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Abstract—A study is made of the excitation of electromagnetic
waves by spatially bounded, arbitrary sources in the presence of
a cylindrical guiding structure immersed in an infinitely extended,
homogeneous gyrotropic medium whose permittivity and permeability
are both describable by tensors with nonzero off-diagonal elements.
The axis of symmetry of the considered cylindrical structure is assumed
to coincide with the gyrotropic axis. The total field is sought in
terms of vector modal solutions of the source-free Maxwell equations.
We determine the content of the modal spectrum and obtain an
eigenfunction expansion of the source-excited field in terms of discrete-
and continuous-spectrum modes. The expansion coefficients of the
modes are derived in explicit form. An expression for the total power
radiated from sources is deduced and analyzed. It is shown that the
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developed approach makes it possible to readily represent the source-
excited field without preliminary calculation of the dyadic Green’s
functions, which significantly facilitates the field evaluation.

1. INTRODUCTION

Gyrotropic structures capable of guiding electromagnetic waves have
been an important research topic for a long time because of many
applications including, in particular, those related to the characteristics
of electromagnetic waves in plasma waveguides [1-3], helicon waves
in magnetized metals and semiconductors [4-6], waves in ferrites [7,
8], modes of gyrotropic fibers [9,10], etc. The theory of excitation
of closed waveguides filled with gyrotropic media has received much
careful study, and there are many accounts of it (see, e.g., [11-
13] and references therein). Open gyrotropic waveguides surrounded
by an isotropic outer medium have been discussed in [10,14-18].
The case where the outer medium is anisotropic is considered
in [19]. Recently, open gyrotropic guiding structures located in
a gyrotropic background medium have attracted considerable in-
terest [3, 20]. Several workers have discussed representations of
the dyadic Green’s functions for such structures (see, e.g., [20-22]).
Another approach is to obtain eigenfunction expansions of the source-
excited fields without preliminary calculations of the dyadic Green’s
functions [3]. In particular, this approach was applied for representing
the electromagnetic fields of given sources in the presence of cylindrical
guiding structures immersed in an unbounded gyroelectric medium [3,
23-26] such as a magnetoplasma, for example.

Note that for gyrotropic media, use of eigenfunction expansions
for the source-excited fields can have some advantages over the Green’s
function technique. This is related to the fact that even in the
simplest case of a homogeneous gyrotropic medium without spatial
dispersion, the dyadic Green’s functions cannot be expressed in closed
forms and are represented by improper integrals in the wave number
space [11,27-29]. Moreover, two sets of the Green’s functions, which
correspond to two characteristic waves of such a medium, should be
introduced. Another, more substantial difficulty occurs when dealing
with resonant gyrotropic media in which the refractive index surface
for one of the characteristic waves extends to infinity when an angle
between the wavenormal direction and the gyrotropic axis approaches
a certain value determined by the medium parameters [3]. Under such
conditions, the Green’s functions turn out to be singular not only at
the source point, but also on some conical surfaces commonly known as
resonance cones [3,12]. It is important that the structure of resonance
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surfaces of the spatially distributed sources may not coincide with
that of the resonance cones for the dyadic Green’s functions, which
significantly complicates evaluation of convolution integrals comprising
the Green’s functions.

The above-mentioned features make the development of methods
employing the eigenfunction expansions of the source-excited fields
very topical. It is the purpose of the present paper to extend such
methods, which were initially developed for the fields of sources in
cylindrically stratified gyroelectric media [3], to the case where given
sources are embedded in a gyrotropic medium whose permittivity and
permeability are both describable by tensors with nonzero off-diagonal
elements.

Our paper is organized as follows. In Sec. 2, we formulate the
studied problem and present the basic equations. In Sec. 3, rigorous
representations of cylindrical vector wave functions in a homogeneous
gyrotropic medium are discussed. In Sec. 4, the total source-excited
field in a cylindrically stratified unbounded gyrotropic medium is
found in the form of an eigenfunction expansion over the discrete-
and continuous-spectrum modes. Then, in Sec. 5, a reduction to
the special case of a uniaxial medium is made. In Sec. 6, we apply
the obtained field representation for determining the power radiated
from electromagnetic sources. Sec. 7 states our conclusions along
with suggestions for future work. Appendices A and B present
coefficients entering the field expressions and the derivation of the mode
orthogonality relations, respectively.

2. BASIC FORMULATION

Consider an unbounded gyrotropic medium containing a cylindrical
nonuniformity whose axis is aligned with the z axis of a cylindrical
coordinate system (p, ¢, z). The medium can be frequency-dispersive
and is described by the permittivity and permeability tensors which,
for a monochromatic signal with a time dependence of exp(iwt), are
written as

er ez 0 p1 o dpg 0
e=¢e | —te2 e 0 [, p=p | —tp2z m 0 ), (1)

0 0 €3 0 0 K3

where ¢y and pg are the electric and magnetic constants, respectively.
Note that such tensors are typical of a general bigyrotropic anisotropic
medium whose distinguished axis is parallel to the z axis [30]. The
tensor elements in (1) are prescribed piecewise-continuous functions of
distance p from the z axis. To avoid phenomena related to the resonant
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absorption of electromagnetic energy in an inhomogeneous medium in
the case where the diagonal elements of tensors (1) reverse signs in
the absence of losses, we assume that these elements pass zero in a
jump-like manner.

Let an electromagnetic field be excited by time-harmonic given
electric and magnetic currents whose densities, with time dependence
dropped, are represented by the functions J°(r) and J™(r), respec-
tively. The currents are located in a limited spatial region defined by
p<band z; < z < 29.

Although our main task in this paper is to study the excitation
of electromagnetic waves by given currents in a gyrotropic medium in
the presence of the above-mentioned nonuniformity, we start from the
source-free Maxwell equations

VXE=—iwu-H, VxH=ive-E. (2)

The symmetry of the problem dictates that the solution of these
equations can be determined in terms of the vector wave functions

N

where m is the azimuthal index (m = 0,£1,+2, ...), ko is the wave
number in free space, and p is the axial wave number normalized to kg.
From the Maxwell equations, it can be shown that in the source-free
regions, the radial and azimuthal components of vector functions (3)
are related to their axial components by the expressions

1 . 0F,
Ep:kO—A{szg E—i—zp(p — K2 =N\ = 9
OH,
+ p1 (p* — Tek?) ZOH + (p2p® + eapipn-) Zo 9 }7 (4)
_ b 2 2 M 2 O,
Ey = kOA{p(p K )\)pEz—i—pTgFa 9p
. 2 m . 2 2 OH.
— i (pop® + eapyp) ;Zon— i (p*—7ere) Zo ap [ (5)
H, = k—A {—51 (p2 —Tm/i2 ) ;70 - (€2p + p2gye— ) Zo Op

OH,
+ ipTgr® —H +ip (p — K 7)\2) o } (6)
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FE 1 OF
Hy = — i (eap? )R ey (07— k) oA
& oA {z (g9p” + pocye-) > 7 +ie1 (p° — Tmkp,) 7o Op
m 0H,
+p 1102—/12—/\2 —HZ+pT/£2 }, 7
where

A= (P2 - 5+/~L+) (P2 - 5—/~L—) , Ex =1t e9, px = p1 £ pg,

€1 M1 €2 w2
Te _= —, Tm:_a Tg:—+—7
€3 H3 &1 M ( )
2 2\ 1/2 2 2\ 1/2 8
- €f—¢
e — (53M> o = (N?, 1 2) ,
M1 €1
K= (e1p)?, A= (e2p2)"?,
and Zy = (po/eg)"/? is the impedance of free space. The axial

components FE, and H,, in turn, satisfy the following system of
equations:

LnE. + k‘g (53 - Te_1p2) E, = ik‘ng,ungon + Vg, (9)
LinH, + k2 (k% — 70'p%) H, = —ikireespZy "B + U (10)

Here,

0?2 10 m?

__|_____7
op*  pdp  p?

d d
Uy = ikoeylp (E el +¢E¢ﬂ>

() (2
1 p dp \ pyp—

aEz . d H1 >:|
- +ikopE, ) — , 11
( op P p) dp <M+M— (1D

I d .
Uy = ikouy'p (H %—HH(;)—)

+ —
p
0H, . d €1
- (a—p * ““OPHO i (m_)] ' (12)

Note that the components E,, Ey4, H,, and Hg, which enter the
expressions for the functions ¥y and Wy, should be replaced by

Ly =
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expressions (4)—(7) to represent these functions only in terms of E,
and H,. However, the resulting formulas for ¥5 and ¥y turn out to
be very cumbersome and will not be written here in the interests of
brevity.

When writing Equations (4)—(12), we did not specify the depen-
dence of the tensor elements on p. We now assume that they are
varying in the inner region of a column with radius a and are constant
in its outer region (see Fig. 1). For p > a, we thus have

Up=0, Uy=0. (13)

Figure 1. Geometry of the problem.

In what follows, the notations €123 and 23 as well as the notations
introduced in (8) will be used only for the homogeneous outer region
p > a. For the inner region p < a, the corresponding quantities will be
denoted by the tilde (€723, fi1,2,3, etc.). It is to be emphasized that at
first we will consider the case in which 75 # 0 in (9) and (10). Then
the special case 7; = 0 where the outer medium has the property of
uniaxial anisotropy [30] will be discussed.

3. CYLINDRICAL VECTOR WAVE FUNCTIONS IN A
HOMOGENEOUS GYROTROPIC MEDIUM

Before proceeding further, it is necessary to discuss the solutions
of the source-free Maxwell equations in cylindrical coordinates for a
homogeneous medium whose parameters coincide with those of the
outer region p > a. In this case, Equations (9) and (10) with allowance
for (13) can be solved analytically in terms of cylindrical functions. Let
Z,, be a cylindrical function, say a Bessel or Hankel function, of order
m. Putting E.(p) = AZn(kogp) and H.(p) = Z; ' BZm(kogp) in (9)



Progress In Electromagnetics Research B, Vol. 12, 2009 303

and (10), where A and B are arbitrary constants, we get

@+ 77 p? — K2 1Tg 43P A
=0. (14)
2
m

—1TgE3D P+t -k B
The determinant of (14) must vanish, whence we obtain the following
quartic equation relating ¢ and p [30]:

¢' + [(re 1) 0P = wg = w4+ (rerm) !

— (T K2+ 7o KL+ Tlesps) pP 4 koKD, = 0. (15)

It is worth noting that in the special case of a gyroelectric medium
where 11 = p3 = 1 and p2 = 0, Equation (15) becomes the well-known
Booker quartic [31]. If (15) is regarded as a quartic equation in ¢, then
it determines four solutions +¢;(p) and +¢a(p) such that

}1/2

a(p) =272 K2+ = () P (DR R()) k=12, (16)

where
Ryp) = {(rt =) p! =2 (7 7t (k2 + 2)
1/2
-2 (Tglﬁg + 72+ Tg2€3u3)] p? + (/ig — mfn)g} . (17)

The ratio of the constants A and B for ¢ = gy, is

A
<—> = —iﬂnk, (18)
B/ l=q. €3
where
_ G+ TP KM Tesap 19
Mk = 2. Lo 2 (19)
TgH3P g, T Te D° — Kg
Note that
6:
ning = ——5. (20)
w3

If ¢ = g and A = ingqy/e3, then, for a fixed k, the particular
solution of Equations (9) and (10) in the case of a homogeneous
medium takes the form

H.(p) = =25 " 15" a1 Zm (koarp)- (22)
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Upon substituting (21) and (22) into (4)—(7), we get

Ey(p) = % 1B+ Zm+1(koqkp) — Br,— Zm—1(koarp)] , (23)
Ey(p) = % [Bk,+ Zm+1(koqkp) + Br,— Zm—1(koarp)] (24)
H,(p) = 5éi;nk[7k,%22n+l(kOQkp)'+'7k,ZZn—l(kOQkp)]v (25)
Hy(p) = QLZonk Vi, + Zm+1(koqrp) — Yie,— Zm—1(koqrp)], (26)
where
Brs = Q_/% P€§;M3nk Fus _ L& ?nkp’ (27)
K3 PT T ExpE €1
tow = =% pn';: i W G i ) (28)
K3 DT ExpE H1

Note that expressions (27) and (28) can be derived by straightforward
manipulation.
Using the well-known formula

TZm(C)v (29)

which is valid for cylindrical functions [32], and the identities

Zm+l(€) + Zm—l(C) =

Bt + Bk— = 2(e2 —mp)erts Brs — Br— =2, 30
=92 _ -9 1 -1 ( )
Vet + Vo = 25 Vet — V- = 2(p2 — 1y p)py

we can rewrite formulas (23)—(26) for the transverse field components
in alternative forms:

€9 — NP Zm(koq
Ey(p) = uZm+1(koqkp) - ﬁk,—mM

1 koqkp
€2 — NP Zm(kogqrp)
T [ €1 Zm-1(kogip) = Fe+m koqr.p ] 7
Zm(koqw)]
koqkp
Zm(kOQkp>:|
koqkp

Ey(p) =i I:Zm+1(kOQkp) + B, —m

= —1 [Zm1(k‘oqw) = Br4m
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. 1
ing | g2 — My P Zm(kogrp
Hy(p) = Zo Tkzmﬂ(koqw) + %’_mk(oTp)]
- —1
ing |2 —ng D Zm(koqrp)
= U2 T P g (hoqup) — s m 2T OIP) |33
70 [ m 1( OQk:P) Ve, + Koqkp ( )
ng Zin(koqr
H¢(P) = —70 [Zm+1(kOQkP) _%’mik(oqkp p)]
Nk Zm(koqrp)
= — | Zm_ — — 7. 4
70 { 1(kOQkP) Yk, +M Koqkp (3 )

The above expressions yield the components of cylindrical vector
wave functions in a homogeneous gyrotropic medium for a given axial
wave number p. For later work, it will also be necessary to employ
another representation of these functions, for which (15) is regarded as
a quartic equation in p. Then it determines four functions +p;(q) and
+p2(q) such that

Pala) =27/ [0 = (re 4 Tm)a® + XaBp(0)]', (35)
where
o= Te/ﬂ?g + kaafn + 7552,
Ry(q) = {(Te — Tm)2q4 -2 [(Te + Tm)0 — 2TeTm (/ﬁg + Iiil)] ¢
+ 0% — droTmkiRE, 12 , (36)
a = 1,2, and x1 = —x2 = —1. It may be noted that substituting

p = pal(q) into (16) yields two quantities g one of which coincides
with ¢, while the other, hereafter denoted by ¢.(q), differs from gq.
Therefore, we have

92(9) = ¢ (pa(q)) # 4, (37)

where the value of 12:, equal to either 1 or 2, is chosen such as to ensure
the inequality on the extreme right-hand side of (37). Another way to
calculate g, as a function of ¢ is to put one of two quantities g1 or ¢o
in (19) equal to ¢, and the other, to ¢,(q), provided that p = ps(q).
Then formula (20) yields

(¢ + 7 'P2(0) — K2) () + T '2(0) — Kh) = —Tiesusp(q),
(38)
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whence we get

_ B _Nn1/2
4a(0) = {1~ P2 (0) ~ r22p13p2 () [0+ PA(0)— 2] T} (39)

The quantity ¢, (q) may be called the auxiliary transverse wave number
corresponding to the transverse wave number ¢. Similarly, two
quantities ny, regarded as functions of p and given by (19), can be
replaced by the corresponding functions of ¢ if we substitute ¢ and
da(q) for q1 2, and p,(q) for p in (19).

In what follows, to make the functions p,(¢q) and g4(q) single-
valued, we require that

Im pa(q) <0 (40)
and
Img,(q) < 0. (41)

In a lossless medium, the functions p,(¢q) and g4(q) can be purely real
for some values of ¢. In such a case, one should introduce small losses
in the medium, choose the branches of p,(q) and g4(¢q) in accordance
with (40) and (41), respectively, and then put the losses equal to zero
in the resulting formulas for the discussed functions.

4. FIELD EXPANSION IN THE PRESENCE OF A
CYLINDRICAL NONUNIFORMITY

4.1. The Boundary-value Problem for an Open Cylindrical
Waveguide in a Gyrotropic Medium

We now proceed to seeking and discussing solutions of the source-
free Maxwell equations in a gyrotropic medium with a cylindrical
nonuniformity. Such solutions can be sought in terms of the modal

fields

Em,s,a('r'a ) _ Em,s,a( > ) . .
e ) = [t )] eot-mo —itpa@a), 2

where ¢ is the normalized (to ko) transverse wave number in the
outer medium (p > a), which was introduced in Sec. 3; the functions
Ds,a(q) describe the dependence of the normalized axial wave number
p on ¢q for two characteristic waves of the outer medium, denoted
by the subscript values @ = 1 and a = 2; the subscript s denotes
the wave propagation direction (s = — and s = + designate waves
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propagating in the negative and positive directions of the z axis,
respectively); and E,, s (p,q) and Hy, s o(p,q) are the vector wave
functions describing the radial distribution of the field of a mode
corresponding to the transverse wave number ¢ and the indices m,
s, and o. The functions ps(q) obey the relation py (q) = pa(q) =
—p—a(q). Recall that p,(g) is given by (35) and satisfies condition (40).
We note that any solution of the source-free Maxwell equations that
satisfies the boundary conditions at p = a and the required conditions
at p— oo is a mode if its z-dependence is represented by (42).

It is evident that the radial and azimuthal components of the
vector functions E,, sq(p,q) and H,, sq(p,q) are related to their
axial components by expressions coinciding in form with (4)—(7), and
the axial components of these vector functions are determined by
Equations (9) and (10) if we put p = ps.«(q) and substitute €1 23, fi1,2,3
and €123, p1,2,3 for the tensor elements in the regions p < a and p > a,
respectively.

To find the values of ¢ over which the corresponding modal
fields (42) should be summed for representing the total field, it is
required that the quantities E,, s «(p,q) and H,, s o(p,q) be regular
on the z axis and satisfy both the boundary conditions, which
consist in continuity of the components Ey.p, s a(p,q), Ezm.s.a(p:q),
Hp.m.sa(psq), and H..psa(p,q) at the discontinuity points of the
tensor elements, and the following boundedness conditions at p —
oo [3,33]:

P B salp, ) < RY.,  p Hpsalp.q)) < RP,,  (43)

where Rﬁ,{?a and Rg?a are finite constants. It can be shown that
the total field yielded by summing (or integrating) modes over the
found values of ¢ will satisfy the radiation condition at infinity
(r = (P*+22)Y?2 = o0) [3,19,33]. Note that in the considered
case, conditions (43) turn out to be sufficient for finding the
eigenvalues g and the corresponding modes in contrast to the case of an
isotropic outer medium where, along with the boundedness conditions,
certain additional conditions should be imposed on the desired modal
fields [10, 16,19, 33, 34].

4.2. Discrete- and Continuous-spectrum Modes

In the homogeneous outer medium (p > a), the solution for the axial
field components E. ., s.o(p, q) and H.p, s.a(p,q) can be written using
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the results of Sec. 3:

. 2
1
Eiimsalpq) = - > B, (@n{qHP (kogp)
k=1
+ Cm,s,a(Q)ng?aCJOzHr(s) (kOQaP)} ) (44)
2
Hz;m,s7a(p7 Q) = Z Z C k’ 70{ H(k) (kjoqp)
0M3 e
+ Cm s a( ) (kOQaP)} (45)

Here, Cr(r},)s,a, Cﬁf,)s,a, and (), s o are coefficients to be determined, and

H,(,%) and Hg) are Hankel functions of the first and second kinds,
respectively, of order m. The functions ¢,(¢q) are determined by
formula (39), and

(1,2) ( & 2)) i Pal0) —
ngy’(q) = , 46
’ ( ) TgﬂBps,a(q) ( )
where q((ll) = ¢ and q() = ¢a(q). Formula (46) follows from the

expression (19) derived in Sec. 3. When writing (44) and (45),
we took into account condition (41) determining the choice of the
branches of ¢,(¢g). With this point of mind, the particular solution
comprising H%)(kzoqap) has been rejected in (44) and (45) in order
that the functions E,, s o (p,q) and H,, s (p,q) do not contradict the
boundedness conditions (43).

Expressions for the transverse components of the field in the region
p > a with allowance for formulas (23)—(28) can be written as

Ep;m,s,a (P q)

2
ZCWI; LR ( ! H?S]:—)l-l(koqp) - bgzl,)er(:)—l(kqu)>

+ Cinsa(g) (654 HSL 1 (Kogap) — bg%lH,SfL(koqap))] .(47)
Egm.s,a (p,q)

. 2

)

5|22 O ata) (68 (kogp) + 60 HYY  (koap) )
k=

[y
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+ Cnsaal@) (084 HI (Rodap) + b&?)Hﬁf>_1<koqap>)] . )

Hp7 m,s,a(p, Q)
. 2
1
= 5 |20 O amlh (o B (koap) + 0l Y, (oap)
k=1

+ Crnsal@n, (854 HY 1 (kodap) + gg“,lHSM(koqap))] . (49)

H¢7 m,s,a([), q)
2

|20 O al@nd (a8 HUL (kop) — ol B (kogp) )

+ Cinsal@n®, (857 HY (Kodap) - g&"’?Hf?_l(koqap))] . (50)

where
(1,2) H+ + (nglé?))ilps «
13 n ) B
bg{f _ i%, gs,ﬁ) - m . (51)

We now consider the special case where the medium in the inner
region (p < a) is homogeneous. According to (21) and (22), the axial
field components that are regular at p = 0 are represented for p < a in
the form

. 2
1 ~ - ~
Bemsalpd) = = > BW, (@) i) G T (k‘oqg“)p) . (52)
k=1

2

1
. = — (k) ~(k) ~(k)
Hoimoalpr@) = =720 3 Bithald) 42 (kodl0).  (53)

where J,,, are Bessel functions of the first kind of order m, BT(%,)S,Q and

2 . .
Bﬁn,)s,a are undetermined coefficients,

2
(1,2 o _
il )) + T 'Pa(q) — 2,

7~_g;ﬂiips,az (Q)

il (a) = < : (54)
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and the functions (j&l)(q) and (j((x?)(q) are yielded by formula (16) for
q1(p) and g¢ao(p), respectively, if we substitute p,(g) for p in (16)
and make the replacements €123 — €123 and pi123 — fi12,3 in all
quantities entering that formula and comprising the tensor elements.
Such replacements are also used for obtaining the corresponding tilde
quantities in (54).

It is now a simple matter to verify that the transverse components
of the field in the homogeneous inner region, which correspond to the
axial components (52) and (53), are written as follows:

Epimsalp,q) = % 22: B®, .(q) (5&",1 Tt (kod&’“)p)

- kal Tt (koqg“ p)) , (55)
Epimesa(p ) = 52 B, (@) (64 T (Rodll)p)
+ Ej?_ Tt (koqg’@ p)) : (56)

80, Tt (ko)

Hp;ms,a(Pa q) = ﬁ ZBTSf’)S’a(q)ﬁglfa <
+ 50 1 (Kodp)) (57)
Hd);m,s,a(p’ Q) = _2—Z() ZBﬁrlf,)s,a<q)ﬁg(s]fa (gc(xk,l-‘]m-ﬂ (kﬂq&k)p>

— 80 Tt (Kodp) ). (58)

where

= 51:2) ﬂ:l: + <ﬁ21&2)> - Ps,a
~ 3 - ’ )
by = e e g . (59)

with gi == 51 + 52 and ,ai == [Ll + ﬂg.

It may be noted that using formulas (29) and (30), expres-
sions (47)-(50) and (55)—(58) for the transverse field components can
be rewritten in another form that is similar to (31)—(34). Such a rep-
resentation is more convenient when analyzing the field behavior at
p — 00.

Satisfying the continuity conditions for the tangential field com-
ponents at the boundary p = a, we arrive at the system of linear
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equations for unknown coefficients B,(iﬁ)a, C,‘,%,?L, and Cp, 5. This
system can thus be represented in matrix form:
s-G=c) F (60)

m,s,a* *
The elements of the matrix S and the column vectors F and G are
written in Appendix A.

The coefficients Br(éji)a, C’T(,%?)a, and Ci, s related by (60) en-
sure the fulfillment of the boundary conditions. However, matrix
Equation (60) gives only four linear relationships for five coefficients
Bﬁ’g}a, C},}EL, and C, 5., so that one of these coefficients can be
taken arbitrary. This circumstance reflects the fact that the mode
fields are defined up to an arbitrary factor independent of the spatial
coordinates. For convenience of the further calculations, we put
Cq(ﬁ,)s,a = i"det||S||. In this case, all the coefficients turn out to be
finite, as is evident from their expressions given in Appendix A.

Some general remarks can be made concerning the coefficients
By(r}ji)a, C’,(ﬁ?)a, and Uy, 5. It is seen from the differential equations
for the axial fields that the solutions for the field components in the
inner region p < a are even functions of g since they depend on ¢?. This

)

is also evident from the expressions for B&’ia. The field expressions

for the outer region p > a comprise the Hankel functions H,(?% ’2)(k:0qp)
having a branch point ¢ = 0, from which a branch cut goes along the
negative real ¢ axis. Therefore, it is necessary to distinguish the field
quantities corresponding to the ¢ values belonging to different sides of
the branch cut. Using the relations

I (€77C) = (=)™ Jn(C), HY (¢7¢) = —e ™ HD(C),  (61)

which are valid for cylindrical functions [32], and the fact that p,(q),
(

qa(q), and ns}o’?) (¢q) are even functions of ¢, we get
Chisa (e7mq) = (=1)™ 18k a(a),
CD, o (€q) = (—1)™ 15 ala), (62)
ACm,sa (€77q) = (=1)" T AC,5.0(q),
where
ACm,sa(d) = O (@) = Cs ala).

Bearing this in mind, we make the rearrangements
. o (e7™q) HEY (koe ™ qp) + C2, o (e7™q) HP (koe " qp)
= 207(5,)3,01 (e7"q) Jm (koe ™ qp) +ACy 5.0 (€7q) H?) (koe™"gp) (63)
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and

C o (€7q) HY (koe™qp) + C2, o (€™ q) HP (koe™qp)

= —ACum,s0 (€7q) HY (koe™ap) +2C2; o (¢7q) Jn (ko ap) (64)

m,s,a

in the expressions for E.. p, s o(p, ¢) and H., s.o(p, ¢) in the region p >

a. Using the relationship C, s o (77 q) = Cyn.5.0(¢) and formulas (61)—

(64), we can deduce that in the outer region,
Ez;m,spz (p, B:FiFQ) = Ez;m,s,a(pa Q)a
Hz;m,s,a (P, e:FiKQ) = Hz; m,s,a(pa Q)'

Taking into account the expressions for the transverse components via
the axial components, we find that the transverse components obey
relationships that are similar to (65). We thus have

Epsa (,0, e:qu) = Em,S,a(P, q),
Hm,s,oz (,07 e:Fiﬂ-Q) = Hm,s,a(p, Q)

(65)

(66)

for all values of p.

The foregoing analysis has been performed for a uniform cylin-
drical column immersed in a homogeneous background medium. In
the case where the medium parameters inside the column depend on
p, the field solutions in the region p < a cannot be expressed in
terms of known functions, and Equations (9) and (10) should be solved
numerically for assumed radial profiles of the medium parameters. Two

independent solutions, Eg?n,s,a(m q), flg,)ms,a(p, q) and Egzms’a(p, q),

H ,§2,)nsa (p,q), that are regular at p = 0 can be found, and they should
be used instead of the Bessel functions for the field inside the radially
nonuniform column. This yields

2
Ez;m,s,a (P, Q) = Z Bﬁr’f,)s,a (Q)Egg;n,s,a(p’ Q)v

k=1

: N (67)
Hz;m,s,a (/% Q) = Z Br(wlf,)s,a (Q)chq)n,s,a (p7 Q)'

k=1

Note that the particular solutions denoted by the superscripts k£ = 1
and £ = 2 in (67) are distinguished by their behavior near the axis
= 0, in the vicinity of which they are described by Bessel functions

with the arguments kocj&l)(O)p and /{O(j,(f) (0)p, respectively, where the
local transverse wave numbers Q}(XD(O) and @&2)(0) correspond to the
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parameters of the medium at p = 0. The solutions for the field outside
the column remain intact. Next, satisfying the boundary conditions
at p = a, we again arrive at a matrix equation in the form (60).
Taking into account the above-discussed properties of Equations (9)
and (10) and repeating the foregoing analysis for solutions in the inner
and outer regions, we can show that the resulting field will satisfy
the relationships (66) in the case of a nonuniform column, as well.
Therefore, allowance for radial nonuniformity of a cylindrical column
surrounded by a homogeneous background medium does not require
any significant modifications of the present procedure, and only a
consistent use of new field quantities for the region p < a is needed.

The obtained field representation allows us to find the spectrum
of eigenvalues ¢ and the corresponding eigenfunctions of the guiding
structure. First, it is easy to verify that the field represented by (44),
(45), and (47)—(50) for p > a satisfies the boundedness conditions (43)
for all real transverse wave numbers ¢q. Next, it follows from (66)
that the negative values of ¢ do not yield new solutions and can be
excluded from the analysis. Thus, all positive values of g constitute
the continuous eigenvalue spectrum.

Along with the continuous spectrum of ¢, conditions (43) can also
be ensured for certain discrete complex values ¢ = gpn (n =1
which satisfy the equations

Cithal@mn) =0 for Imgmn, <0 (68)
and
Cv(vg,)s,a(Qm,n) =0 for Im dm,n > 0. (69)

With allowance for (62) and (66), it can easily be verified that
the roots of Equation (69) do not give new solutions for the field
compared with those yielded by the solutions of Equation (68) and
can therefore be rejected. Since the quantities Gm.n = ¢a(¢mn) also
satisfy Equation (68), we should unambiguously distinguish between
Gm,n and Gm n, to choose only one set of the discrete values satisfying
Equation (68). To this end, we assume that the discrete part of
the spectrum of eigenvalues ¢ is constituted only by the roots of
Equation (68) for which the inequality |Im g, n| < |Im gq(gm,n)| takes
place. The subscript « for which this inequality holds will further be
denoted by &. It is evident that the waves corresponding to the discrete
values gy, are localized eigenmodes (discrete-spectrum modes) of the
considered guiding structure. The fields of these modes decay to zero
for p — oo and will further be written in the form

[Em,ns (r)] _ [Emn (p)

H, .. (r) H o, (p)] exp(—imeo — ikopmn,2), (70)
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where the vector functions Ey, . (p) = Ens.6(0 ¢mn) and Hp, 5, (p) =
H,, s 4(p,qmn) describe the field distribution of an eigenmode with
indices m and ng, and py,n, = DPs.a(gmn) is the axial wave number
of this mode. It is assumed here that the indices ny = n > 0 and
n_ = —n < 0 correspond to discrete-spectrum modes propagating in
the positive and negative directions of the z axis, respectively.

Thus, we have established that a complete set of normal modes
of the considered open structure comprises the discrete spectrum of
guided eigenmodes and the continuous spectrum of unguided modes.
It is important that the developed formulation enables us to use only
one transverse wave number ¢ in the outer medium as an eigenvalue
determining a particular mode for fixed m, s, and «. This is ensured
by using the concept of the auxiliary transverse wave number g, (q)
which represents the other transverse wave number of the mode in the
outer region as a function of q.

4.3. Mode Orthogonality and Expansion Coefficients

The discrete- and continuous-spectrum modes that were determined in
the foregoing section satisfy the following orthogonality relations:

)

27 oo
=[] [Buatr) < B 0) = B 0) x Hol)]
k) O 0 )

20 pdpdp = Ny nOm,—in On,—in, (71)
Jmse - /02”/0‘” [ Emsa(r.q) x Ho(r) = BSL(r) x Hp o, q)]

2o pdpdp =0, (72)
18 = [ ] Bmscatr. <L) B . 0 H s salr.]

20 pdpde = Nis,a(q) (¢ — §)0m,—m 0s,~500,a; (73)

where 2 is the unit vector aligned with the z axis, d, g is the Kronecker
delta, 6(q) is the Dirac function, and the superscript (T) denotes
fields taken in an auxiliary (“transposed”) medium described by the
transposed tensors €T and pT. The normalization quantities Ny, and
Npm.a = N+, for waves propagating in the positive direction of the
z axis are given by the formulas

167 (dpa(q)) "
Nma = -
lq) Zok? ( dq

2
<ot 4t (12)° e aCRhnt0 (7
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1 dN,,.4
Npp = ——— (75)
7 2mi dq gy, ,
It is evident that Ny, —, = —Npyn and Ny —o(q) = —Nm+.a(q)-

Orthogonality relations (71)—(73) and formulas (74) and (75) are
derived in Appendix B.

Using the above orthogonality relations, we can calculate the
amplitude coefficients of the discrete- and continuous-spectrum modes
due to given sources. Outside the source region, i.e., for z < z; and
z > z9, the total field can be expanded in the form

] - & (g ]

3 [ msato) e8] dq> )

where a,, n, and an, s are the expansion coefficients of the discrete-
and continuous-spectrum modes, respectively. In (76), one should take
ng=mn>0and s =+ for z > 29, and ny, = —m and s = — for z < z1
(see Fig. 1). Then, following the well-known method for determining
the expansion coefficients of waves of closed and open waveguides with
gyrotropic filling (see, e.g., [3,12,16,33]) on the basis of Lorentz’s
theorem in the transposed form [35,36], we find that the expansion
coefficients in (76) are given by the following expressions:

_ 1 e ()
Am,tn = Nm,n/{.] (T’) Efm,$n(lr)

— () - HSTQW(T)} dr, (77)
am,:l:,oz(Q) = m/ |:Je(r)‘E(—Tn)z,q:,a(TJQ)
— T () - HSTTZLF@(r,q)} dr. (78)

Here, integration is performed over the region occupied by currents [3].
We do not dwell on the procedure of deriving expressions (77) and (78)
in detail since it fully coincides with that discussed for open gyroelectric
waveguides in [3, 16]. Following the line of approach of [3], it is also
possible to derive an expression for the total field in the source region



316 Kudrin et al.

0 +
E(r)| _ Epmn(r)
F0) = E S (e )
o Em,s,a (’I“, Q)

+ za:/o am,s,a(zv Q) |:Hm’s’a<fr,q):| dQ>
i | e3P %ot
ko |pg'(p) 25 2"
where e3(p) and us3(p) denote the values of the corresponding elements
of tensors (1) at the considered point of space. In contrast to the

preceding expansion (76), the expansion coefficients in (79) are z-
dependent. They are found to be

2o, (79)

_ 1 e(ry. D
() = /(Zgw) )BT, ()
— () - HY), ()] dr, (80)

_ 1 o (T)
am,sa(24) = 775 /(zg1)7zgz>) [J () By —salrs4)

g HD (r,q)} dr, (81)

—m,—Ss,x

where the notation (zgl),z§2)> stands to designate the interval of

integration with respect to z:

L) _ {21 for s = +, z§2) _ {z for s = +, (82)

5 z fors= —, 29 for s = —.

Now it remains to check that the total field obtained in the above
satisfies the radiation condition at infinity (r = (p? + 2%)1/? — o0). To
this end, we should note that the contributions of the discrete-spectrum
modes and the terms comprising Hankel functions with the argument
kogep vanish in the outer medium in the limit r — oo. Assuming
for simplicity that the medium is lossless, we can thus conclude
that the nonzero contributions to the far field come only from the
remaining terms in integrals over the values of ¢ for which the functions
pa(q) are real-valued. Taking the large-argument approximations of
Hankel functions with the argument kggp and applying the saddle-
point method for evaluation of the integrals over the corresponding
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q values, we can arrive at the sum of spherical waves in the far-field
representation. The number of such waves at an observation point is
determined by the number of rays coming to it. This implies that the
obtained field indeed satisfies the radiation condition at infinity. We do
not present the corresponding far-field expressions since the procedure
of their derivation is similar to that discussed in [3] for a gyroelectric
outer medium. Furthermore, we leave aside the discussion of the
possible influence of leaky modes, which can be separated from the
integral over the continuous spectrum in some cases, on the radiation
field [3,23,25]. This needs separate consideration in itself, and falls
beyond the scope of this paper.

It is important to emphasize that the derived formulas allow one
to immediately obtain the source-excited field without preliminary
calculation of the dyadic Green’s functions. This is the main
implication of the presented approach. Of course, if required, this
approach can be used to derive the components of the dyadic Green’s
functions in the form of eigenfunction expansions. To do this, one
should take expansion (76) and substitute the appropriate point
sources for J¢(r) and J™(r) into (77) and (78).

4.4. Limiting Transition to the Case of a Homogeneous
Medium

It is instructive to consider the transition from the eigenfunction
expansion obtained for a cylindrically nonuniform medium to the
case of a homogeneous medium described by tensors (1). By sol-
ving the above-posed boundary-value problem with the boundedness
conditions (43) at p — oo, it can be found that in the case of
a homogeneous medium, the eigenvalue spectrum consists only of
positive real values of ¢, and the axial components of the corresponding
continuous-spectrum modes are written as

Eemsa(p @) = ic3  Ems.anttadm(kogp), (83)
HZ;m,S,a(Pa Q) = - Jluglc‘fm,s,aqafm(koqp), (84)

where &, s o is an arbitrary factor independent of p. It is evident that
the modes given by (83) and (84) can formally be obtained from the
expressions (44), (45), and (47)—(50) by putting

C(l) == m757a/2, 0(2) — m,s,a/2a Cm,s,a = O (85)

m,s,x m,s,o

Note that a particular form of the coefficient &,, s is unimportant
since it cancels in the resulting expansion for the total source-excited
field. Nevertheless, it is convenient to take this coefficient in the
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form &, 5o = i"™. With such a choice, the relationships in (B6) will
immediately be ensured, which facilitates the procedure of establishing
mode orthogonality. In the considered case, the continuous-spectrum
modes obey the orthogonality relations (73) in which the normalization
quantity is again given by (74), with allowance for (85). The fields
inside and outside the source region are given by expansions (76)
and (79), respectively, in which one should omit the discrete wave terms
that are absent in the case of an unbounded homogeneous medium.
The expansion coefficients of the remaining continuous-spectrum waves
are given by the previous formulas (78) and (81).

5. THE CASE OF A UNIAXIALLY ANISOTROPIC
OUTER MEDIUM

If 7, = 0 but €2 # 0 and po # 0, then the outer medium becomes
a generalized uniaxial one. The case where 7, = 0 also includes the
special case of an uniaxially anisotropic medium with eo = uo = 0.

Consider a cylindrical guiding system located in a generalized
uniaxial outer medium. In such a medium, i.e., for 7, = 0, the set of
coupled Equations (9) and (10) splits into two independent equations
for Ez;m,s,oc (P> Q) and Hz; m,s,a(pa Q)5

2 2 2
LEZ; m,s,a + k(2]53 (u - &> Ez;m,s,a = 07 (86)
M1 €1
2 2 2
~ e — €
LHZ§m,S’04 + k(%uii ( ! 2 — p—a> Hz;m,s,a = 0. (87)
€1 M1

The functions p,(q) for « = 1 and o = 2 can be written as

2 2 1/2
pi—p3 €1

p1(q) = (Qg — —q2> ,
M1 €3

2 2 1/2
€] — ¢ M1

p2(q) = <u1¥ — —q2> :

€1 3

(88)

The corresponding auxiliary transverse wave numbers ¢,(¢q) have the

form
E1H3 1/2 €31 1/2
_ , = (28) 89
71(q) (53M1> 7, q(q) (»51#3) q (89)

Recall that conditions (40) and (41) are assumed to hold. For o # (3,
we have

Pa(q) = P5(qa(q))-
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It is important to emphasize that the function p, is taken for the

same value of ¢ in each of Equations (86) and (87) in order that their

solutions yield fields satisfying the boundary conditions at p = a. For
a =1, Equations (86) and (87) reduce to

f/Ez;m,s,a + (kOQ)ZEz;m7s,a = 0, (90)

LHzim,s.0 + (koda(0))*Hzymos.a = 0. (91)

The solution of these equations is written as

. 2
1Ps,
Eimsalpa) = = > ¥ (@aHP (kogp), (92)
k=1
1
Hz;m,s,a(ﬂa Q) = _ZO,US Cm,s,a(Q)QaHr(r%)(kOQap)' (93)

For av = 2, from (86) and (87) we have the equations

i/Ez; m,s,a T (kOQa(Q))2EZ;m,S,Oé =0, (94)
LHZ; mys,a T (kOQ)2Hz; m,s,a — 0, (95)

whose solution is

1Ps,a
Emsalpia) = Cinysa(@) 4 HE (kogap), (96)
1 2
Hz-msa = — (k) H(k) .
cmysia(Ps ) Zoin ;Cm,s,a(q)q *) (kogp) (97)

The meanings of the notations used in (90)—(97) are the same as
in Sec.4. Thus, it is seen that for fixed indices m, s, and «, the
solutions of two field equations again comprise both the transverse
wavenumber ¢ and the auxiliary transverse wave number g,(q).

If the medium of the inner region remains gyrotropic, then we have
two solutions with coeflicients B,(q%,)s,a and BT(,%,)S,Q for p < a. Satisfying
the boundary conditions at p = a, we arrive at four equations for
five coefficients Br(%ji)a, C%g)a, and Cp, s in matrix form (60). The
problem has become one coinciding with that considered in Sec.4. In
the case of a uniaxial medium in the inner region, we again have
a similar problem if modes are nonsymmetric, i.e., m # 0. This
fact is stipulated by the hybrid nature of nonsymmetric modes in
the considered case. In contrast to this, the axisymmetric (m = 0)

modes of a uniaxially anisotropic open waveguide split into TE and
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TM waves, and the boundary conditions are ensured for them without
terms comprising the auxiliary transverse wave number.

Thus, the approach of Sec.4 remains applicable when dealing
with a cylindrically stratified uniaxially anisotropic medium. Note
that in such a case, the superscript (T) may be omitted in formulas
representing orthogonality relations and modal expansion coefficients.
In addition, it is worth mentioning that the discrete- and continuous-
spectrum modes in the case discussed in this section can be obtained
by an alternative approach based on the so-called S-operator method
(see for details [19] and references therein).

6. POWER RADIATED

The total power Py radiated from given currents J¢ and J™ can be
calculated by the formula

Py =3 Re [(F°0) - B)+ () - H@) dr, (98)

where the integration is performed over the source region and the
asterisk denotes complex conjugation. In the absence of losses in a
medium, this power can also be calculated by integrating the Poynting
vector over two infinite cross-sectional areas on both sides of the source
region. For evaluations of integrals in this case, it is convenient to take
into account the fact that in a loss-free medium, the discrete- and
continuous-spectrum modes with real axial wave numbers satisfy the
power orthogonality relations

21 poo
L[ Bl % ) + B ) o)

20pdpdd = 1Py ndm i (99)
[ [ Batrsa) 5 H )+ B ) % Hoatra)]
-200;) dﬁ de = 0, (100)
/ ) [ Bcalr) % Halrs )+ B alr.0) % Hoa(r.0)]
2opdpdep = 4P s,a(q)0(q — §)0m,m0s,500,a, (101)
where
-1
Pmt.a(@) = —Pm—alq)= %l;% (dp;f)> [M3_1+53 ! (”%)2]

< [ICSh @) + OS2 al@)]] - (102)
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The derivation of relations (99)—(101) is basically analogous to that
of orthogonality relations (71)—(73) and the mathematical details are
not given here. However, there is an important difference between
relations (71)—(73) and (99)-(101). It consists in that in contrast to
the power orthogonality relations which cease to hold in lossy media,
relations (71)—(73) remain valid regardless of whether the considered
medium is lossy or lossless.

With allowance for (98)-(101), the expression for the total
radiated power takes the following form:

“+o00

Po= 3 {3 loma

m=—0o0

Y [ s @ + lomea@P) Poral@)da}, (103

where the integration is performed over the positive real values of ¢ for
which the axial wave numbers p; o(q) are purely real. Note that the
term P, 4+ = |am7in|2 P, is the partial power going to a mode with
indices m and £n. It is seen from (103) that in a lossless medium,
the total radiated power is given by the sum of the partial powers
going to individual discrete-spectrum modes and the power going to
the continuous-spectrum modes. This fact obviously results from the
power orthogonality which takes place in lossless media.

7. CONCLUSION

In this paper, we presented the complete eigenfunction expansion
of the total electromagnetic field excited by spatially bounded given
sources in a cylindrically stratified gyrotropic medium. The field has
been expanded in terms of modes whose spectrum comprises both the
discrete and continuous parts, and the expansion coefficients of the
discrete- and continuous-spectrum modes have been calculated using
a method based on Lorentz’s theorem in the transposed formulation.
Our analysis extends the theory of excitation of open waveguides in a
gyroelectric medium to the case of open guiding structures located in
a generalized gyrotropic medium whose permittivity and permeability
are both described by off-diagonal tensors. Although the problem
of excitation of guiding structures in such a medium, also called
bigyrotropic, can be solved using the dyadic Green’s functions, the
approach developed herein makes it possible to immediately obtain
the source-excited field without preliminary calculation of the dyadic
Green’s functions, which significantly facilitates evaluation of the field.
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Finally, we note that this study is a necessary step towards
considering special cases of wave excitation in natural or artificial
gyrotropic media containing cylindrical nonuniformities, which can be
of interest from academic or applied viewpoints.
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APPENDIX A. EXPRESSIONS FOR THE FIELD
COEFFICIENTS

The elements of the matrix S and the column vectors F and G in (60)
are written as follows:

Stk = fi3 ' QP I, <Qak)> ,
Sis = —p3 ' QHP(Q), S1a=—15' QuHP (Qu),

S2s = 5 nQHP(Q). Su =~ nZQuHP (Qu),
Sue = Q1 Q) A0
Sz3 = —QHI(QHY, S31= —QaHS (Qa)H

Sux =R QM) 1, (Qg’“) J®,
Siz = —nDQHP(Q)H?, 544 g?gQaH (Qa)Hm; (Al)

P =3 QHMN(Q), B =3 RQHD(Q),
Fy=QHM(QHY, F4=n<1> (Q) TIOR (A2)

Gr=BY, ., G3=C2,,, Gi=Cusna, (A3)
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where
O = ke, @ kuga,
On = kogua,  k=1.2,
g 0By (oW
T = bﬁflw +ba’f)m’
) ﬁakzr Im+1 (Qa ) (k) -1 (fﬁ)

Hg’f) - 511,)-1— m(k) a, %) )
QHm (Q) QHy (Q)
AW = g, Hﬁf%kl)(Q) g Hf,'f)_kl)(Q)j
o = o2, Qo) o) Mo (Qu)
TQuHY Qo) " QuHY (Qa)
Fo = o, nsa(@) o) M "

9o
Qo (Qa) QuHY Q)
The coefficients BL}L:SQ,)Q, Cfﬁ?a, and Cy, s o are given by the expressions

(1) (2)
Msa — Nsa (n(l)J(%l) - ﬁfj’f},ﬁ’”)

B1D _ A 028 (1) 5
€313 '

msa Z7T

n(2 1) n(l) )
o (ng%Hm - ngQaHm>
€343 €3U3 ’ ’

P— bl +g) ( Al né?&) (QS’Q)Jm (@1,2)))‘1’

Q? E3u3  €3[13

C(l;Q) - AmaX(l’z)QH(Q’l)(Q)

@ () . .
w | Poo ~ Maa (n DHEDH,, — pll H,S%”Hm>

E3N3 s,a’ *m ,o
(2) 1)
I (52 730 ) S0 12)
€343 ' ’
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avm m

(ngl JOFED 50 A<1>H<2,1>>

] ~(2) n(l) )
Cm,s,a - Am, 22— 8106 ( o J7§rzl _ﬁglaJéll)>
[z €33 E3M3 ’ ’

(1) = (1)
€3U3  E3U3 7

pH) 1 -2 ~g1

o,— + 90— Nsa— N
Q? E3fl3

where

Ao = QW (QF) QDT () QuHP (Qu). (AS)
The coefficients B}ﬁ;?}a, C,%g)a, and Cpy, s o satisfy the relationships

(02 )m = (-1)"BY2,,

(et )(T) = (-1)"Chh (A9)
(Cfm,fs,a)(T) = (*1)mcm,s,a7

which are useful for deriving the orthogonality relations (71)-(73).
Note that the common factor A,, o, which is invariant with respect to
the replacements m — —m, s — —s, and 7, — —7,, can be canceled
out in formulas (A5)—(A7) without any violation of the relationships
in (A9).
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APPENDIX B. DERIVATION OF THE
ORTHOGONALITY RELATIONS FOR MODES

To prove the orthogonality relations (71)-(73) and formulas (74)

and (75), we consider two fields, Ey, Hy and E%;F),Hg), that have
the same frequencies and are taken in different media described by the
tensors €, u and €1, T, respectively. It is a straightforward matter to
deduce from the Maxwell equations that

V- (Bix =Y - B < HY) =0, (B1)

Applying the divergence theorem in a two-dimensional form, we get

0

5/2 (Box HY - B x Hi) - 20 pdpdo

- jz{ (Bvx B - B x Hy) - ad, (B2)
L

where 3 is an arbitrary cross-sectional area of the open guiding
structure, the line integral is along the boundary L of X, and n is
the unit outward normal on L in the plane of X.

To obtain the relation (71), we put E1 = E, (), Hy = Hp, 5 (7)

and Eg) = Egl(r), Hg) = Hg)ﬁ('r), where
Em n Em n . .
[Hmvn((;))] — [Hmrf(pp))} exp(—ime¢ — iko pm.n 2)
and
B (r) _ E (o) exp (—iﬁub B ikop@z)
HOL(m]  |HSL () e

and perform integration in (B2) over a cross-sectional circular area ¥
of infinite radius. After some algebra, we get

27
g = [ explei(m o+ ) ol do
0

)

% lim eXP['_ikO (P — P—n,—0) 2]
p—00 iko (Pm,n - pfﬁl,fﬁ)

%p| Eunn(p) x H ) (p) = B () X Hunn(p)| - o (B3)
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Here, we made use of the relationship

Pk

= P—m,n = —P—in,—n

deduced from the dispersion relation (68) for the discrete-spectrum
modes, and pg is the radial unit vector lying in the cross-sectional
plane z = const. Noting that

2
/0 exp[—i (m + m) ¢ldp = 27 0y —, (B4)

and observing that the fields of the discrete-spectrum modes vanish
with p, one sees that the right-hand side of (B3) is equal to zero if
Dm.n 7 P—m,—n- In the absence of mode degeneration this implies that
Jos = 0form # —mand n # —n. Inaddition, it is easily verified that
Ny, —n = —Npn. We have thus derived the orthogonality relation (71)
for the discrete-spectrum modes. For degenerate modes, an additional
orthogonalization procedure can always be performed to arrive at the
desired orthogonality relation.

Relation (72) can be established analogously if we put

E E , .
810 - B - st
(T) (T) . : o

and take the same field Ey;’, Hy ' as in the preceding derivation.
Following the above procedure and making use of the fact that
Ds,a(q) # D—m,—n for all real values of ¢, one can readily obtain
relation (72). Hence, each discrete-spectrum mode is orthogonal to
each continuous-spectrum mode, and, therefore, to the total outward
radiating field.

Next, to derive relation (73), we take the last form for Ey and Hf,
put

ED(r) By a(p,d o )
= : - —iko ps,a
[ ﬂ[\) (T) (T) B exp[ ime — ikop , (Q) Z]

and then apply the same procedure. We thus find

/ T expli (mtri) @l lim LT RolPaol@)=p-sa (@)=}
’ ]

Jm, ,? " ~
p—oo  iko[ps.a(q)—p—5.a(q)

s
m,§,&

T ~ T ~ ~
xXp [Em,s,a(p7 Q) X th,?'é,& (p7 q) _E»Ei%)g’&(pa Q) X Hm,s,a(ﬂa Q) "Po-
(B5)
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At first, consider the case where the conditions m = —m, s = —§, and
«a = & are simultaneously satisfied. By inspection of Equations (4)—
(12), it is found that the following conventions can be adopted without
any loss of generality:

T
E( )m7—37o¢(p’ q) = E(b;m,s,a(pa q)7 E,?E )m—s,a(p7 q) = Ez;m,s,a(ﬂa q)7

T
é, ) s @) = Hpmsa(p @), HE L (p.0) = Heimosap, )

(B6)
Note that these relationships are ensured under conditions (A9). Using

the relationships in (B6) along with the large-argument approximations

of the Hankel functions H.’ )(k:oqp) and H? )(koqa p), we obtain the
following representation:

Jm,s,a
—m,—s,x

iy Ma—a) expikolps.a(9) —psa(@)2}
= Zok2(q )" [ps.a(q) — Psa(q)]

@D [OR.0(@) O @)+ O DOR, o (g)] T =D

13" +e3 (0@

qa—q
—q
i+ D) [C1D.(0) C20 ()~ Ol @O, o) 2= 0

(1) [ O (@) O a(@) = C2, () C2, (@) sinllop (q + )

(1) O o @)D (D) + O (0O, (@) coslkop(a+3)] -
(B7)

In the above, use was made of the fact that the functions Hg)(kgqap)
vanish with p because of condition (41). Passing to the limit p — oo
in (B7) in accordance with the theory of distributions and using the

well-known relation R
5(6) = Tim St

R—o0 7T€ ’

we obtain from (B7) the orthogonality relation (73) for the continuous-
spectrum modes, with Ny, s +(¢) given by (74). In other possible cases
where either s # —5§ or o # & (here, psq(q) # p—sa(q) for all real

values of ¢ and ), or m # —m, we have the trivial result for J222,

m,s,x
as expressed by (73).
We note that the continuous-spectrum modes possessing the same
eigenvalues ¢ and indices s and «, but different azimuthal indices are
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degenerate since they have the same axial wave number p = p; o(q).
Nevertheless, any two such modes are orthogonal due to the “angular”
orthogonality expressed by (B4).

It now remains to establish relation (75) for N, ,. The normali-
zation quantity N, , can be represented as

R

Npw = 27 lim  lim [Emm(r) «HT (g
R—o0 d—dm,n 0 v
—g™ H - 20pd BS
_m7_7d(r’Q) X m,n(r) Zopap. ( )

Following steps similar to those that led to (B3), and making use of
the fact that pm,n = pa(¢m.n), we rewrite (B8) in the form

Npn = 27 lim  lim eXp{flko [Pa(gmn) — pa(q)] 2}
R—o00 q—qm,n iko [p&(Qm,n) — pd(Q)]

Xp [Em,n(P) X H(_TTL_,@(Pv q)

_ gD

Vo a(Py @) X Hm,n(p)} “Po (B9)

p=R

Performing the operations indicated here and taking into account
the relationships in (B6) and the chain of inequalities Im g4 (gmn) <
Im gy, < 0, we find

. - (1)

8 (dpa\ '[ .1 1 W\2] s 2
Ny = e ) Mo R
) Zok’g < dq > |:lu’3 + €3 (ns,a> dq Cm,s,a

d=dm,n

(B10)

Using (68) and (74), we come from (B10) to the resulting expres-
sion (75) for Np, .

Finally, we note that the above-derived orthogonality relations
can be generalized to be valid for transversely unbounded modes, as
well. To do this, one should use a method similar to that employed in
[19, 37-39] for open waveguides located in a nongyrotropic medium.
The generalized orthogonality relations turn out to be useful when
analyzing leaky modes.
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