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Abstract—The plane wave diffraction by a terminated, semi-infinite
parallel-plate waveguide with four-layer material loading is rigorously
analyzed using the Wiener-Hopf technique. Introducing the Fourier
transform for the unknown scattered field and applying boundary
conditions in the transform domain, the problem is formulated in
terms of the simultaneous Wiener-Hopf equations satisfied by the
unknown spectral functions. The Wiener-Hopf equations are solved
via the factorization and decomposition procedure leading to the exact
solution. The scattered field in the real space is evaluated by taking
the inverse Fourier transform and using the saddle point method.
Representative numerical examples of the radar cross section (RCS) are
presented, and the far-field scattering characteristics of the waveguide
are investigated in detail.

1. INTRODUCTION

Analysis of the scattering from open-ended metallic waveguide cavities
has received much attention recently in connection with the prediction
and reduction of the radar cross section (RCS) of a target [1-6].
This problem serves as a simple model of duct structures such as
jet engine intakes of aircrafts and cracks occurring on surfaces of
general complicated bodies. Therefore, investigation of the scattering
mechanism in case of the presence of open cavities is an important
subject in the area of the RCS prediction and reduction. In addition,
it is often desirable to reduce the backscattering from such cavities for
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applications to the aircraft scattering studies. Two typical methods
employed for this purpose are, (i) loading the interior of the cavity
with a lossy material, and (ii) shaping the cavity. From the viewpoint
of these engineering applications, a number of scientists have thus far
analyzed the diffraction problems involving various two- and three-
dimensional (2-D and 3-D) cavities by means of high-frequency ray
techniques and numerical methods [7-13]. It appears, however, that
the solutions obtained by these approaches are not uniformly valid for
arbitrary cavity dimensions. There are also important contributions
to studies on the cavity RCS based on a rigorous function-theoretic
approach based on the Wiener-Hopf technique [14, 15].

The Wiener-Hopf technique [16-18] is one of the powerful
approaches for analyzing wave scattering and diffraction problems
associated with canonical geometries, which is mathematically rigorous
in the sense that the edge condition, required for the uniqueness of the
solution, is explicitly incorporated into the analysis. In the previous
papers, we have carried out a rigorous RCS analysis of 2-D cavities
of various shapes formed by a finite parallel-plate waveguide [19-
26] and by a semi-infinite parallel-plate waveguide [27,28] using
the Wiener-Hopf technique. It has been clarified that our final
solutions are valid over a broad frequency range and can be used
for validating commonly used numerical methods and high-frequency
ray techniques. This paper serves as an important generalization to
our previous analysis [27, 28] for the terminated, semi-infinite parallel-
plate waveguide with three-layer material loading. We shall consider
in this paper a terminated, semi-infinite parallel-plate waveguide with
four-layer material loading, and analyze the E-polarized plane wave
diffraction by means of the Wiener-Hopf technique. Our final solution
is shown to be uniformly valid for arbitrary waveguide dimensions.
The cavity structure considered in this paper can be regarded as a
simple model of cracks occurring on surfaces of complicated bodies.
Therefore by loading interior regions of the cracks with multi-layer
materials, unnecessary backscattering waves can be reduced. The
results presented in this paper may contribute to the progress in the
area of research on the RCS prediction and reduction.

Introducing the Fourier transform for the unknown scattered field
and applying boundary conditions appropriately in the transform
domain, the problem is formulated in terms of the simultaneous
Wiener-Hopf equations. The Wiener-Hopf equations are then solved
exactly in a formal sense via the factorization and decomposition
procedure. It should be noted that the formal solution involves infinite
series terms with unknown coefficients. Using the edge condition,
we shall further derive approximate expressions of the infinite series,
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which are then led to efficient approximate solutions of the Wiener-
Hopf equations. It is to be noted that that our final solution is
uniformly valid for arbitrary waveguide dimensions. The scattered field
is evaluated explicitly by taking the inverse Fourier transform together
with the use of the saddle point method. The field inside the waveguide
is expressed in terms of the TE modes, whereas for the field outside
the waveguide, an asymptotic expression of the scattered far field is
derived in two difference forms. We shall present illustrative numerical
examples of the RCS for various physical parameters to discuss the
backscattering characteristics in detail. In particular, it is shown that
significant RCS reduction can be achieved by loading the interior of
the cavity with a four-layer lossy material.

The time factor is assumed to be e, and suppressed throughout
this paper.

2. FORMULATION OF THE PROBLEM

We consider the diffraction of an FE-polarized plane wave by a
terminated, semi-infinite parallel-plate waveguide with four-layer
material loading, as shown in Fig. 1, where the waveguide plates are
infinitely thin, perfectly conducting, and uniform in the y-direction.
The material layers I(—d; < z < —da), II(—dy < 2z < —d3),
III(—ds < z < —d4), and IV (—ds < z < —d5) are characterized by
the relative permittivity /permeability (e, ttm) for m =1, 2, 3, and 4,
respectively.

Figure 1. Geometry of the problem.
Let the total electric field ¢'(z, z) [= E}(x, )] be
qSt(a:,z) :¢i($,z)—|—¢(a@,z), (1)
where ¢'(z, 2) is the incident field of E polarization defined by

¢i(l_’z) _ efik(:vsiHGQJrzcosGQ)’ 0 <0< 7_[_/2 (2)
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with k[= w(eopo)'/?] being the free-space wavenumber. We shall
assume that the vacuum is slightly lossy as in k = ki + tko with
0 < ko < k1, and take the limit ko — +0 at the end of analysis.

The total field ¢!(z, 2) satisfies the 2-D Helmholtz equation

[82/0362 +0%/02% + p(z, 2)e(x, z)kQ] ¢ (x,2) =0, (3)
where
i (layer I) e1(layer I)
wa(layer II) g9 (layer 1)
wlx, z) = ps(layer 1), e(x,2) = ez(layer TIT) . (4)
pa(layer IV) e4(layer IV)
1(otherwise) 1(otherwise)

Nonzero components of the total electromagnetic fields are derived
from

P
whop(x, 2) 0z " iwpop(x, 2) Oz

(L, HL HY) = [¢t, (5)

It follows from the radiation condition that

O(ekgzcos%) as z — —00,

@) (e"”'z) as z — 00.

o2, ={ (6)

‘We now define the Fourier transform of the scattered field as
o
@(w,a):(Qw)l/Q/ o(x, 2)e"**dz, a = Rea+ilma(= o+it). (7)
—00

In the view of the radiation condition, it is found that ®(z, ) is regular
in the strip —ke < 7 < ko cosfy of the complex a-plane. Introducing
the Fourier integrals as

B, (z,0) = (2m)" 12 /0 ” oa, 2 dz, (8)
b (z,0) = (27)"1/2 /_ Y (e 2)é* e, )
"™ (2,a) = (2m)"1/2 /ddm“ ¢ (z,2)e"**dz, for m = 1,2,3,4, (10)
o\ (z,0) = (2m) /2 ’ o' (z, 2)e ™ dz, (11)

,d5
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it is found that ®(z,a) and ®_(x,«) are regular in 7 > —ko and

T < ko cos by, respectively, whereas @gm) (z,a) for m =1, 2, 3, 4, and
5 are entire functions. In the following, we shall use the subscript ‘1’
for entire functions as well as the subscripts ‘+’ and ‘—’ for functions
regular in 7 > —ky and 7 < kg cos g, respectively. Using (7)—(11), we
can express ®(z,a) as

_ [ Y(z,0) + @ (z,0) for |z| > b,
2w ) = { Uiy (,0) + By (w,a) for |o| <b, .
where
5
Py (z,a) = Z q)gm)(% a), (13)
m=1
e—ik:csineo
To(r.0) = @ (z0) - )

(27)1/2i(a — k cosfp)

It is seen from (14) that ¥ )(z, @) is regular in 7 > —ky except for a

simple pole at a = k cosfy. The subscript ‘(+)’ will be used hereafter
for functions with this property.
In order to derive transformed wave equations, we note that

(82/8JB2 + 9%/02% + kz) d(x,2) =0 (15)
holds except for the material-loaded regions, and that
(02/02% + 9%/02* + k2,) ¢'(2,2) =0 (16)

form =1, 2, 3, and 4 hold for the regions I, II, III, and IV, respectively,
where ky, = (ttmem)/ k. For the region |z| > b, we can show by taking
the Fourier transform of (15) and using (6) that

(d*/dz® — +*) ®(z,a) =0 (17)
holds in the strip —ky < 7 < ko cos 8y, where
v =(a?=k)Y2 Rey>0. (18)

Equation (17) is the transformed wave equation for |z| > b.

The derivation of transformed wave equations for the region
|z| < b is involved, since there are medium discontinuities across the
surfaces at z = —d,,, for m =1, 2, 3, 4, and 5. We now multiply
both sides of (15) by (27)~/2¢'** and integrate with respect to z over
the range —ds < z < oo. Then by taking into account (6) and the
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boundary condition for tangential electromagnetic fields at z = —ds,
we derive that

(¢2/d?~2?) [0 (2, @) + Wy (2, @) =7 [(1/ ) fa(w) ~iga(a)

(19)

for 7 > —ko with a # k cos 6y, where
f4([]}> _ (27{')1/2 a(;st(l‘,a—:h - O)’ (20)
ga(z) = 2m)V2 ¢t (z, —dy). (21)

Next we multiply both sides of (16) by (27)~'/2¢** and integrate
with respect to z over the ranges —d; < z < —dg, —ds < 2z < —ds3,
—d3 < z < —dy, and —d4 < z < —d5. Using the boundary conditions
for tangential electromagnetic fields at z = —d,, for m =1, 2, 3, 4,
and 5, we obtain that

(@?/da?~T2) &V (z,0) = e b [, (@) —e % [f) (x) —iag ()] ,(22)
(d/da? —T3) 8P (z,0) = e % [(ua/m) fi(x) — iagi (x)]

—e 7 [ fo(2) — iaga(2)], (23)
(d?/da? — T3) @V (z,0) = €% [(us/p2) folw) — iags(x)]

—e~ 1 [ f3(2) — iags(2)], (24)
(a/dx? —T4) @Y (2,0) = €% (/) fa(2) — iags(@)]

—e7 5 [ 1 (2) — iaga(o)] (25)

for all v, where I', = (o — k2,)%/? with Rel',, > 0 for m = 1,2, 3,4,
and

_1/2 0¢' (x,—d1 +0)

Fula) = (2m) o) (26
o) = oy 2O 20 s g
gm(:n) = (2’“—)_1/2 ¢t(x> _dm—i-l) m=1,2,3. (28)

Equations (19) and (22)—(25) are the desired transformed equations
for |z| < b.

In view of (6) and (7), it follows that ®(x,«) is bounded for
|z| — oo, and hence, the solution of (17) is expressed as

W4 (b, a)e= 7@ for > b,

(w,a) = { U4y (=D, a)eV @) for ¢ < —b, (29)
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where we have used (12) and the following boundary conditions for
tangential electric fields across x = +b:

O_(£b+0,a) =0,  D(£bF0,a) =0, (30)
D (£b+0,a) = By (£b—0,a)[= By (£b,a). (31)

Equation (29) gives the scattered field representation for |z| > b.

For region |z| < b, the transformed wave equations involve the
unknown inhomogeneous terms fi(x) and fp,(z), gm(xz) for m =
1,2,3,4 due to the medium discontinuities (see (19) and (22)—(25)).
In view of the edge condition [17], it follows that fi(z), fm(x), and
gm(7) behave like O[(z F b)1*"] as ¥ — =+b, where v is a constant
satisfying 0 < v < 1 which depends on the relative permeability g,
for m = 1,2,3,4. Therefore we can expand these functions into the
convergent Fourier sine series as in

Fole) =3 3 fisin o (a4 0), 32)
n=1
e } = EZI{ G }Sm%(““ (33)

for |x| < b. Solving the transformed wave equations with the aid of (30)
and (31) and carrying out some manipulations, we derive the solutions
of (19) and (22)—(25) with the result that

<I>g5) (z,a) + ¥4y (2, )

sinhy(z + b) sinhy(z — b)
- SIAVET0) g (Lp o)D)
(+)(b,0<) sinh 2vb (+)( b, ) sinh 2+vb
1 csp(a) . nm
—— — b 34
P 59
(m) 1 > cmn(a) . nmw
oV (z,0) = —— —————~—sin—(z+b), m=1,2,3,4, (35)

b= a?+17,  2b

Tn = [<mr/2b>2—k2]1/27 Linn = [(n7/20)° — KL)%, (36)
e s (), (37)

Cmn (@) = e @dmet (o) — e_iadm+1c(m+l)n(a) form=1,2,3,4 (38)

o
at
3
—~

Q
~

Il
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with
- ot (o) = £
cln(a) - fn ) CQn(a) - fl?’b 1QGin, (39)
C;_n(a) (t2/p1) fin — iagin, C:;n@‘) = fon — iQgon, (40)
C:Jsrn(a) (:u3/,u2)f2n — 10g2n, szn(a) = f3n — 103, (41)
lern( ) = (:U’4//‘L3)f3n - ZagSnv an(a) = f4n - iag4n' (42)
Here the Fourier coefficients f,;7 and frun, gmn for m = 1,2,3,4 are
defined by (A5)—(A7) in Appendix A. Substituting (32) and (33)

into (12), the scattered field representation for region |z| < b is derived.
Summarizing the above results, we derive that

O(z,a) = \II(H(j:b,a)e?”(xﬂ) forz 2 +0,
B sinh~y(x + b) sinh~y(x —b)
N \II(H (b, @) sinh 2+vb Yin(=ba) sinh 2vb

C5n 7T
_Z b

Cmn nm
ZZQQ+F2 noy(r4b)  for o <b, (43)

mlnl

Equation (43) is the scattered field representation in the Fourier
transform domain and holds the strip —ko < 7 < kg cos 6.

We now differentiate (43) with respect to x and set x = +b +
0, +bF0 in the results. Carrying out some manipulations with the aid
of boundary conditions, we obtain that

Uiy (@) . nw [ esn(a) 2o ()

dig)= T nr| Son _Cmn®)
I=(a) = M(«) n;dd b2 {oﬂ + 2 +mzz:1 o o (44)

oy V@ SN nm [ es(@) |~ Cnn(@)
I =N +n:22evenb_2 [a2+’y% +m§a2+F?m , (45)

where
U(_,_)(Ot) = \If(+)(b, Od) + \I/(+)(—b, Oé), (46)
V(Jr)(oz) = \I’(+)(b, a) qj(+)(_b, Oé), (47)
T2 @) = J-(b,a) F J-(=b, ), (48)
J_(£b,a) = & (£b+0,a) — P (£bFO0, ), (49)
—b

M(a) = e~ cosh’yb’ N(a) = e smh’yb. (50)

Y Y
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In (49), the prime denotes differentiation with respect to .
Equations (44) and (45) are the desired simultaneous Wiener-Hopf
equations satisfied by the unknown functions. In the next section,
we will solve the Wiener-Hopf equations, and derive exact and
approximate solutions.

3. SOLUTION OF THE WIENER-HOPF EQUATIONS

The kernel functions M(«) and N(«) given by (50) are factorized
as [16, 17]

M(a) = My(@)M_(a), N(a) = Ny(a)N_(a),  (51)
where

My (@)= M_(~a)
— (coskb)Y2e ™11+ ) V/2 - exp {(inb/m) I [(c — ) K]}
-exp{(iab/m)[1 — C + In(7/2kb) + im/2]}

o0

II @+ ajip)e?ed/m (52)
n=1,odd

Ny(a)l= N-(~a)]

— (sinkb/k)"2 exp {(inb/K) nl( — 7)/K])
-exp{(iab/m)[1 — C + In(27/kb) + im/2]}

oo

H (1 + a/i,yn)e%ab/mr (53)

n=2,even

with C' (= 0.57721566 - - - ) being Euler’s constant. It is seem from (50)
and (51) that My («) and Ny (a) are regular and nonzero in 7 2 Fka,

and show the asymptotic behavior
Ms(a) ~ (F2ia) Y2, Ni(a) ~ (F2ia) /2 (54)

as o — oo with 7 2 F ko.

We multiply both sides of (42) by M_(«) and decompose the
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resultant equation. This leads to

2\ /2 i cos(kbsin )
M. d -
(@) J () + <7T> M (kcosbp)(a — kcosby)

{ [M(a)65n(a) N M+<m>C5n<—m>}

+ Z b2 a+2’y

n=1,0dd a =i 2i7n
4 ) }
N Z 1 M_(a)cmn(a) N M4 (i0 ) mn (=i mn)
=« + L a— 1l 2il

™

__U(+)(a) 2 1/2 i cos(kbsin )
- Mi(a) M (K cos bp)(a — k cos bp)

20 biyn (o + iyp) bil (@ + i)

n=1,odd m=1

. 4 ; ;
N Z nTr[M+ 1Y CBn( l’}/n) i Z M+(szn)cmn(—szn)]_(55)

It is seen that the left-hand and right-hand sides of (53) are regular in
the lower (7 < ko cos ) and upper (7 > —ko) half-planes, respectively,
and both sides have a common strip of regularity —ko < 7 < ko cos 6.
Hence, the argument of analytic continuation shows that both sides
of (53) must be equal to an entire function, which is found to
be identically zero by taking into account the edge condition and
Liouville’s theorem. Therefore, it follows that

Uy () B (2)1/2 i cos(kbsin )
My (

M,y (a) i k cos 6p) (e — k cos 6p)
00 . ) 4 ‘ -
— Z n—ﬂ- M+(17n)c5"<_17”) Z M—l—(zrmn)cmn(_zrmn) -0
n=1,0dd 2b biryn (@ + i) m=1 bil' v (@ + 1T ) .

(56)

A similar procedure can be applied for decomposition of the
Wiener-Hopf equation (43). Multiplying both sides of (43) by N_(«)
and decomposing the resultant equation, we arrive at

Vip(a) (2)1/2 sin(kbsin 6p)
N (

Ni(a) ™ kcosby)(a — k cosby)
i N (i) csn(—17n) i N (iTmn) (=il ) -0
2b biyn(a + ivy) bil (a0 + iln) '

m=1
(57)
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It should be noted that the unknown coefficients csy,(—iv,) and
Cmn(—1'myn) are involved in (54) and (55). In Appendix A, we have
investigated the relationship between the unknown functions and the
unknown coefficients. Substituting (A4) and (A23) into (54) and (55)
and arranging the results, we obtain that

U(+)(Oé) _ M, () B A n - 02n—1an Pyt (58)
b pl/2 b(a— kcosby) o b(a+ivan—1) |’
‘/(_A'_)(Oé) _ N+(a) B + = 52nannvr—l_ (59)
b bt/2 | b(a— kcosby) = b(a+ive,) |’
where
_1/9) 712 2
_lemymeP "
bivon—1 bivan
My (iv2n-1) N (iv2n)
pn = bl/2 9 Qn = b1/2 I (61)
U, (z n— ) U (Z 2n)
s U ) o Uty (020) )
Uy, = b , Uy b 3 (6 )
o 2 1/2 i cos(kbsin 90), (63)
T M (K cos byp)
. 2_b 1/2 sin(kbsin@o). (64)
T N (k cosby)

Equations (58) and (59) are the exact solutions to the Wiener-
Hopf equations (44) and (45), respectively, but they are formal
since the infinite series with the unknown coefficients u,} and v, for
n = 1,2,3,... are involved. Therefore, it is necessary to develop
approximation procedures for the explicit solution.

Taking into account the edge condition, we find that

U(+) (Oé), V(Jr)(a) = O(Ozig/z) for 7 > —ko (65)
as o — 00. Therefore, it follows by using (60) and (63) that
ut ~ 22K (byan_1) 2, v ~ 2V K (byan) 32 (66)

as n — oo, where K, and K, are unknown constants. Taking a
large positive integer N, the unknowns u;” and v, for n > N of the
infinite series in (58) and (59) may be approximated by the asymptotic
behavior given by (66) with reasonable accuracy. Then we replace each
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infinite series in (58) and (59) by the sum of the finite series containing
N — 1 unknowns and the residual infinite series with one unknown
constant. This procedure yields an accurate approximate expression of
the original infinite series since the edge condition is taken into account
explicitly. Thus we arrive at the approximate expressions of (58) and
(59) with the result that

Upy(a)  Mi(o) = o O2n—1anPnily;
- Cb(a— kcos@o +Z:: +KuSu(a) ’

b pl/2 f b (a+ivan—1)
(67)
‘/(+)(Oé) N+(OL) B +Nz:1 5211 nQTLUJr +K,S ( )
~ — - n_ «@
b bl/2 | b(a— kcosby) = b(a+ivan) v ’
(68)
where
6271 1an b’YZn 1) -2
Su(a) = , 69
o= 3 s o
Sanbn (by2n) 2
Su(a) = % (70)
=N V2n
Equations (67) and (68) are approximate expressions of (58) and (59),
respectively, where the unknowns u; and v, forn=1,2,3, ... ,N—1
as well as K, and K, are contained. In order to determine these
unknowns, we set a = iy9,_1 and iye, for n = 1,2,3,... , N in (67)
and (68), respectively. This procedure yields the two sets of N

equations, where u]'t, and v;{, are involved. Since N is a large positive

integer, we can employ (66) to replace u} and v]f, by their asymptotic
behavior containing K, and K,. Thus, the two sets of N x N matrix
equations are derived, which can be solved numerically with high
accuracy. It is to be noted that (67) and (68) are uniformly valid
for arbitrary cavity dimensions.

4. SCATTERED FIELD

The scattered field in the real space can be derived by taking the inverse
Fourier transform of (43) according to the formula

oo+ic

o(x,z) = (27T)_1/2/ O(z,0)e " %da, —ky < ¢ < ko cosby.
—oo+ic
(71)
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Substituting (43) into (71), we obtain an integral representation for
the scattered field valid for the entire space. In the following, we shall
derive explicit expressions of the field inside and outside the waveguide
analytically. For the region inside the waveguide, the scattered field can
be expressed in terms of the TE modes by evaluating (71) with the aid
of the residue theorem, whereas for the region outside the waveguide,
a far field asymptotic expression will be derived using the saddle point
method. For the field outside the waveguide, however, we shall restrict
ourselves to the derivation of the scattered field only for |z| > b since
the contributions to the far field from the region |z| < b with z > 0 are
negligibly small.

First we shall consider the field inside the waveguide. Substituting
the scattered field expression for |z| < bin (43) into (71) and evaluating
the resultant integral for z < 0 with the aid of (58) and (59), it is found
that the scattered field inside the waveguide takes the form

d(x,2) = —¢'(x,2) + Z Tipsinh 'y, (2 4 dy) sin 5 (x +b)

n=1
for —dy <z < —ds
[e.e]
= —¢'(x,2)+ Y {Tnjnermn(”dmﬂ) _ Tntne—rmn(ﬁdm)}
n=1

-sin Z—Z(az+b) for —dy, <z < —dpy1 (m=2,3,4),

e+ 3 [Ty e ra]
n=1
-sin%(ﬂs—kb) for —ds <2z<0, (72)
where
Ty, — (7T/2)1/2 mre_%d52;;11(::1_‘12)Pm(](+) (ivn) for odd n,
_ (71/2)1/2 nﬂe%df’zbz;”jldﬁplnv(ﬂ (ivn) for even n, (73)
— (7r/2)1/2 nwe2b72";5pan(+) (17n) for odd 1 (m = 2.3.4),

RE nme % P Vi (i
:_( /2) ST (o) (1) for even n (m=2,3,4), (74)
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12 .
n :(71'/2) / nwe " d5anU(+) (Z’)/n) for odd n (m _93 4)

mn 20%T
(n/2)% e Quun Vs (i)
=— BT for even n (m=2,3,4), (75)
V2 e B ULy (i
g /2 Tnme U n) g o,
262,
(w/2)"/2 nre™ 45V (i)
=— o, for even n, (76)
T+H= (W/2)1/2 nﬂei%%Q%U(H () for odd n
" 2b2+,, ’
(n/2) e Qun Vi) (i)
=— T for even n. (77)

In (73)—(77), Ppp and Qmyp for m = 1,2, 3,4 are defined in Appendix A.
Next we shall consider the field outside the waveguide and derive a
scattered far field. The region outside the waveguide consists of region
|z| < b with z > 0 and region |z| > b. However, the contribution
from region |z| < b outside the waveguide is negligibly small at large
distances from the origin. Therefore, the derivation of the scattered far
field for |z| < b will not be discussed in the following. In view of (43)
and (71), the integral representation of the scattered field for z 2 +b
is given by
oco+ic )
o2 = a2 [ W (b a)e T e, (1)

—oo+1ic

where W () (£b, a) is expressed using (46) and (47) as

Ui (a) £ Vi (a)

5 .
It is noted from (58), (59), and (79) that W 4)(£b, ) have a simple
pole at o = kcosfy. In order to evaluate (78) properly, we apply the

pole-singularity extraction method. To this end, we express ¢(z, z) as
in

\I/(+) (:tb, a) =

(79)

d)(l‘, Z) :¢1($,Z)+¢2(1‘,Z), (80)

where

o1(z,2)= (277)1/2/

—oo+1ic

oco+ic

U4 (b, ) — B(+b, a)] eFIEFO)—ioz gy, (81)
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ocot+ic )
bo(, 2) = (27) 112 / B(b, o) —iaz g (82)

—o0+1ic
for z 2 + b with

e Fikbsin Qoi(k + k cos 90)1/2

<i>(:|:b, a) = (2%)1/2(06 + k)l/Q(Oé — k cos 00).

(83)
It can be verified by (58), (59), (63), (64), and (79) that ¥ (+b, )
show the asymptotic behavior

Z'e:FikbsinBO
(27m)Y/2(c — k cos )

\If(+) (:l:b, 04) ~ (84)

as o — kcosty. Therefore we see from (83) and (84) that the pole
singularity of W y(+b,a) in (81) at a = kcosf) is canceled due to

the presence of the auxiliary function ®(+b,«) and eventually the
integrand of (81) is regular in the neighborhood of o = k cos6p.
Let us introduce the cylindrical coordinates (p1 2, 612) centered at the
waveguide edges (z,z) = (£b,0) as follows:

x—b = py1sinf;, z=prcosf; for0 <6 <m, (85)
x+b = pasinfy, z=pocosby for —7m <6y <O, (86)
Applying Theorem B.2 in Appendix B, ¢1(x, z) defined by (81) can be
expanded asymptotically as
qbl (p172, (9172) ~ + [\I’(+) (:l:b, —k cos 9172)—é(ib, —k cos 9172)
etlkp12—m/4)

(kp1,2)1/? (87)

-k sin 9172

for ¥ 2 4bas kpy 2 — oo. The term ¢2(z, z) given by (82) is evaluated
exactly using (C2) in Appendix C with the result that

P2(p1,2, 01,2)=—eTiRbsinbo {e_i’“plv2 cos(01,2=00) o [(Qkpl,z)m cos 761’22_ 00]

+ etk cos(01,2+00) [(2]{301,2)1/2 cos 91’22—+90] } (88)

for x2 £ b, where F(:) is the Fresnel integral defined by (C4) in
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Appendix C. Therefore, substituting (87) and (88) into (80) leads to
Pp1,2,012) ~ £ [\I/(Jr)(:l:b, —kcos b 9) — ®(+b, —k cos 91,2)}
eilkp12—m/4)
(kp12)'/?
-F [(%Pm)l/? Ccos 761’2; 90} + ¢~ thp1,2 008(01,2400)

k Sin 9172 _ e:Fikb sin 90 {efikaQ COS(9172790)

-F [(2kp1,2)1/2 oS W} } (89)

for x 2 +b as kp1 2 — oo, which gives the scattered far field expression

uniformly valid in observation angles 61 .
Introducing the cylindrical coordinate (p, f) centered at the origin
as

x=psinf, z=pcosf for —w<O<m, (90)

it is seen that the following approximate relationship holds in the far
field:

cos ~ cosf ~ cos by, (91)
p1~p—>bsinf for0 <6 <m, (92)
po~p+bsinf for —m <6 <O0. (93)

Applying (C9) in Appendix C for asymptotic evaluation of (78) and
using (89)—(91), an alternative expression for the scattered far field is
derived as

¢(P7 9) ~ ¢g(pa 0) +¢d(pv 9), 91,2'5"4:&7T:*:00 (94)

for kp — 0o, where ¢9(p, #) and ¢%(p, #) denote the geometrical optics
field and the diffracted field, respectively, given by

*(p,0)

—e~thpeos(0=00)  for — 1 < 0y < —7 + 6y,
=0 for —m+60y) < <0, 0<b; <7—0p,
_G—ZikbsinGoe—ikpcos(e—i-eo) for T — 0y < 0; < T, (95)

o pilkp—m/4)
¢%(p,0) = +U (b, —k cos 0)k sin T kbSO

- >

Equations (87) and (92) are the uniform and non-uniform asymptotic
expressions for the scattered far field, respectively.
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5. NUMERICAL RESULTS AND DISCUSSION

In this section, we shall present illustrative numerical examples of the
RCS to investigate the far field backscattering characteristics in detail.
Since the problem considered here is of the two-dimensional scattering,
the RCS per nit length is defined by

o= lim <27rp’¢d’2) , (97)

P00 |62

where ¢? is the diffracted field given by (94). For real k, (95) is
simplified using (2), (77), and (94) as

ksin @ 2

2

o=A ‘ (Ui (=kcos ) £ Vi, )(—kcos )] (98)

for 6 2 0 with A being the free-space wavelength. As has been

mentioned at the end of Section 3, we require numerical inversion of
the two sets of N x N matrix equations for obtaining all the physical
quantities. We have verified by careful numerical experimentation that
sufficiently accurate results can be obtained by choosing N > 2kb/m
in (65) and (66).

Figures 2-5 show the normalized monostatic RCS o/\ as a
function of incident angle 6y, where the values of o/\ are plotted in
decibels [dB] by computing 10log;qo/A. In order to investigate the
scattering mechanism over a broad frequency range, we have carried
out numerical computation for three typical values of the normalized
waveguide aperture width kb = 3.14,15.7, and 31.4, which correspond
to low, medium, and high frequencies, respectively. For a fixed kb,
the ratio of the cavity depth d; to the waveguide aperture width 2b
has been chosen as d;/2b = 1.0 (Figs. 2 and 4) and 3.0 (Figs. 3 and
5). In numerical computation, we have chosen ferrite (single-layer
material) [2] for region IV and Emerson & Cuming AN-73 (three-
layer material) [2] for regions I-III to form the existing four-layer
material loaded on the planar termination inside the waveguide (see
Fig. 1). The material constants for ferrite (region IV) and Emerson &
Cuming AN-73 (regions I-1III) are g4 = 2.4+ i1.25, uy = 1.6 +140.9 and
g1 =3.1441410.0, p1 = 1.0, e2 = 1.6 +¢0.9, po = 1.0, e3 = 1.4 +¢0.35,
us = 1.0, respectively. The thickness of the three-layer material
(Emerson & Cuming AN-73) is such that dy —dy = do — d3 = d3 — d4.
The thickness of ferrite is taken to be the same as the thickness of each
layer of Emerson & Cuming AN-73 so that dy—dy = do—d3 = d3—d4 =
ds—ds (= A). The normalized layer thickness is chosen as kA = 0.628
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MONOSTATIC RCS (dB)

0 i0 20 30 40 50 60 70 80
INCIDENCE ANGLE (deg)

Figure 2(a). Monostatic RCS o/ [dB] for d;/2b = 1.0, kb = 3.14,
EA = 0.628. : cavity with no loading (regions I-IV: vacuum).
: cavity with single-layer loading (region I: ferrite, regions 11—
IV: vacuum). : cavity with three-layer loading (regions I-III:
Emerson & Cuming AN-73, region IV: vacuum). : cavity with
four-layer loading (regions I-III: Emerson & Cuming AN-73, region
IV: ferrite).

40 |

30

MONOSTATIC RCS (dB)

0 10 20 30 40 20 60 70 80
INCIDENCE ANGLE (deg)

Figure 2(b). Monostatic RCS o/X [dB] for d;/2b = 1.0, kb = 15.7,
kA = 0.628. Other particulars are the same as in Fig. 2(a).



Progress In Electromagnetics Research B, Vol. 12, 2009 19

MONOSTATIC RCS (dB)

0 10 20 30 40 50 60 70 80
INCIDENCE ANGLE (deg)

Figure 2(c). Monostatic RCS o/A [dB] for d;/2b = 1.0, kb = 31.4,
kA = 0.628. Other particulars are the same as in Fig. 2(a).

MONOSTATIC RCS (dB)

0 10 20 30 40 50 60 70 80
INCIDENCE ANGLE (deg)

Figure 3(a). Monostatic RCS o/\ [dB] for d;/2b = 3.0, kb = 3.14,
kA = 0.628. Other particulars are the same as in Fig. 2(a).
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Figure 3(b). Monostatic RCS o/A [dB] for d;/2b = 3.0, kb = 15.7,
kA = 0.628. Other particulars are the same as in Fig. 2(a).
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INCIDENCE ANGLE (deg)

Figure 3(c). Monostatic RCS o/A [dB] for d;/2b = 3.0, kb = 31.4,
EA = 0.628. Other particulars are the same as in Fig. 2(a).
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Figure 4(a). Monostatic RCS o/\ [dB] for d;/2b = 1.0, kb = 3.14,
EA = 1.255. : cavity with no loading (regions I-IV: vacuum).
: cavity with single-layer loading (region I: ferrite, regions 11—
IV: vacuum). : cavity with three-layer loading (regions I-III:
Emerson & Cuming AN-73, region IV: vacuum). : cavity with
four-layer loading (regions I-III: Emerson & Cuming AN-73, region
IV: ferrite).
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_40 | L L 1 )
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INCIDENCE ANGLE (deg)

Figure 4(b). Monostatic RCS o/\ [dB] for d;/2b = 1.0, kb = 15.7,
kA = 1.255. Other particulars are the same as in Fig. 4(a).
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Figure 4(c). Monostatic RCS o/A [dB] for dy/2b = 1.0, kb = 31.4,
kA = 1.255. Other particulars are the same as in Fig. 4(a).
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Figure 5(a). Monostatic RCS o/ [dB] for d;/2b = 3.0, kb = 3.14,
kA = 1.255. Other particulars are the same as in Fig. 4(a).
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Figure 5(b). Monostatic RCS o/A [dB] for d;/2b = 3.0, kb = 15.7,
kA = 1.255. Other particulars are the same as in Fig. 4(a).
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Figure 5(c). Monostatic RCS o/ [dB] for dy/2b = 3.0, kb = 31.4,
kA = 1.255. Other particulars are the same as in Fig. 4(a).

(Figs. 2 and 3) and 1.255 (Figs. 4 and 5). In order to investigate the
effect of four-layer loading in detail, we have also computed the RCS for
the single-layer case (region I: ferrite, regions II-IV: vacuum) and the
three-layer case (regions I-11I: Emerson & Cuming AN-73, region IV:
vacuum). The results for no material loading (regions I-IV: vacuum)
have also been added to enable comparison.
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It is seen from all figures that the RCS for empty cavities (no
material loading) exhibits large values due to the interior irradiation,
whereas the RCS is reduced for the case of material loading. This
RCS reduction is noticeable over the range 0° < 6y < 60°. The
other common feature in all examples is that, with an increase of
the waveguide aperture opening kb and the ratio d;/2b, the RCS
oscillates rapidly since the waveguide dimension moves towards the
high-frequency range. By comparing the RCS results for material-
loaded cavities between the single-layer case and the four-layer case, we
see better RCS reduction in the case of cavities with four-layer loading
for all chosen parameters d; /2b (= 1.0,3.0), kb (= 3.14,15.7,31.4), and
EA(= 0.628,1.255). Next we shall compare the RCS between the
three-layer case and four-layer case. Similarly we see that the case
of four-layer loading leads to better RCS reduction than the three-
layer case especially for large cavities (kb = 15.7,31.4). From these
characteristics, it is inferred that the multi-layer material loading gives
rise to better RCS reduction over a broad frequency range. Let us now
make comparisons of the monostatic RCS between two different values
of the material layer thickness KA. Comparing the RCS characteristics
in Figs. 2 and 3 (kA = 0.628) with those in Figs. 4 and 5 (kA = 1.255),
it is seen that the RCS reduction becomes noticeable with an increase
of the material thickness as expected.

In the numerical examples presented in this section, we have
chosen ferrite (single-layer material) and Emerson & Cuming AN-73
(three-layer material) to form a realistic four-layer material. From a
practical point of view, it is desirable to investigate optimum selection
of the material parameters leading to best RCS reduction for the
waveguide geometry considered in this paper. However, existing
materials are important in numerical investigation. The purpose of
this section is to investigate how the existing four-layer material formed
by the existing single- and three-layer materials results in better RCS
reduction characteristics than the two independent cases of single- and
three-layer materials loaded solely inside the waveguide. The selection
of optimum material parameters is important but is beyond the scope
of this paper. This may be considered as a future issue.

6. CONCLUSIONS

In this paper, we have considered a terminated, semi-infinite parallel-
plate waveguide with four-layer material loading as a generalization to
the geometry treated in our previous papers [27,28], and analyzed
rigorously the FE-polarized plane wave diffraction by means of
the Wiener-Hopf technique. It is to be noted that our final
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solution obtained in this paper is uniformly valid for arbitrary
waveguide dimensions. We have presented numerical examples of the
monostatic RCS for various physical parameters to discuss the far-
field backscattering characteristics in detail. In particular, it has been
clarified that the multilayer material loading inside the cavity plays
an important role in the RCS reduction over a broad frequency range.
We have also verified that the four-layer material loading gives rise
to a better RCS reduction compared with the three-layer case. The
results obtained in this paper serve as a reference solution and can be
used for investigating the range of applicability of other commonly used
approximate methods such as high-frequency techniques and numerical
methods.

We have restricted the problem geometry to the case where
the planar termination inside the waveguide is loaded with a four-
layer material. We would like to emphasize that generalization of
the method based on the Wiener-Hopf technique from the three-
layer case in our previous paper [27] to the four-layer case requires
lots of modifications. This is because, in the Wiener-Hopf analysis
presented in this paper, we have rigorously taken into account multiple
reflections between the material interfaces inside the waveguide as well
as all kinds of wave interactions due to the presence of edges of the
waveguide aperture and right-angled corners at the planar termination
and material wedges inside the waveguide. With an increase of the
number of material layers, the analysis procedure due to the Wiener-
Hopf technique becomes very complicated. Generalization to the case
of N layers is important from the engineering viewpoint, but the
solution method requires considerable modifications. The rigorous
Wiener-Hopf analysis of the N-layer case is therefore an open problem
to the best of our knowledge. The N-layer case can be considered as
a future problem to be solved by the Wiener-Hopf technique.

The diffraction problem involving the same waveguide geometry
for the H-polarized plane wave incidence is now under investigation.
It is to be noted that the analysis procedure is different between
FE and H polarizations in the sense that various scattering and
diffraction effects should be incorporated into the analysis in a different
manner. In addition, the method of solution for the H-polarized case
is more complicated than the F polarization. The results for the H
polarization will be presented as a separate paper.
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APPENDIX A. SOME USEFUL FORMULAS FOR THE
FOURIER COEFFICIENTS

In this appendix, we shall investigate important properties of the
unknown Fourier coefficients f,7 and fin, gmn for m = 1,2,3.4
appearing in (30) and (31). According to the definition, ¥ (z,)
is regular in 7 > —ko except for a simple pole at a = k cos 0y, whereas
(I)gm) (x,a) with m = 1,2,3,4,5 are entire functions. Hence, it follows
that

lim (@~ i7,) [ (2, 0) + 9y (2,0)| =0, (A1)
a—iyn
lim (o Tyn)®™ (2,0) =0, m =1,2,3,4.  (A2)

Substituting (32) and (33) into (A1) and (A2), respectively, we derive,
after some manipulations, that

. nm .
o (ivn) = %U(_‘_)(Z’}/n) for odd n,
nm ,
= —2—bV(+) (i) for even n, (A3)
and
o (£ilmn) =0, n=1,2,3,... (A4)

with m = 1,2,3,4, where Uy )(a) and V{4 (a) are defined by (44)
and (45). Equations (A3) and (A4) constitute a system of simultaneous
algebraic equations, which relates the Fourier coefficients f,;7 and
Jmns Gmn for m = 1,2,3,4 with the functions U y)(a) and Vi, y(a).
Solving these equations for f;, fiun, and gy, we derive that

fr = n—we_m"(dl_d2)e_vnd5P1nU(+) (i7n) foroddn,

" 2b
_ _Z_Ze—l—‘ln(dl—d2)e_’Ynd5P1n‘/(+) (i7,) forevenn, (Ab)
nmw .
fmn = Q_menU(+) (Z'Yn> for odd n,
nmw .
— _2_bpmnv(+) (i) forevenn, (A6)

nmw )
Jmn = Q_me”U(+) (i) foroddn,

nm .
— _Q_me"V(J“) (i7,) forevenn, (AT)
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where
Py — (1 + P4n) [1 _ e‘2F4"(d4_d5)p3n] | (AS)
Pan [1 - €2F4"(d4_d5)P3nP4n] Ynl4 + F4n’
O — e 2Mnldi=ds) py — pyy, (A9)
1 — e 2lanlda—ds) py. py,,
Py, — (1= pap) e Tnlda=ds) (1 4 §3,) Tgppia (A10)
1 — e~ 2lan(da=ds) pyy, pay, (pa/113)ap + O2nlan
00, — e Tanlda=ds) oo (1 — pyn) 1al'3p (A1D)
1 — e 2lan(da—ds) p3. py ’
gy (4 04y) Py o
(13/12)T2n + 610130
. (1 - ,04n) 67F4n(d4id5) (1 + 62n) 1—‘3n,u4 (A12)
1 — e 2anldi=ds) pg py, (pa/13)Tan + 025 Tan”
O — e—an(ds—d4)p2ne—r4n(d4—d5) (1= pan) palsy,
1 — e~ 2lan(da—ds) p3. py (1a/13)T3n + 02pay”
(A13)
P, = (Kpn + 1) e~ T2n(d2—ds)
(H2/p1) Kn + Loy
(1+ 81,) TapeTon(di=d) (1 _ p,,) ¢~Tin(ds—)
 (us/k2)Tan + 61aT30 1 — e~ 2an(di=ds) gy,
(1 +62n) Psnpg (A14)
(ta/113)T3n + 62nTan’
Q1 = e_FQ"(dQ_d?’)pln (1+01n) oy
(12/11) 2 + 610130
b)) (1—py) T, (A15)
1 — e Manlda=ds)pgpgy (p1a/p3)l3n+020Tan
with
Iy 4+ e—21n(di—da)
K, = i"fﬂrm CEra (A16)
(2/p1)Kn — Tap
P = (o /im) Ko + Tan” (A17)
—2I2p (da—d.
1n = L~ prye e (o) (A18)

- 1 +p1ne—2F2n(d2—d3)7
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pon = (/1’3//1'2)1_‘271 - 61nr3n <A19)

(/~L3//1'2)F2n + 61nr3n’
1— —2I'3p (dz—da)

Sop = - P2n¢ , (A20)
1 + p2n672r‘3n(d3*d4)

(M4/N3)F3n - 52nr4n

= , A21
Pin (M4/M3)F3n + 62nr4n ( )
ta¥n — Lan
= A22
pin H4Vn + I‘4n ( )

Substituting (A6) and (A7) with m = 4 into (35) and setting o = —iyy,
we also find that

. nm .
csn(—ivn) = %(%U(Jr) (i7) foroddn,
nm .
= _%%VH) (i) forevenn, (A23)
where
72F4n(d47d5) _ *Q’YndS
5, = [P?me P4n] € (A24)

1- P3np4n€72114" (da—ds)

APPENDIX B. SADDLE POINT METHOD

There are a number of asymptotic methods for evaluation of branch-
cut integrals. The saddle point method is known as a powerful tool
for deriving asymptotic expansions of such integrals. In this appendix,
we shall introduce a typical infinite branch-cut integral arising in the
Wiener-Hopf technique, and discuss the derivation of its asymptotic
expansion based on the saddle point method.

We introduce a double-valued function v = (a? — k?)'/2, where
«a (= o+i7) is a complex variable and k = k1 +iky with k; > 0,k > 0.
Let ®(«) be regular in the strip 7 < 7 < 74 of the complex a-plane,
where 71 are some constants such that —ky <7 < 7 < ko. We now
define the integral

oco+ic

b(z, 2) = (2m) 12 / B(a)e 0% g (B1)

—oo+1ic

for real x and z, where c is an arbitrary constant satisfying 7— < ¢ < 7.
Since the integrand possesses branch points at o = +k due to the
presence of v, it is generally difficult to evaluate (B1) in closed form.
However, we can derive an asymptotic representation based on the
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saddle point method as k(x? + 22)1/2 — oo if the integrand has no
singularities other than the branch points at o = +k.

Let (p,0) be the cylindrical coordinate as defined by x = psin#,
z = pcosf for 0 < || < w. The fundamental theorem for the
asymptotic expansion is stated as follows [18]:

Theorem B.1.  Let ®(a) be regular except for possible
singularities at o = £k, where these singularities are branch points
due to the presence of v in ®(«). Then the function ¢(z,z) defined
by (B1) has the asymptotic expansion

etkp o0 G(Zn) (0)

o(p,0) ~ k)12 gz (kp) ™", kp — o0, (B2)
n=0
where
) d2n
GO0 = G| (B3)
91/2p—ir/4 )
G(t) = W@(—kmsw)ksmw (t)7 (B4)
w=g
g(t) = 16] + cos™ (1 + it?). (B5)

In (B5), the arc cosine function is interpreted as the principal value.
This theorem gives a complete, asymptotic series expansion of
b(z,2) as k(z? + 22)1/2 — oo. Extracting out the leading term from
the asymptotic series, we have the following theorem:
Theorem B.2. Let ®(«a) satisfy the hypotheses stated in Theorem
B.1. Then ¢(z,z) defined by (B1) has the asymptotic expansion

. ei(kp—ﬂ'/ll)
&(p,0) ~ ®(—kcos )k sin WW?

We have so far treated the case of complex k, but Theorems B.1 and
B.2 hold as well for real k by taking the limit ko — +0.

kp — oc. (B6)

APPENDIX C. EVALUATION OF SOME CANONICAL
INTEGRALS IN TERMS OF THE FRESNEL INTEGRAL

This appendix is concerned with the evaluation of some canonical
integrals in terms of the Fresnel integral. Let us define the integrals

11 as
s co+tic ezl —iaz p o1
= [ T R (D
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for real x, z with v, k being defined in Appendix B, where 0 < 6y < 7/2
and |c| < kgcosfy. Using the cylindrical coordinate x = psin6,
z = pcosf for 0 < || <, (Cl) can be evaluated exactly as [18]

1/2 ‘ 09— 0
Iy = <%> i sec 0—20 {elkpcos(oaO)F [(2kp)1/2 cos TO]

_|_€—ikpcos(9+90)F [(Qkp)l/Q Cos @} } ) (C2)

1/2 . 0—0
I_ = <%> Wcosec%sgnw){elkpmswHO)F [(2kp)1/2 cos — O}

_e ~tkpcos(6+60) p [(Qkp)l/z cos i —;90] } ) (C3)

where F'(-) is the Fresnel integral defined by

e—i7r/4 o
F(z) = —— dt C4
@ =g [ ()
and
1 for € >0,
sgn(¢) = { —1 for g < 0. (C5)

It is easily verified by the integration-by-parts procedure that the
Fresnel integral F'(z) has the asymptotic expansion

i@ =m/4) (20 — 1!

F(x) ~ H(—x) — C6
(z) (—x) 2 iz 2 (2ia)" (C6)
as |x| — oo, where
1-3-5-...-2n—1) forn=2,3,4,...,
(2n— 1)l = { . (2n —1) Y (C7)
1 forz >0,
H(z) = { 0 forz <O0. (C8)

Applying (C6) to (C2) and (C3) and extracting out the leading terms
from the asymptotic series, we derive that

9\ 1/2 '
I, ~ (E) i sec%0 [¢Z(p, 0) — (bﬁlr(,o, 0)| for —m <0< —7+ 0,
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2 1/2 90
~ _(E> Wisecg(ﬁi(p,e) for —m+ 6y <0 <7 — 0,

1/2
~ (2) i sec % [gbr(p,G) — ¢ (p, 0)} form—60y <0 <,

k 2
(C9)
1/2 o0 1
> WCOSGCEO [d)%p, 0) + (bi(p, 0)] for —m < 0 < —7 + 09,

1/2 0
> ﬂcosecé)gzﬂ(p,@) for —m+ 6y < 6 <7 — b,

2\ 1/ 0o
~— <—> T cosec - [gbr(p, 0) + d)i(p, 9)} form—6y <6<,

(C10)
as kp — oo, where
¢i(P7 0) :e—ikpcos(O—OO)7 (br(p’ 9) _ e—ikpcos(e—i-eo)’ (Cll)

. 1/2 s »
gbi(p,@):q:%( 2 ) pilko—m/4) . (1£cos®) / (14cos by) /

. (C12)

wkp cos 6 + cos O

Equations (C9) and (C10) provide non-uniform asymptotic expansions
of I defined by (C1) as kp — oo, and hold for |6| % 7 — 6.
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