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Abstract—In this paper, full-wave analysis of a microstrip-ring
resonator capacitively coupled to Microstrip transmission line is
presented. The method of the analysis is based on spectral domain
in rectangular coordinate system. Since this coordinate system is not
compatible with ring structure, triangular basis functions have been
utilized for the current distributions on the ring surface. Applying
Galerkin’s method in spectral domain, the resonant frequencies of the
structure and current distributions on the conductors are calculated
and the effects of various parameters are studied. To verify the method
of analysis, our results are compared with others and the accuracy of
the method has been confirmed.

1. INTRODUCTION

Compact size, low cost, high Q and low radiation loss are the desired
features of microstrip ring resonator. It has been used for the
measurement of dispersion, phase velocity [1–3], dielectric constant [4],
discontinuities [5, 6] and other special applications [7]. This structure
is also used for designing microstrip filters [8–10]. The interest
of researchers and commercial communication industry engineers to
these structures has recently increased due to the application of
ferroelectric thin-film substrates, high-temperature superconducting
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microstrip lines and metamaterials in ring resonator fabrication [11–
14]. Because of this wide range of applications, many researches
have been made to analyze these structures [1, 15–19]. But in the
previous works, the method of analysis was based on Hankel Transform
Method (HTM) without considering feeding line. In [16], the analysis
of microstrip ring resonator considering probe excitation is presented
and in [17–19], the analysis of ring resonator coupled to feeding
line is presented by making the use of FDTD [17, 18] and ABCD
and Y-admittance matrices [19]. In this paper, using the moment
method in the spectral domain, full wave analysis of the structure is
presented. We’ve utilized appropriate basis functions for the currents
on the conductors which are analytically Fourier transformable. By
applying Galerkin’s method in the spectral domain, the currents on
the conductors, coupling between microstrip and ring resonator and
the resonant frequencies of the structure are obtained.

(a)        (b) 

Figure 1. (a) The microstrip ring resonator that locates above
the dielectric substrate. (b) Capacitively coupled microstrip-ring
resonator.

2. THE METHOD OF ANALYSIS

Figure 1(a) shows the schematic view of a microstrip ring resonator
without any feeding line around it. If the inner and outer radiuses of
the isolated ring resonator do not differ so much from each other, the
microstrip ring may have the same dispersion characteristics as those
for the linear one. Thus, it can be analyzed by viewing it as a microstrip
line that ends on itself [1]. The resonant frequencies correspond to a
condition where the perimeter of the ring is an integer multiple of the
guided wavelength. That is,

2πr = nλg n = 1, 2, . . . (1)

where r is the average radius of ring and λg is the function of microstrip
parameters. As the line is located around the ring, the resonant
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frequencies are shifted as a small value. As Fig. 1(b) shows, a Z0-
microstrip line has been coupled to the microstrip ring resonator. To
analyze this structure, it is assumed that waves are lunched from
z = −∞. The currents on the line are propagated towards the ring,
until they arrive at the end of the line. At this point reflection is
occurred and near this discontinuity, the currents are affected by the
excitation of high order modes. If β is considered as a propagation
constant of the line along the z-direction and fx(x) and fz(x) are the
x and z-directed currents on the uniform and infinitely line with the
same dimensions, then the currents on the line in Fig. 1(b) can be
written in the spatial domain as below

JLine
x (x, z) = fx(x)·

[(
e−jβ(z−d)−Γ · ejβ(z−d)

)
+

∑
m

ax
mgm(z)

]
(2a)

JLine
z (x, z) = fz(x)·

[(
e−jβ(z−d)+Γ · ejβ(z−d)

)
+

∑
m

az
mgm(z)

]
(2b)

where gms are PSW-P basis functions. To obtain propagation
constant and transverse currents in (a), the Standard spectral domain
method [19, 20] or the immittance approach [21] can be utilized. To
accommodate high variations in the ring surface, the currents on the
ring are expanded versus triangular basis functions as bellow

JRing
x (x, z) =

∑
m,n

cmnJ
mn
x (x, z) (2c)

JRing
z (x, z) =

∑
m,n

dmnJ
mn
z (x, z) (2d)

Since our analysis is based on spectral domain method, we should
apply 2-dimensional Fourier transform into (2). This Fourier transform
is defined as

F̃ (kx, kz) =
∫

z

∫
x
f(x, z) · exp(jkxx+ jkzz)dx · dz (3)

The significant point in this process is that, the basis functions are
selected which the integrals in (3) can been analytically solved.

3. BASIS FUNCTIONS

In the microstrip line regions far from discontinuity full domain basis
functions fx(x) and fz(x) are used to satisfy edge conditions and also
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to provide fast convergence. These functions are Maxwellian type
functions defined in [20, 22]. In the perturbed regions, however, pulse
and PSW-S sub-sectional basis functions (gx

m and gz
m), discussed in

[23], are used to accommodate possible high variations in the current
distributions and also to add flexibility to the structure configuration.
For currents on the ring resonator as defined in (2b), (2c), triangular
basis functions have been utilized as shown in Fig. 2. These functions
are defined as

S(x, z) =
{

1 (x, z) ∈ Σ
0 otherwise

(4)

Figure 2. Triangular basis function.

4. SPECTRAL DOMAIN APPROACH

By satisfying boundary conditions in Fig. 1(b), tangential electric fields
on the conductors at y = h can be written versus currents on the line
and the ring resonator in the spectral domain as bellow [20][

Ẽx(kx, kz)
Ẽz(kx, kz)

]
=

[
Z̃xx Z̃xz

Z̃zx Z̃zz

] [
J̃x(kx, kz)
J̃z(kx, kz)

]
(5)

where

Z̃xx =
−1

k2
x + β2

[
β2 · Z̃h + k2

x · Z̃e

]

Z̃xz = z̃zx =
−kxβ

k2
x + β2

[
Z̃e − Z̃h

]
Z̃zz =

−1
k2

x + β2

[
k2

x · Z̃h + β2 · Z̃e

]
Z̃e =

jωµ

γ2 + γ1 coth γ1h
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Z̃h = − jγ1

ωε×
(
ε0γ1

εrγ2
+ coth(γ1h1)

)

γ1 =
√
k2

x + β2 − ω2µεr

γ2 =
√
k2

x + β2 − ω2µε0

After substituting Fourier transforms of the currents into (5), one takes
inner products of the equations in (12) with the known basis functions
using Parseval’s theorem, this process yield the matrix equation.

[
M̃

]
[X] =

[
M̃

]



[Γ]
[a]
[c]
[d]
[e]
[f ]




=
[
Ṽ

]
(6)

where [X] indicates the coefficients of basis functions in (2). By
equaling the determinant of M̃ by zero, the resonant frequencies of
the structure are determined.

Figure 3. Equivalent circuit of the structure.

5. THE EQUIVALENT CIRCUIT OF THE STRUCTURE

In the pervious section, the analysis of the structure was described.
Before representing the numerical results, we would like to present
the equivalent circuit of the structure. This circuit should model the
effects of various parameters on the frequency responses. Fig. 3 shows
the equivalent circuit of the structure. In this circuit, ring is modeled
by Cin that could be approximated by the transmission line modeling
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as

Cin =
2Yr(1 − cos(βrl))

sin(βrl)
(7)

where Yr = characteristics impedance of the line, βr = Propagation
constant of the line and l = 2πr [19]. Cg is in consequence of coupling
between the line and ring in gap region and CP is caused by the fringing
fields near the coupling region.

6. NUMERICAL RESULTS

In order to validate the presented formulation, consider the structure
shown in Fig. 1(b) with these parameters: Dielectric constant (εr) =
2.2, substrate thickness (h) = 0.7874 mm, W = 2.3495 mm, b =
11.47 mm, S = 0.9 mm. Fig. 4 shows the first resonant frequency
of the structure shown in Fig. 1(a) versus the inner radius of the ring
(a). According to this figure, the first resonant frequency of the ring is
decreased as the a (inner radius) approach to b (outer radius). Now,
by locating the microstrip transmission line besides the ring, As the
coupling between the ring and microstrip line is achieved, addition to
the series resonance (fS), a parallel resonance (fP ) is appeared. As the
gap is decreased and therewith the coupling is intensified, the difference
between these two resonances is also increased. Therefore, |fP − fS |
is in proportion of coupling. In Fig. 5, the fundamental frequencies of
the structure with W = Wr versus gap size are shown. Our results
are compared by the method of transmission line modeling in [19].

Figure 4. The first resonant frequency of the structure in Fig. 1(a)
versus the inner radius of the ring (a).
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Figure 5. Fundamental frequencies versus gap size are shown and the
results of our analysis are compared by [19].

Figure 6. Difference between the theoretical series and parallel
resonant frequencies as a function of coupling gap size.

In Fig. 6, the difference between the theoretical series and parallel
resonant frequencies as a function of coupling gap sizes is shown.
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7. CONCLUSION

In this paper, using appropriate basis functions that were anatically
Fourier transformable, we could present full wave analysis of the
microstrip ring resonator that capasitively coupled to microstrip line.
As the coupling is increased, the distance between series and parallel
frequencies is increased. This paper could be useful in designing
microstrip filters and resonators.
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