it is also evident that the asymmetric signal
energy redistributes as in the case of the small bandwidth Gaussian
pulse. However, in this case, an unperceivable negative group delay
has been obtained.

In order to investigate if the distorsion experienced by the raised
cosine signal is determined by the frequency dispersion of the amplitude
of the S21 parameter, we calculated the time characteristic at the
output port of the 12 SRR-coupled microstrip line by fixing in (8)
|S21| = 1 (i.e., by neglecting the system losses):

Eout (t)=
2<e√

2π





+∞∫

0

FT {Ein (t)} exp {+jphase [S21 (ω)]}dω



 (12)

Results achieved in this way are illustrated in Figure 8. By comparing
Figures 7(a) and 8 it can be derived that the reshaping experienced
by the raised cosine signal is mainly due to the frequency dispersion of
the amplitude of the microstrip line transfer function.
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Figure 5. Normalized Gaussian pulse (G(t)) time characteristic
calculated at the output port of the 6 and 12 split ring resonators
(SRRs)-coupled microstrip line: (a) small bandwidth Gaussian pulse,
(b) Gaussian pulse with a discontinuity in the time envelope (the insert
shows the pulse time envelope).
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Figure 6. Normalized time characteristic calculated at the output
port of the 12 SRR-coupled microstrip line in the case of broad-band
Gaussian pulse (G(t)).
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Figure 7. Time characteristics calculated at the output port of the 6
and 12 split ring resonators (SRR)-coupled microstrip line: (a) raised
cosine signal (R(t)), (b) asymmetric signal (A(t)).
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Figure 8. Results obtained for the raised cosine signal by neglecting
the system losses.
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7. CONCLUSION

The existence of a negative group velocity region in a microstrip line
coupled with Split Ring Resonators (SRR) has been numerically and
experimentally demonstrated.

By using the measured transmission coefficient, combined
with an analytical approach implemented with MATLAB, the
superluminal propagation mechanism has been studied by simulating
the propagation of amplitude modulated signals.

In order to investigate how the signal time envelope influences
the negative group velocity phenomenon, three signals with different
kind of discontinuities have been considered: a gaussian pulse without
discontinuity, a Gaussian pulse with a discontinuity in the time
envelope and two signals with jump discontinuities in the first and
second order time derivatives.

Our results demonstrate that only the well behaved Gaussian
pulse, characterized by a single-lobe spectrum amplitude, experiences
a negative group delay, preserving its shape during the propagation.
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