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Abstract—Magic tee is a widely used component in microwave
systems; the four arms of a conventional magic tee direct at four
different directions, which occupy much space and give inconveniences
to the assemblage of a system. In this paper, a waveguide narrow-wall
slot directional coupler and an E-plane dielectric loaded waveguide
phase shifter are used to make up of a magic tee with four arms in the
same H-plane. The narrow-wall slot directional coupler is analyzed
with mode matching method and optimized with simulated annealing
method, and the dielectric loaded waveguide phase shifter is designed
with edge based finite element method. Numerical results of the magic
tee are presented, which show that the performance of the designed
magic tee is good.

1. INTRODUCTION

Magic tee is a widely used component in microwave systems and it
can be used to make up of many functional components such as sum-
and-difference network in a mono-pulse antenna system, frequency
discriminator and balanced mixer, etc. Conventional magic tee is a
matched waveguide double-tee, and the four arms locate in different
planes (E-plane and H-plane), which makes the magic tees occupy
much space and especially not suitable for planar circuits. As everyone
knows, a −3 dB directional coupler combining with a π/2 phase shifter
gives the performance of magic tee, so in this paper, a planar magic
tee based on a −3 dB H-plane narrow-wall slot directional coupler
(NWSDC) and a dielectric loaded rectangular waveguide phase shifter
(DLWPS) is designed, and the four arms of this kind of magic tee
† Also with Guangzhou Haige Communications Group, Guangzhou, P. R. China
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locate in the H-plane (called HPMT in the following). The NWSDC
contains many slots and wall sections, and it is to say that different
combination of the slots and wall sections gives a different NWSDC, so
a large number of NWSDC based on different combination of the slots
and wall sections should be simulated to find out the best one which
realizes a −3 dB directional power, which is a time consuming course,
and for this reason, fast computing method is needed to simulate the
transmission characteristic of the NWSDC. On the other hand, to
search the best combination of the slots and wall sections, a multi-
parameters optimization method has to be used. So in this paper mode
matching method (MMM) [1, 2] and the simulated annealing method
(SAM) [3] are combined to design and optimize the NWSDC. Though
MMM is efficient for designing the NWSDC, it is difficult to design the
DLWPS using this method if the loaded dielectric block is irregular,
so edge based finite element method (EBFEM) [4] is used to design
and analyze the DLWPS. EBFEM not only has all the advantages
of the traditional FEM, but also overcomes the drawback of pseudo-
solution which is often met in the traditional FEM [5]. In Section 2, the
design of the NWSDC using MMM combined with SAM is discussed;
in Section 3, the design of the DLWPS using the EBFEM is introduced;
then in Section 4, two HPMT examples are given and the scattering
characteristics of the HPMT are presented.

2. DESIGN OF THE NWSDC

2.1. Theory

The structure of a NWSDC is shown in Fig. 1(a), the two waveguide
are coupled through the slots in the narrow wall. The key to design
the coupler is to obtain the width of the slots and the width of the
walls between the slots.

See Fig. 1(b), the overall scattering matrix SD of the NWSDC
may be obtained by the direct combination of all the local scattering
matrixes S1

c , S
2
c , . . . , S

N
c [6, 7]. According the odd and even mode

incident wave theory [8], in order to solve the local scattering matrixes,
say S1

c , we may firstly solve a two-port scattering matrix S2p(e) of the
hatched section (see Fig. 1(c)) in the case when w(x = 0) is magnetic
wall, and a two-port scattering matrix S2p(o) of the hatched section in
the case when w(x = 0) is electric wall, then the scattering matrixes
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Figure 1. Configuration of the narrow-wall slot directional coupler.
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The two-port scattering matrix S2p(ν) can be obtained by direct
combination of five two-port scattering matrixes: SI

w, Sν
f , S

II(ν)
w ,

S
′ν
f and SIII

w (ν = e or o when w is magnetic wall or electric wall

respectively ). SI
w, S

II(ν)
w and SIII

w are the scattering matrix of the
waveguide I, II and III respectively, Sν

f is the scattering matrix of
the discontinuity at z = l1, and S

′ν
f is the scattering matrix of the

discontinuity at z = l2, however, S
′ν
f can be obtained directly from Sν

f

by exchanging the ports of the two-port scattering matrix. Considering
the case when the incident wave is TE 10 mode, the waves excited in
region I can be expressed as



EI
yn =

N∑
n=1

(
AI

ne
jkI

znz + DI
ne

−jkI
znz

)
sin kxn (x− t/2)

HI
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kI
zn

wµ

(
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ne
jkI

znz −DI
ne

−jkI
znz

)
sin kxn (x− t/2)

(3)

where

kI
xn = nπ/a.

kI
zn =

√
k2

0 − (kI
xn)2.

AI
n and DI

n represent the amplitudes of the scattering wave and the
incident wave in region I.
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The waves excited in region II can be expressed as
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n e−jkII
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where kII
xn = nπ/a1, when w is electric wall, or kII

xn = (2n+ 1)π/(2a1),
when w is magnetic wall.

kII
zn =

√
k2

0 − (kII
xn)2.

The continuous conditions at the interface z = l1 are{
EI

y = EII
y |z=l1

t/2 ≤ x ≤ a1

EII
y = 0 x ≤ t/2

(5a)

HI
x = HII

x |z=l1 t/2 ≤ x ≤ a1 (5b)

Matching the tangential field component [9, 10] at z = l1 according
to (5a) and (5b), the coefficients AI

n and AII
n can be related to each

other by a group of equations, solving these equations to get AI
n and

AII
n , and then Sν

f can be written as

Sν
f =

[ (
AI(I)

) (
AI(II)

)(
AII(I)

) (
AII(II)

)
]

(6)

where
(
AI(II)

)
is the coefficient matrix of the scattering wave in

region I when incident by
(
DII

)
, and other symbols can be understood

similarly.
The scattering matrix of waveguide I, II and III can be easily

obtained, and can be written as

Sp
w = Diag

{
e−jkp

znL
}
p = I, II or III. (7)

As there are many slots and wall sections in the NWSDC, the
SAM is used to find the optimized combination of the sizes of the slots
and wall sections.
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2.2. Numerical Results

Based on the theory described in 2.1, a-3 dB NWSDC using eight slots
is designed at w band with the width of waveguide a = 2.54 mm, the
configuration (d1 = d8 = 1.41 mm, d2 = d7 = 0.3 mm, d3 = d6 =
1.58 mm, d4 = d5 = 1.46 mm, t = 0.6 mm, L1 = L7 = 0.77 mm,
L2 = L6 = 2.25 mm, L3 = L5 = 1.22 mm, L4 = 1.49 mm) and
its scattering parameters are shown in Fig. 2. The NWSDC is also
computed using HFSS 9.0, and the results agree well with that obtained
by MMM in this paper (see Fig. 2(b)).

(a) Top view 
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Figure 2. Configuration of the eight-slot narrow-wall directional
coupler and its scattering parameters.

In order to design a NWSDC with better performance, more slots
have to be used, and this means more parameters may be used in the
optimization procedure, which will add difficulties to the designing.
Heinz Schmiedel and Fritz Arndt have given a solution in [11], where
they tandem connect two −8.34 dB directional coupler to get a −3 dB
directional coupler. This solution is adopted in this paper. We
designed a −8.34 dB NWSDC using six slots first (the scattering
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parameter is shown in Fig. 3(a)), then connect two such directional
couplers to get a −3 dB directional coupler (twelve slots), and the
scattering parameter of the −3 dB NWSDC is shown in Fig. 3(b). It
can be seen that the reflection of port 1 and the isolation between port
1 and port 2 is less than −30 dB in a wide bandwidth of 6 GHz (from
91 GHz to 97 GHz).
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Figure 3. (a) S-parameters of the −8.34 dB NWSDC using six slots,
(b) S-parameters of the −3 dB NWSDC constructed by two −8.34 dB
NWSDCs.

3. DESIGN OF THE DLWPS

In this paper, dielectric is loaded to the waveguide to achieve a phase
shift of π/2, as the dielectric block may be irregular, and it is difficult
to analyze it with MMM, so the EBFEM is used to analyze and design
the phase shifter.

3.1. Theory of the EBFEM for Solving General Scattering
Parameters of Waveguide Discontinuity Problems

A typical waveguide discontinuity problem is shown in Fig. 4, the
electric field �E in the region V enclosed by the port face S1, S2 and
the conductor boundary satisfies

∇×
(

1
µr

∇× E

)
− k2εrE = 0 (8)

Assume the incident wave of unit amplitude transmits along z
direction, then the total field at the port face S1 can be expressed by



42 Wang, Dou, and Mei

x

y
z

a

b

S1 S2

V

PEC

Figure 4. Waveguide loaded with dielectric block.

the sum of the incident field and the scattered field [4], and the electric
field can be expressed as

E(x, y, z) =
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At the port face S2 the scattered electric field can be expressed by
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In expression (9) and (10), amn, bmn, cmn, dmn are unknown
constant coefficients; amn and bm represent the reflection coefficient of
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the mn-th TE mode and the mn-th TM mode at S1 respectively; cmn

and dmn represent the transmission coefficient of the mn-th TE mode
and the mn-th TM mode at S2 respectively. Discretize the region V
with tetrahedron elements and set up the FEM linear equations set as
that in [4], the electric field at S1 and S2 can be calculated, then the
coefficients amn, bmn, cmn and dmn can be determined by

amn = e−γmnz1

∫ a

0

∫ b

0
�eTE

mn ·
[
�E − �Einc

]
z=z1

dxdy (15)
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]
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dxdy (16)
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0
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�eTE

mn · �E|z=z2dxdy (17)

dmn = eγmnz2

∫ a

0

∫ b

0
�eTE

tmn · �E|z=z2dxdy (18)

After amn, bmn, cmn and dmn are obtained, the general scattering
parameter of the DLWPS can be given directly as

S =
[

(amn, bmn) (cmn, dmn)
(cmn, dmn) (amn, bmn)

]
(19)

For the H-plane problem, expression (19) can be simplified as

S =
[

(amn) (cmn)
(cmn) (dmn)

]
(20)

3.2. Numerical Results of the Designed DLWPS

The EBFEM was implemented with C program language; then the
scattered parameters of unmatched double tee was calculated to testify
our program, numerical results obtained by our program agree well
with the results in [12], see Fig. 5.

Then the program was used to design the DLWPS. In order to
realize the characteristic of the magic tee, the phase of the transmitted
wave at the exit port of the DLWPS should be π/2 ahead of the
standard waveguide. Assuming the transmitting coefficient of the
DLWPS is Sp

21, and the transmitting coefficient of the standard
waveguide is Sw

43 (see Fig. 6(a)), then the following relation should
be satisfied,

re (Sp
21) − im (Sw

43) = 0, im (Sp
21) + re (Sw

43) = 0 (21)
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(a) (b)

Figure 5. Scattering parameters of the unmatched tee.

where re (Sp
21) and im (Sp

21) are the real part and imaginary part of
Sp

21 respectively, re (Sw
43) and im (Sw

43) are the real part and imaginary
part of Sw

43 respectively.

1 2

(a) Standard waveguide and the DLWPS (b) Cut plane of the DLWPS

Figure 6. Designed DLWPS.

A designed DLWPS is shown in Fig. 6. The DLWPS is realized
by waveguide loaded with dielectric slab which is full height and has
wedge-shaped end and front; the characteristic of the DLWPS is shown
in Fig. 7, both the scattering characteristic and the phase shifting
characteristic are very good.

4. CHARACTERISTIC OF THE MAGIC TEE

After the S-parameter of the NWSDC (SD), S-parameter of the
DLWSP (SDLWSP) and S-parameter of the standard waveguide (SSW)
are obtained, the S-parameter of the HPMT can be obtained by direct
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Figure 7. Characteristic of the DLWPS.

combination of these three S-parameter matrixes, and the sketch map
of the matrix combination is shown in Fig. 8.

SD

SDLWSP

SSW

Figure 8. S-parameter matrix combination sketch.

In a −3 dB NWSDC, the phase of the output wave from port 3
leads π/2 phase ahead of port 4 when incident at port 1. If a phase
shifter is linked to port 3 and a waveguide of the same length is linked
to the port 4, when the phase shifter leads π/2 phase ahead of the
waveguide, the output wave from port 3 leads π phase ahead of that
from port 4, and this gives the performance of a magic tee. Two
HPMT have been designed using eight-slot and twelve-slot NWSDC
respectively with the DLWSP. The configuration of the twelve-slot
HPMT is shown in Fig. 9, and configuration of the eight-slot HPMT
is similar. Numerical results of the two HPMT are given in Fig. 10
and Fig. 11. The reflection and isolation of the twelve-slot HPMT (see

2

1 4

3

Figure 9. Configuration of the twelve-slot HPMT.
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Fig. 11(a)) is nearly −30 dB in a frequency band of 7 GHz, which is
better than that of the eight-slot HPMT (see Fig. 10(a)). When TE 10

mode is incident at port 1, output waves of port 3 and port 4 should
be out phase and carry equal power, this could be represented by the
following expression:

|S31 + S41| → 0 (22)
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Figure 10. Characteristic curves of the eight-slot HPMT.
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Figure 11. Characteristic curves of the twelve-slot HPMT.

The numerical results of |S31 + S41| are shown in Fig. 10(b) and
Fig. 11(b) in dB form for the two HPMT respectively. The −20 dB
bandwidth of the twelve-slot HPMT is nearly 3 GHz, better than that
of the eight-slot HPMT (only 2 GHz).
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5. CONCLUSION

In this paper, two NWSDCs are designed using MMM combined
with the SAM and a DLWPS is designed using EBFEM, then by
combination of the DLWPS with the NWSDCs respectively, two
HPMTs are presented. With the four arms located in the same H-
plane, it is convenient for this kind of magic tee to be used in planar
circuits and be assembled in a system. Numerical analysis shows that
the presented HPMTs have good performances.
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