
Progress In Electromagnetics Research, PIER 81, 21–39, 2008

VECTOR FINITE ELEMENT ANALYSIS OF
MULTICOMPONENT INDUCTION RESPONSE IN
ANISOTROPIC FORMATIONS

X. Y. Sun and Z. P. Nie

School of Electronic Engineering
University of Electronic Science and Technology of China
Chengdu 610054, China

Abstract—Multicomponent induction logging responses are simu-
lated by using hierarchical mixed order vector finite element method
(FEM). In order to modeling three orthogonal magnetic dipoles, we
adopt the method that the total field is separated into incident field
and secondary field, and only the secondary field is computed by FEM.
In addition, two techniques are applied to improve the modeling accu-
racy and computational efficiency: 1) Hierarchical mixed order vector
basis functions are applied to FEM. Different order basis functions
are used in different elements in accordance with the changing speed
of the field. The mixed order scheme reduces greatly the number of
unknowns without reducing accuracy, and can attain much higher com-
putational efficiency. 2) The system of the FEM equations is solved by
Distributed-SuperLU, and the results of multiple measure points can
be got simultaneously. The FEM result is validated against volume
integral equation method and the approach of planar layered media
Green’s functions, and the comparisons show very good agreement. Fi-
nally, the multicomponent induction response in anisotropic formations
involving eccentric tools and dipping beds is included to demonstrate
the flexibility of the method.

1. INTRODUCTION

Conventional induction logging tools comprising the axial direction
component of transmitter and receiver can only provide coaxial
measurements, which only yield horizontal resistivity for a vertical well
or some weighted value of vertical resistivity and horizontal resistivity
for a deviated or horizontal well. However, for thinly laminated
sand and shale reservoir rocks, whose individual beds are beyond the



22 Sun and Nie

resolution limits of conventional induction tools, the macro-resistivity
is anisotropic, and a multicomponent electromagnetic induction
logging tool has been developed to try to simultaneously evaluate
the horizontal and vertical resistivity of the earth formations [1, 15].
In addition to the coaxial transmitter-receiver pair, the new tool
has two mutually orthogonal coplanar transmitter-receiver pairs, so
theoretically it can provide nine components of magnetic field produced
by the three mutually orthogonal transmitters. Therefore, the
multicomponent electromagnetic induction measurement can resolve
the anisotropic resistivity of earth formations.

Since the model of multicomponent induction logging tools in
borehole environment is completely three dimensional, the system
cannot be solved by fast algorithms such as numerical mode matching
method [22]; rather, three dimensional numerical methods such as
finite difference [21], finite difference time domain [17–20], finite
element [23, 24] and integral Equation [25–28] have to be employed.
In general, finite difference methods are employed [2, 3] for three-
dimensional numerical modeling of the new tools. The author
employs the vector finite element method to simulate multi-component
induction logging tools. The separation of the total electric field
into incident and secondary field makes it possible that the technique
proposed is suitable for the magnetic dipole in any direction and for
the tool eccentricity problem. 3-D cylindrical grids are used to avoid
staircase discretization errors in borehole geometries. We implement
the FEM with hierarchical mixed order vector basis functions to
improve the computational efficiency. The field varies greatly in the
region near the source [16], thus by using higher order basis functions,
we can easily model these complex changes; however, the field varies
slowly in the farther region, thus it will be sufficient to use the lowest
order basis functions. The number of unknowns could be greatly
reduced if we apply basis functions of different orders to different
regions. Then the linear equations are solved by Distributed SuperLU,
and we can get the simulation results of multiple measure points by
decomposing the matrix only once. Finally, we validate the FEM
results against both the volume integral equation method and the
approach of planar layered media Green’s functions, and illustrate the
application of the algorithm in several different borehole problems.
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2. THEORIES

2.1. The Variational Formulation

For an inhomogeneous anisotropic medium, Maxwell equation with a
magnetic current density M can be written as:

∇× E = −jωµH − M (1)
∇× H = jωε0ε̄r · E (2)

where ε̄r is the complex relative permittivity tensor

ε̄r =
1
ε0

(εĪ − jσ̄/ω) (3)

where Ī is the unit tensor. If we suppose that the conductivity of the
formation is uniaxially anisotropic, then σ̄ can be expressed as:

σ̄ =

[
σH

σH

σV

]
(4)

where σH,V is the horizontal and vertical conductivity respectively.
From Equation (1) we get the wave equation:

∇×
(

1
µr

∇× E

)
− k2

0 ε̄r · E = −∇×
(

1
µr

M

)
(5)

where µr is the relative permeability, k0 = ω2ε0u0. We then decompose
the total field into incident and secondary field.

E = Ei + Es (6)

where Ei is the incident field produced by a magnetic current M in a
homogeneous isotropic background medium. The incident field satisfies
the wave equation:

∇×
(

1
µr

∇× Ei

)
− k2

0εbE
i = −∇×

(
1
µr

M

)
(7)

where εb is the relative permittivity of background medium. After
substituting (5) into (4) minus (6), we have:

∇×
(

1
µr

∇× Es

)
− k2

0 ε̄rE
s = k0

(
ε̄r − εbĪ

)
Ei (8)
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In general, the solution domain is truncated by the outer surface at
the position where the field is small enough. In this paper, the outer
truncation surface is around 3.5 times the skin depth away from the
transmitter. On the outer truncation surface, the Equation (7) is
subject to boundary conditions:

n̂ × E = 0 (9)

In accordance with the variational principle [4], the secondary field
governed by Equation (7) can be obtained by seeking the stationary
point of the functional:

F (Es) =
1
2

∫∫∫
V

[
1
µr

(∇× Es) · (∇× Es) − k2
0E

s · ε̄r · Es

]
dV

−k2
0

∫∫∫
V

Es ·
(
ε̄r − εbĪ

)
· EidV (10)

If the magnetic dipole in the axial direction is located at the origin, this
incident electric field in Equation (9) can be expressed in the cylindrical
coordinate as [5]:

Ei = ϕ̂
M

4π
ρeikbr

r3
(1 − ikbr) (11)

where M(M = iωubIS0) is the magnetic moment of the dipole; S0 is
the area enclosed by the coil; ρ =

√
x2 + y2; kb = ω2εbu. As for the

incident field produced by magnetic dipole in other directions, we can
easily get them by multiplying the Equation (10) by a rotation matrix
as a result of the rotation of the coordinate.

2.2. Domain Discretization

First, we must discretize the solution domain Ω. In finite element
analysis of induction logging, the tetrahedral grids or rectangular brick
grids are usually used for discretization [7, 8], while in this article,
hexahedral grids in cylindrical coordinate is used instead. The mesh
illustration is shown in Fig. 1, from which we can see that cylindrical
hexahedral grids can automatically conform to borehole wall and can
avoid staircase error. Besides, the cell size is uniform in the azimuthal
φ direction and in the longitudinal z direction of the measure domain,
while the cell size is nonuniform in the radial ρ direction and in
longitudinal z direction of the domain outside the measure domain,
and ∆ρ and ∆z is gradually increased to minimize the number of mesh
grids and unknowns required.
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Figure 1. Illustration of the mesh with (a) a z = 0 slice in the
horizontal x/y-plane and (b) a y = 0 slice in the vertical x/z-plane
through a hexahedral mesh.

2.3. Hierarchical Mixed Order Vector Basis Functions

A hexahedral element in xyz-Cartesian coordinate system can be
transformed into the cubic element in the new uvw-coordinate system,
as shown in Fig. 2. The required transformation can be expressed as:

r(u, v, w) =
8∑

i=1

N e
i (u, v, w)ri (12)

where ri is the position vector of the ith node in xyz coordinate system
and

Ni(u, v, w) =
1
8
(1 + uiu)(1 + viv)(1 + wiw) − 1 ≤ u, v, w ≤ 1 (13)

with (ui, vi, wi) denoting the coordinate value of the ith node in uvw
coordinate system.

The electric field in every hexahedron can be represented as

Es =
Nu−1∑
i=0

Nv∑
j=0

Nw∑
k=0

αuijkfuijk +
Nu∑
i=0

Nv−1∑
j=0

Nw∑
k=0

αvijkf vijk

+
Nu∑
i=0

Nv∑
j=0

Nw−1∑
k=0

αwijkfwijk (14)
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Figure 2. (a) Hexahedral element in the xyz-coordinate system. (b)
Cubic element in the uvw-coordinate system after transformation.

where f are hierarchical-type vector basis functions [6] defined as

fuijk = uiPj(v)Pk(w)au

f vijk = Pi(u)vjPk(w)av

fwijk = Pi(u)Pj(v)wkaw

Pn (u) =




1 − u n = 0
1 + u n = 1
un − 1 n ≥ 2, even
un − u n ≥ 2, odd

(15)

Sum limits Nu, Nv,and Nw are the adopted degrees of the polynomial
approximation and αuijk , αvijk , and αwijk are unknown coefficients.
The reciprocal unitary vectors au, av, aw are defined as

au =
1
J

(
dr

dv
× dr

dw

)
, av =

1
J

(
dr

dw
× dr

du

)
, av =

1
J

(
dr

du
× dr

dv

)
(16)

where J is Jacobian of covariant transformation

J =
(
dr

du
× dr

dv

)
· dr

dw
(17)

As for induction problems, the field has an acute variation near the
transmitter and higher order basis functions Nu > 1 or Nv > 1 or
Nw > 1 are used to expand it in the shadow region shown in Fig. 3.
(The shadow region refers to the nearby region passed through by the
multicomponent tool.) The field varies slowly in farther region and
we adopt the lowest (one) order basis functions Nu = 1, Nv = 1, and
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Nw = 1 for the non-shadow region, as shown in Fig. 3. Field expansion
using lowest and higher order selectively is very attractive to the
simulation of induction problem. In the shadow region where we expect
great field variation, fewer unknowns are sufficient to describe precisely
the acutely changing fields because of higher order basis functions; in
the non-shadow region where we expect slight field variation, the lowest
order is sufficient to describe it. In this way, we can reduce the number
of unknowns and still have an adequately accurate solution.

Multicomponent 
tool

Borehole

Measure 
points 

Lowest 
order

Higher 
order

Multicomponent 
tool

Figure 3. Illustration of the
distribution of different order
basis functions.
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Figure 4. Illustration of the ba-
sic structure of multicomponent
induction logging tool.

2.4. Finite Element Analysis

We discretize the function defined in (9), and represent it with an
integral sum of all elements expressed by “e”.

F (Es) =
M∑

e=1

Fe(Es)

=
1
2

M∑
e=1

∫∫∫
V e

[
1
µr

(∇× Es) · (∇× Es) − k2
0E

s · ε̄r · Es

]
dV

−k2
0

M∑
e=1

∫∫∫
V

Es ·
(
ε̄r − εbĪ

)
· EidV (18)
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where M is the total number of elements. Within each element, the
curl of the secondary field Es can be expressed as

∇× Es =
Nu−1∑
i=0

Nv∑
j=0

Nw∑
k=0

αuijk∇× fuijk +
Nu∑
i=0

Nv−1∑
j=0

Nw∑
k=0

αvijk∇× f vijk

+
Nu∑
i=0

Nv∑
j=0

Nw−1∑
k=0

αwijk∇× fwijk (19)

where the curl of f can be computed by [6]

∇× fuijk =
1
J

[
uiPj(v)

dPk(w)
dw

dr

dv
− uidPj(v)

dv
Pk(w)

dr

dw

]

∇× f vijk =
1
J

[
vjPk(w)

dPi(u)
du

dr

dw
− vj dPk(w)

dw
Pi(u)

dr

du

]
(20)

∇× fwijk =
1
J

[
wiPi(u)

dPj(v)
dv

dr

du
− uk dPi(u)

du
Pj(v)

dr

dv

]

Substituting (13) and (18) into (17), one obtains

F (Es) =
1
2

M∑
e=1

{αe}T [Ke] {αe} −
M∑

e=1

{αe}T {be} (21)

where the elemental matrix and vector are given by

[Ke] =
∫∫∫
V e

[
1
µe

r

{∇×f e}·{∇×f e}T −k2
0 {f e}·ε̄e

r ·{f e}T

]
dV (22)

{be} = −k2
0

∫∫∫
V e

[
{f e} ·

(
ε̄e
r − Īεb

)
· Ei

]
dV (23)

After taking the partial derivative of F with respect to αe, we can
impose the stationarity requirement on F to find the system of
equations

[K]{α} = {b} (24)

where

[K] =
M∑

e=1

[Ke], {b} =
M∑

e=1

{be} (25)
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2.5. Solution of Finite Element Equations

In general, the linear Equation (23) are solved by iteration method.
Because of the large condition numbers of matrix [K], the convergence
rate of iteration solution is very slow. Besides, whenever one measure
point is changed, although the matrix [K] remains the same, we need
a new iteration solution due to the change of vector {b}. If LU
decomposition of [K] is used, we can get multiple measure point values
by decomposition of only once.

Over the years, the LU decomposition has been significantly
improved for sparse matrix equations [9, 10]. A newly developed
package, Distributed SuperLU [11], is incorporated into our
implementation of the FEM algorithm for LU decomposition and the
solution of linear equations.

3. NUMERICAL RESULTS

In this section, several numerical examples are employed to verify the
FEM algorithm and illustrate the applications of the FEM algorithm
in simulation of multi-component induction logging tools. In addition,
we compare the computational time and accuracy of field using one
order and mixed order basis functions respectively. The basic structure
of multi-component induction tool is showed in Fig. 4. Tx, Ty and
Tz are the three mutually orthogonal transmitter coils; Rx, Ry and
Rz are the three mutually orthogonal receiver coils. The parameters
used for the computation of the following examples, except for special
reference, are as follows: The frequency of operation is 20 kHz; the
distance between the transmitter and receiver is L = 0.8 m; the three
apparent conductivities are computed by the following formulae [12].

σa
xx =

8πL
µ

Im(Hxx), σa
yy =

8πL
µ

Im(Hyy), σa
zz =

4πL
µ

Im(Hzz) (26)

where σa
xx and σa

yy are called the apparent vertical conductivities, and
σa

zz is called the horizontal conductivity.
To validate our FEM algorithm and program, we first compare the

FEM results for three-layered anisotropic formation with the analytic
results computed by the multilayered media Green’s functions [13].
The formation’s vertical conductivity σv and horizontal conductivity
σh are shown as the dot line and dash dot line respectively in Fig. 5. We
compute the apparent horizontal conductivity and apparent vertical
conductivity by the two methods, and Fig. 5 shows excellent agreement
between FEM results and analytic results.

Another comparison of our results with an independently derived
solution by Avdeev [14] is presented in Fig. 6(b). The computed model
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Figure 5. Response of three-layered anisotropic formations computed
by FEM and multilayered media Green’s functions.
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Figure 6. Comparison of the FEM results for axial magnetic field
with the results of integral equation.

is shown in Fig. 6(a) with an axial 160-kHz transmitter and several
receiver coils along the axis of a conductive borehole intersecting a
dipping anisotropic formation. One can see that the real part and
imaginary part of the magnetic field are very close to those computed
by integral equation method by Avdeev.

Then, to compare the computational efficiency and accuracy using
one order basis functions and mixed order basis functions respectively,
we simulate the two-layered formation, as shown in Fig. 7(a), in
which the shadow region refers to the nearby domain passed through
by the multicomponent tool. We employ the two methods with
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different basis functions to compute the model. First, one order basis
functions (Nu = 1, Nv = 1, Nw = 1) are used for all the solution
domain, and homogeneous grids with the height of ∆z = 2 inches
(Case 1), ∆z = 4 inches (Case 2) and ∆z = 7 inches (Case 3)
are used respectively for the discretization of the measure domain in
longitudinal z direction, and thus we get three results. Afterwards, we
use mixed order basis functions instead. That’s to say, one order basis
functions (Nu = 1, Nv = 1, Nw = 1) are adopted for the non-shadow
region and higher order basis functions (Nu = 1, Nv = 1, Nw = 2)
for the shadow region, and homogeneous grids with the height of
∆z = 7 inches (Case 4) are used for the discretization of the measure
domain in longitudinal z direction. The discretizations are the same
in non-measure domain, in both the radial and azimuthal directions
of measure domain for Cases 1–4. The number of discretized elements
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for the four cases in the radial, azimuthal and longitudinal directions
Nρ ×Nϕ ×Nz is shown in Table 1. We put together the computation
results for Cases 1–4 and analytical result computed by multilayered
media Green’s functions, as shown in Figs. 7(b) and 7(c). Fig. 7 shows
that the apparent vertical conductivity’s computational errors, as
compared to the analytical result, are quite small for Cases 1–4, while,
for Cases 1–3, the computational errors of the horizontal apparent
conductivity will become greater and greater as the mesh becomes
sparser and sparser. However, the use of mixed order basis functions
(Case 4) leads to significant accuracy improvement in the computation
of horizontal apparent conductivity. As for the comparisons of the
computational cost (grid number, number of unknowns, CPU time
of running on SGI-O350 workstation with 1 GHz processors for all
measure points) of attaining these results for Cases 1–4, we can find
them in Table 1. It is evident that field expansion by mixed order basis
functions is significantly more attractive than field expansion by one
order basis functions only.

Table 1. Comparisons of computational efforts for Cases 1–4 for the
model in Fig. 7(a).

Case Basis 

functions

Height 

( z ) 

of mesh 

in the 

measure 

domain 

(inch) 

Number of mesh 

cells in the

measure domain 

( z )

Number of mesh 

cells in the total

solution domain 

( zN N N )

Total

number 

of 

unknowns

Time spent in

the 

preprocessing 

and 

post-processing 

on one 

processor  (s) 

Time spent in the 

solution of linear

systems by

Distributed-SuperLU

on six processors 

 (s)

1 One 

order 

2 21 18 104 21 18 128 149869 795 922 

2 One 

order 

4 21 18 52 21 18 76 88665 454 518 

3 One 

order 

7 21 18 30 21 18 54 62771 335 336 

4 Mixed 

order 

7 21 18 30 21 18 54 77451 384 413 

∆

N N Nρ ρϕ ϕ

× ×

× ×

× ×

× ×

× ×

× ×

× ×

× ×

× × × ×

Next, we simulate an eccentric borehole problem, where the tool
is not aligned with the borehole axis, as illustrated in Fig. 8(a), and
the tool is eccentric toward the x-direction. ρe represents the eccentric
distance. We investigate the response of the multi-component tool in
the model shown in Fig. 8(a) with water-based mud (σmud = 1 s/m) in
a three-layered formation. The upper and lower layers have isotropic
conductivity σh = σv = 0.5 s/m, whereas the middle layer has
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anisotropic conductivity σh = 0.2 s/m, σv = 0.05 s/m. The middle bed
is 3 m thick. The borehole has a radius of 0.1 m. Figs. 8(b), (c), (d)
illustrates apparent conductivities σa

xx, σa
yy and σa

zz respectively for
three different eccentric distances ρe = 0.0 m, 0.035 m and 0.07 m. The
results show that the effect of eccentricity on σa

xx and σa
zz is very small,

however, its effect on σa
yy is obvious.
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Figure 8. Eccentric tool model and its apparent conductivities from
three main components with different eccentric distances.

In addition, nine components of magnetic fields (3 main
components: Hxx, Hyy, Hzz and 6 cross-components: Hyx, Hzx, Hxy,
Hzy, Hxz, Hyz) computed for the model in Fig. 8(a) with eccentric
distances of ρe = 0.0 and 0.07 m respectively are provided, as shown in
Fig. 9. There exists no cross-component when the tool is not eccentric,
while there exist cross-components Hxz and Hzx when the tool is
eccentric toward the x direction. What’s more, the main-components
Hxx and Hyy won’t overlap in the latter case.
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Figure 9. Nine components of magnetic fields computed for the model
of Fig. 8(a) with eccentric distances ρe = 0.0 m and 0.07 m respectively.
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Figure 10. Apparent conductivities from three main components with
different eccentric distances (The model parameters are the same as
that of Fig. 8(a) with the only change of conductive mud into resistive
mud).
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Furthermore, we only change water-based mud to oil-based mud
(σ = 0.001 s/m), but fix all other parameters in the model of Fig. 8(a)
to investigate the tool eccentricity effects in the resistive mud. Fig. 10
shows apparent conductivities σa

xx, σa
yy and σa

zz after the change. From
the results, we can see that the effects of eccentricity on apparent
horizontal conductivities σa

xx, σa
yy and vertical conductivities σa

zz are
very small.

We also compute the response of the tool in dipping bed
environments. Model parameters can be seen in Fig. 11(a), and
mud conductivity is 1.0 s/m. The formation is dipping towards the
x direction. Figs. 11(b), (c), (d) shows respectively the apparent
conductivities σa

xx, σa
yy and σa

zz for different dipping angles θ = 0◦, 40◦
and 60◦. From the results, We can see that the influence of dipping
formation is dramatic on the three apparent conductivities σa

xx, σa
yy
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Figure 11. Dipping formation model and apparent conductivities
from three main components with different dipping angles.
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and σa
zz, which may mean that it will be more complex to get the true

formation parameters from the three apparent conductivities.
In addition, the nine components of magnetic fields computed for

the models of Fig. 11(a) with dipping angles of 0◦ and 60◦ respectively
are also provided, as shown in Fig. 12. The results show very
similar behavior to those of eccentricity influence shown in Fig. 9.
There exists no cross-component when formations are not dipping,
while there exist cross-components Hxz and Hzx when formations dip
toward the x direction. The main-components Hxx and Hyy won’t
overlap in the latter case. However, the cross-components produced by
dipping formation are generally of bigger values than those produced
by eccentric tool.
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Figure 12. Nine components of magnetic fields computed for the
models of formations with dipping angles of 0◦ and 60◦ respectively in
Fig. 11(a).

4. CONCLUSION

We have illustrated the capabilities of a flexible numerical approach
based upon the FEM algorithm to study the response of multicompo-
nent induction tool in complex geophysical formations including eccen-
tric borehole and dipping bed. We use conformal cylindrical cells to
reduce the staircase error present in the representation of the borehole
wall. The use of the mixed order basis functions has proved useful
in reducing the number of unknowns and computation time, and the
numerical results have demonstrated the validity and efficiency of the
scheme. Newly developed package, Distributed-SuperLU, is used for
solution of linear equations, and thus multiple measure points can be
solved simultaneously.
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