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Abstract—Corrugated elliptic waveguide in actually extensive
application is analyzed by using the mode matching method and
Mathieu function. Considering space harmonics in the interior and
higher order modes in the slot region of the corrugated elliptic
waveguide, the dispersion equation of even TM modes is derived.
The dispersion and attenuation characteristics as well as the influence
of passband and stopband properties with the changes of structural
parameter are investigated in detail. The calculated results in good
agreement with ones in the relevant references are of very important
values in theoretical studies and actual applications of corrugated
elliptic waveguide for microwave engineering.

1. INTRODUCTION

The transmission of electromagnetic waves in guides with corrugated
walls had been discussed and the results are interesting. Corrugated
circular guide [1–3] had been studied by rayleigh-fourier method and
mode matching method. Corrugated rectangular guide [4, 5] had
been studied in detail. The corrugated elliptic waveguide taking no
account of space harmonics was studied in 2005 [6]. The corrugated
elliptic waveguide neglecting higher order modes in the slot region was
studied in 2007 [7]. Corrugated waveguides play very important roles
in high-power microwave tubes, corrugated antennas [8] and linear
accelerators. However, the space harmonics in the interior and higher
order modes in the slot region should not be ignored when analyzing
corrugated elliptic waveguide in the millimeter-wave frequency range.

Considering space harmonics in the interior and higher order
modes in the slot region, the characteristic equations, the passband
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and stopband properties, as well as attenuation characteristic for even
TM modes of the corrugated elliptic guide with finite teeth thickness
are investigated in this paper. A number of important results of
corrugated elliptic guide for microwave engineering are firstly obtained
and verified, which is very useful in practical applications.

2. THEORETICAL ANALYSIS

2.1. Dispersion Equation

The structure of corrugated elliptic guide is shown in Fig. 1. The whole
transverse cross-section is divided into two regions: region I denotes
the inner elliptic space; region II denotes the corrugated area on the
metal wall. ξ1 and ξ2 are used to describe the border of regions I and
II in elliptic coordinates respectively. d and p are slot teeth separation
and corrugated pitch. Assuming for all of the field components have
the time dependence e−jωt throughout considering even TM modes in
the corrugated elliptic waveguide.
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Figure 1. The cross-section of corrugated elliptic guide.

In region I, the electric field can be simply expressed as

E1z(ξ, η, z) =
∞∑

n=−∞
AnCe0(ξ, q1n)ce0(η, q1n)e−jβnz (1)

where, βn = β0 + 2nπ/p, k2
cn = k2 − β2

n, q1n = h2k2
cn/4; ce0(x, q) and

Ce0(x, q) are the zero order even Mathieu function and the zero order
modified even Mathieu function of the first kind.

In region II, the electric field can be expressed as

E2z =
∞∑
l=0

ClU
D
l ce0(η, q2l) cos rlz (2)
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where, rl = 2lπ/d, w2
l = k2 − r2

l , q2l = h2w2
l /4 and

UD
l = Ce0(ξ, q2l)Ne0(ξ2, q2l) − Ce0(ξ2, q2l)Ne0(ξ, q2l)

Ne0(x, q) is the zero order modified even Mathieu function of the
second kind.

The field boundary conditions between regions I and II can be
written as below

E1z = E2z (ξ = ξ1)
H1η = H2η (ξ = ξ1)

}
(3)

By using the orthogonality of the cos rlz and sin rlz over −d/2 <
z < d/2, and the orthogonality of the e−jβnz over −p/2 < z < p/2,
based on Equation (3), the characteristic equation for the even TM
modes of the corrugated elliptic waveguide may be gotten as

|Dnm| = 0 (4)

where,

Dnm =
{

Ce′0(ξ1, q1m)Qnm − Ce0(ξ1, q1n) (n = m)
Ce′0(ξ1, q1m)Qnm (n �= m)

Qnm =
∞∑
l=0

w2
l U

N
l

k2
cmUN ′

l

P 1
nlP

2
ml

P 1
nl =

1
p

∫ d/2

−d/2
cos rlzejβnzdz

P 2
ml =




1
d

∫ d/2

−d/2
e−jβmzdz l = 0

2
d

∫ d/2

−d/2
cos rlz e−jβmzdz l �= 0

UN
l = Ce0(ξ1, q2l)Ne0(ξ2, q2l) − Ce0(ξ2, q2l)Ne0(ξ1, q2l)

UN ′
l = Ce′0(ξ1, q2l)Ne0(ξ2, q2l) − Ce0(ξ2, q2l)Ne′0(ξ1, q2l)

2.2. Attenuation

The attenuation coefficient α is given by

α =
PL

2PT
(5)
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The relative attenuation coefficient α̃ is defined as

α̃ = σ1/2h3/2α (6)

where, PT and PL are the transmission power and loss power per
corrugation pitch respectively, PL is then given by

PL = PL1 + PL2 + PL3 (7)

where, PL1, PL2 and PL3 represent separately loss power on the
boundary ξ = ξ1, ξ = ξ2 and on the sidewalls of the slot. They are
given by following expression respectively

PT =
p

2
Re

{∫ ξ1

0

∫ 2π

0

(
E1ξH

∗
1η − E1ηH

∗
1ξ

)
h1h2dηdξ

}

PL1 =
p− d

2
RS

∫ 2π

0
|H1η (ξ = ξ1)|2h2(ξ = ξ1)dη

PL2 =
d

2
RS

∫ 2π

0
|H2η (ξ = ξ2)|2h2(ξ = ξ2)dη

PL3 = RS

∫ ξ2

ξ1

∫ 2π

0

(
|H2ξ|2 + |H2η|2

)
h1h2dηdξ

h1 = h2 = h

√
sinh2 ξ + sin2 η

3. NUMERICAL ANALYSIS

By the normalized dispersion relation and solving ωh/c as a function
of β0p/π, h/p, d/p, ξ1 and ξ2 are used to describe the dimensions of
the guide.

To verify the correctness of the method in this paper, the method
is firstly used to calculate elliptic guide with fixed ξ1 = ξ2 and
corrugated circular waveguide with fixed e = 0.06. The results are
compared with [9] and [10] as shown in Fig. 2 and Fig. 3. It is observed
that the results of this paper are in good agreement with that of the
references.

Next, the dispersion curves for the even TM modes of the
corrugated elliptic guide are shown in Fig. 4. As can be seen, there
are three modes such as TM01, TM02 and TM03 marked by square,
circle and triangle respectively. It is clearly demonstrated that ωh/c
increase or decrease with β0p/π from 0.0 to 1.0, then ∆ (ωh/c) =∣∣∣(ωh/c)β0p/π=1 − (ωh/c)β0p/π=0

∣∣∣ constitutes a passband. It can be also
seen there is a stopband between two arbitrary adjacent modes.
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Figure 2. Calculated dispersion
curve with ξ1 = ξ2 = ξ.
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Figure 3. Calculated dispersion
curve with e = 0.06.
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Figure 4. Dispersion curves of corrugated elliptic guide.

The results of ωh/c versus h/p, d/p and ξ1 as β0p = 0, π for TM01

and TM02 are shown in Fig. 5, Fig. 6 and Fig. 7 respectively.

0.1 0.2 0.3 0.4 0.5

0.6

0.8

1.0

1.2

1.4

1.6 TM
01

,β
0
=0

TM
02
,β

0
=0

TM
01

,β
0
 p=π

TM
02

,β
0
 p=π

d/p=0.5

1
=2.0

2
=2.2

h/
c

h/p

ω

ξ

ξ

Figure 5. The relationship
curves between ωh/c and h/p.
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curves between ωh/c and d/p.
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It is shown that increasing h/p can boosts the passband of the
waveguide and the stopband first increase then decrease with h/p
in Fig. 5. It is also demonstrated that the central frequency of the
stopband increases continuously with h/p.

As shown in Fig. 6, the passband and stopband are almost
irrelevant to d/p. As d/p = 1, the proposed waveguide in this paper can
be deformed into the elliptic waveguide, which can be seen as ξ = ξ2.
The values of ωh/c for TM01, TM02 calculated at β0p = 0 are in good
accord with that in [9].

Figure 7 shows that the bandwidth of the passband decreases
and approximate to 0 by decreasing ξ1 = 1. The passband and the
central frequency of the stopband continuously increase with ξ1. It is
demonstrated that the results of this paper are in good agreement with
that of [9] at ξ1 = 2.2.
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Figure 7. The relationship curves
between ωh/c and ξ1.
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Figure 8. Attenuation coeffi-
cient α̃ with function of ωh/c.

Figure 8 shows that the relative attenuation coefficient is low in
passband and increases sharply in stopband.

4. CONCLUSION

By using method of space harmonics in the interior and higher order
modes in the slot region, the electromagnetic properties for even TM
modes of the corrugated elliptic waveguide are investigated for the first
time in this paper. It is shown that the passband and stopband are
almost irrelevant to d/p. It is also demonstrated that the passband
and stopband change greatly with h/p and ξ1. An observed important
feature is that there are a series of discrete passband and stopband
in the corrugated elliptic waveguide. It is also demonstrated that the
relative attenuation coefficient is low in passband and increases sharply
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in stopband. Numerical results in this paper provide an extension to
the existing slow wave systems. The guide discussed in this paper is
useful as a RF filter or a Bragg reflector.
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