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Abstract—This work is concerned with generating the digital
elevation models (DEMs) from the SAR images of the region of
interest using multiple sensor arrays that are fixed on the distributed
satellites. We present an exact estimate of the unwrapped phase
and the relationship between the unwrapped phase and the terrain
height. The optimum scheme that jointly processes the signals from
all sensors is based on the model of the multibaseline joint block
vector. The method can simultaneously coregister the SAR images,
phase unwrapping and DEM generation in the presence of the large
coregistration errors. The performance of our approach is verified by a
series of simulation experiments based on the distributed sensor arrays.

1. INTRODUCTION

This work is concerned with generating the digital elevation models
(DEMs) from the SAR images of the region of interest using
multiple sensor arrays that are fixed on the distributed satellites.
Reconstruction of the height profiles from SAR interferometry (InSAR)
data is based on the phase unwrapping operation. Almost all
existing conventional InSAR phase unwrapping methods [1–3] have
no capability to resolve the conflict between height sensitivity and
interferometric phase aliasing as well. Whereas, the multibaseline
InSAR systems (with two or more cross-track baselines) have the
ability to overcome these drawbacks associated with single-baseline
InSAR systems and significantly increase the ambiguity intervals
of interferometric phases without degrading the height accuracy.
Therefore, the multibaseline InSAR systems are more attractive and
have been widely investigated during the past few years. The
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multibaseline InSAR system is widely exploited to combine the array
processing technique for facilitating phase unwrapping and high-
quality DEM reconstruction in the literature [4–10].

In InSAR data processing for the generation of the DEM of a
terrain, image coregistration is likewise a fundamental task in image
processing used to match two or more SAR images [11–13]. However,
when the required coregistration accuracy is not reached, the obtained
interferometric phase will be too noisy to be unwrapped due to the
coregistration error. Accordingly, it is necessary to find a registration
strategy robust to the large coregistration error to unwrap the terrain
interferometric phase.

Phase-to-height conversion is a very important step in the DEM
generation procedure. Therefore, the relationship between phase and
height should be calculated accurately. Successful phase-to-height
conversion requires relative orbital parameters accuracy [14] and a
fulfillment of the basic requirements for the InSAR system. These
requirements consist of, first, stable atmospheric conditions and terrain
backscatter and, second, the same InSAR geometry. In this paper, we
propose a robust phase unwrapping method and an exact relationship
of the unwrapped phase and the terrain height. The essence of the
phase unwrapping method is based on the combination joint pixel
approach, array processing technique and optimization algorithm,
which is quite different from that of the interferogram filtering. The
optimum scheme that jointly processes the signals from all sensors is
based on the multibaseline joint block vector. Moreover, we present
the general and exact formulation between the interferogram phase and
the target height which is based on the interferometric SAR geometry.

Based on this idea, the paper is arranged as follows: Section 2
presents signal model and unwrapped phase estimation. In Section 3,
we formulate the relationship between the interferometric phase and
the height profiles. The performance of the method is investigated
with simulated data in Section 4. The conclusions are in Section 5.

2. UNWRAPPED PHASE ESTIMATION

2.1. Signal Model and Problem Statement

Consider a multibaseline InSAR system, composed of a uniform linear
array (ULA) of M two-dimensional phase centers. Assuming that the
M SAR images are accurately coregistered and the interferometric
phases are flattened with a reference plane surface of zero height. The
obtained M SAR images collected by the sensors of the array, denoted
as x(i), of a pixel pair i (corresponding to the same ground area) can
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be modeled as
x(i) = a(ϕi) � s(i) + n(i) (1)

where x(i) = [x1(i), x2(i), · · · , xM (i)]T denotes the complex data
vector, which can be modeled as a joint zero-mean complex circular
Gaussian random vector [15, 16], s(i) = [s1(i), s2(i), · · · , sM (i)]T is the
complex magnitude vector (i.e., the complex reflectivity vector received
by the satellites), and n(i) is the additive noise term, the superscript
T stands for vector transpose, and � denotes the element-wise Schur-
Hadamard product. Furthermore,

a(ϕi) =
{
ej(m−1)ϕi/(M−1)

}M

m=1
(2)

represents the array steering vector (or the spatial steering vector)
of the pixel pair i, and ϕi is an unknown deterministic parameter
representing the unwrapped phase for the ith examined resolution cell,
i.e., the phase difference between the two furthest phase centers in the
array.

For the convenience of presenting the proposed method, as shown
in Fig. 1, where rectangles represent the SAR image pixels, and i
is the centric pixel pair (i.e., the desired pixel pair whose absolute
phase is to be estimated). When we construct the joint complex pixel
vector, the selection of the pixel window sizes is tradeoff between the
computational complexity and the lack of enough samples to estimate
the covariance matrix. In this paper, we propose the combination
processing approach to estimate unwrapped phase. The proposed
method can provide the robust unwrapped phases even in the presence
of the large image coregistration errors, and has the ability to overcome
the conflict associated with the computational complexity and the lack
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Figure 1. Construction of the multibaseline data block vector.
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of the independent and identically distributed (i.i.d.) samples. As
shown in Fig. 1, we define the multibaseline joint block vector as

X(i) = [x1(i), x2(i), · · · , xM−1(i), xM (i)]T (3)

and

xm(i) = [xm(i − 4), · · · , xm(i), · · · , xm(i + 4)] , m = 1, 2, · · · , M (4)

By using Equations (3) and (4) one can write the corresponding joint
covariance matrix CX(i) as follows:

CX(i) = E [X(i)X(i)∗]

= σ2
x(i)A(ϕi)A∗(ϕi) � RS(i) + σ2

nI (5)

where RS(i) is called the joint correlation coefficient matrix of the pixel
pair i. In the sense of statistical expectation, RS(i) = E [s(i)s(i)∗]
does not contain the noise components, which means that it only has
signal components. I is an M × M identity matrix, and E[·] denotes
the statistical expectation operator, the superscript ∗ denotes vector
conjugate-transpose, σ2

x(i) is the echo power of the pixel pair i and σ2
n

is the noise power. And

A(ϕi) = [a(ϕi−4), a(ϕi−3), · · · , a(ϕi), · · · , a(ϕi+4)]
T (6)

For simplicity and without loss of generality, we assume that the
neighboring pixels have an identical terrain height, then we have the
following expression for the array steering vector:

a(ϕi−4) = a(ϕi−3) = · · · = a(ϕi) = · · · = a(ϕi+4). (7)

From Equations (6) and (7), we can see that A is a Vandermonde
matrix, and AA∗ is a Hermitian matrix. Consequently, the
beamforming problem is formulated as follows:

P = a∗(ϕi)CX(i)a(ϕi) (8)

The maximum output provides an estimate of the signal power and
the unwrapped phase estimate is given by the scan value of ϕi that
achieves this maximum, namely

P = a∗(ϕi)
(
σ2

xA(ϕi)A∗(ϕi) � RS(i) + σ2
nI

)
a(ϕi)

= M ·
(
σ2

xa
∗(ϕi)RS(i)a(ϕi) + σ2

nI
)

(9)

Accordingly, the problem of interest herein is the estimation of the
unwrapped phases ϕi from the covariance matrix CX(i) with unknown
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σ2
x(i), RS(i) and σ2

n. A possible candidate is a maximum likelihood
estimation. However, although the corresponding likelihood function
can be easily written down. Its maximization results are tremendously
burdensome, and the maximization problem is multidimensional and
nonconvex. Therefore, we should resort the other approaches to
estimate the unwrapped phase. In this paper, we exploit the robust
beamforming approach [17–21] to estimate the unwrapped phase.

2.2. Phase Unwrapping

If the SAR images are accurately coregistered, the construction of
the multibaseline joint block vector X(i) is shown above in (3). The
corresponding sample covariance matrix is given by CX(i) in (5). In
practice, the coregistration error always exists in the SAR images, thus
the construction of the weighted multibaseline block vector X(i,wopt)
can be written as

X (i,wopt) =
[
x̂1

(
i,w(1)

opt

)
, x̂2

(
i,w(2)

opt

)
, · · · , x̂M

(
i,w(M)

opt

)]T
(10)

where

x̂m

(
i,w(m)

opt

)
=[x̂m(i−4), · · ·, x̂m(i), · · ·, x̂m(i+4)] , m=1, 2, · · ·, M(11)

x̂m(k)=w(m)∗
opt xT

m(k), k = i−4, i−3, · · ·, i, · · ·, i+4 (12)

wopt is the optimal weight vector, which is developed in [22, 23].
The corresponding covariance matrix CX (i,wopt), in fact, can be
estimated by the sample covariance matrix ĈX (i,wopt) in (13) of the
independent and identically distributed samples.

ĈX (i,wopt) =
1

2K + 1

∑K

k=−K
X (i + k,wopt)X∗ (i + k,wopt) (13)

where 2K+1 is the number of i.i.d. samples from the neighboring pixel
pairs. According to the RMB rule [24], the number of i.i.d. samples of
2K + 1 ≥ 2M − 1 would make the estimation loss within 3 dB if the
dimensions of the sample covariance matrix are M × M .

Using (13), the unwrapped phase estimation can be obtained by
using the robust beamforming as

ϕ̂unwrap = arg max
ϕi

{
a∗(ϕi) · ĈX (i,wopt) · a(ϕi)

}
(14)

The maximum in (14) corresponds to the estimate of the absolute
interferometric phase, i.e., ϕ̂unwrap = the maximum ϕi.

By using the above procedures, the terrain unwrapped phases can
be recovered after the SAR image pixel pairs are processed separately.
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3. PHASE TO HEIGHT CONVERSION

Consider the InSAR system geometry shown in Fig. 2, SAR receivers
are aligned in a baseline B oriented at an angle α with respect to local
horizontal. The slant ranges r1a and rMa to a scatterer a at height
z = h and ground range y1 are measured independently at the two
furthest receive apertures. The positive x coordinate (not shown) is
normal to the page, toward the reader.

1ar
1br

Groundrange y

z

x

1y

H

Mar

Mbr

b

h

α

Figure 2. Form of the InSAR system geometry.

Assuming r1a � B, the difference in received phase at the two
furthest phase centers becomes

ϕreal =
2π

λ
∆r =

2π

λ
(rMa − r1a)

=
2π

λ

(√
r2
1a + B2 + 2Br1a sin(θ − α) − r1a

)

∼= 2π

λ
r1a

(√
1 + 2

B

r1a
sin(θ − α) − 1

)

∼= 2π

λ
B sin(θ − α) (15)

where r1a =
√

(H − h)2 + (y1)
2. Since the obtained interferometric

phases are flattened with a reference plane surface of zero height, then
the unwrapped phase of the resolution element can be written as

ϕunwrap = ϕreal − ϕflat
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=
2πB

λ


sin(θ − α) − 1√

1 + (H/y1)
2


 (16)

where ϕflat = 2πB

λ
√

1+(H/y1)2
is flat-earth phase which depends on the

scatterer’s ground range y1 but not on its cross- range coordinate x,
at least for the sidelooking scenarios considered here. We have

θ = sin−1


ϕunwrapλ

2πB
+

1√
1 + (H/y1)

2


 + α (17)

Accordingly, the scatterer height is then obtained easily as

h = H − y1/ tan θ. (18)

We obtain the unwrapped phase at each point in an image and
apply Equations (17) and (18) to produce the topographic height of a
terrain.

4. PERFORMANCE INVESTIGATION

In this section we evaluate the performance of the proposed method.
Assuming a multibaseline cross-track interferometer system with six
two-dimensional phase centers aligned to form a uniform linear array.
We use a real SAR image to generate the reflectivity of each SAR pixel
and simulate the mountainous terrain. The signal-to-noise ratio (SNR)
of the SAR images is 17 dB and the correlation coefficient of each pixel
pair is computed according to the cross-track baseline length, the local
terrain slope and the SNR [15, 16].

Let us compare the performance of the proposed method with the
method in [25]. It is well known that the dominant computational
complexity of an algorithm is determined by that of the eigen-
decomposition or inversion of the covariance matrix, and both these
computational cost are equal to O(M3), where O(·) denotes “order
of”. A larger pixel window has more degrees of freedom, and thus
can perform a finer coregistration of SAR images, but the joint
subspace method suffers from the computational complexity and the
lack of enough samples to estimate the covariance matrix. Therefore,
the selection of the pixel window sizes is a tradeoff between these
considerations. When we select a 3 × 3 window to construct the
multibaseline joint block vector, the dimensions of the covariance
matrix using the method in this paper are M × M . And dimensions
of that in [25] are 9M × 9M . That is, the dimensions of the
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covariance matrix in [25] are 9 times that of the proposed method.
Furthermore, the dimensions of the covariance matrix of the proposed
method only relate to the number of the array phase centers and are
uncorrelated with how to choose the pixel window sizes to construct
the multibaseline joint block vector. Accordingly, we can conclude that
the overall computational cost of the proposed method is much lower
than that of the joint subspace method.

To help understand the model of the multibaseline joint block
vector, we discuss first the eigenspectra of the covariance matrix
for different coregistration errors. In Figs. 3, and 4, we plot the
eigenspectra of the covariance matrix for the different coregistration
errors (the coregistration errors of the mth (m = 2, 3, · · · , 6) SAR
images with respect to the first SAR image). Fig. 3 is the eigenspectra
of the covariance matrix for coregistration errors of [0.5, 0.8, 1.0] pixels,
respectively. Fig. 4 shows the eigenspectra for accurate coregistration
and coregistration errors of [0.5, 0.8, 1.0] pixels after the optimization
on the radar echo using the proposed method. From Figs. 3 and 4, we
can observe that the phase noise is suppressed greatly by the proposed
method.

Figure 3. Eigenspectra of joint covariance matrix for different
coregistration errors using the conventional method.

For example, we analysis the direction finding behavior of the
method with the multiple phase arrays mounted on the distributed
satellites. In case of the coregistration errors of [0,0.5,1.0] pixels
between the first SAR image and the mth (m = 2, 3, · · · , 6) SAR image,
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Figure 4. Eigenspectra of joint covariance matrix for different
coregistration errors using the proposed method.

Figure 5. Unwrapped phase computed with the robust adaptive
beamforming.

Fig. 5 depicts the unwrapped phase of the range-azimuth resolution cell
(300, 160) by using the proposed method after the optimization on the
radar echo. That is, Fig. 5 clearly demonstrates that in our simulation
example, the robust beamformer can provide the accurate unwrapped
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phase in the presence of the large coregistration errors.
To further verify the robustness of the proposed method to the

different image coregistration errors, we reconstruct the DEM of the
terrain via the obtained unwrapped phase. In the case of accurate
coregistration of the six SAR images, Fig. 6(a) is the reconstructed
DEM of the terrain by using the conventional processing. Fig. 6(b)
is the height error map between the reconstructed DEM and the
originally simulated terrain. Figs. 7(a) and 7(b) plot the reconstruction
of the terrain and the height error map in the presence of coregistration
error of 0.5 pixels using the conventional processing, respectively.
When the image coregistration errors reach one pixel, the interferogram
obtained by the conventional processing is very noisy.

Figure 8 shows the case of accurate coregistration between the

 (a) (b)

Figure 6. Results by the conventional method for accurate
coregistration: (a) Reconstructed terrain, (b) Height error.

 (a) (b)

Figure 7. Results by the conventional method for coregistration error
of 0.5 pixels: (a) Reconstructed terrain, (b) Height error.
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SAR images, where Fig. 8(a) is the reconstructed terrain by the
proposed method, Fig. 8(b) is the height error map between the
reconstructed terrain and the originally simulated terrain. Figs. 9(a)
and 9(b) plot the reconstructed DEM and the height error map in the
presence of coregistration error of 0.5 pixels using the proposed method,
respectively. When the image coregistration errors reach one pixel,
the corresponding pixel pairs are completely decorrelated, and the
proposed method can still accurately estimate the unwrapped phases,
as shown in Fig. 10. On the contrary, there are no interferometric
fringes in the interferogram obtained by the conventional processing.
Comparing Figs. 8–10 with Figs. 6 and 7, we can observe that the large
coregistration error has almost no effect on the interferogram obtained
by the proposed method. The results from Figs. 8–10 manifest that the

(a) (b)

Figure 8. Results by the proposed method for accurate coregistration:
(a) Reconstructed terrain, (b) Height error.

(a) (b)

Figure 9. Results by the proposed method for coregistration error of
0.5 pixels: (a) Reconstructed terrain, (b) Height error.
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(a) (b)

Figure 10. Results by the proposed method for coregistration error
of 1.0 pixels: (a) Reconstructed terrain, (b) Height error.

method can provide the accurate reconstruction of the height profiles
in the presence of the large image coregistration errors.

5. CONCLUSIONS

The optimum scheme that jointly processes the signals from all sensors
has been studied. Behavior under the multibaseline joint block vector,
for the phase unwrapping and the phase-to-height conversion are
regarded in the presence of the large image coregistration errors.
Moreover, the method has the ability to overcome the conflict
associated with the computational complexity and the lack of the
independent and identically distributed samples. Theoretical analysis
and experimental results show that the proposed method can provide
the accurate estimation of the height profiles in the presence of the
large coregistration errors.
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