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Abstract—The most difficult step in the analysis of the capacitance
of arbitrarily shaped conducting plates is the determination of the
electric center, or the expansion point of the charge density. This
paper presents the generalized Huygens’ principle, which indicates that
the charge distribution on a conducting plate of convex shape has a
tendency to be a circle before approaching the fringe. Therefore, the
center of the largest extended circle can be taken as the electric center.
The agreement with numerical methods is demonstrated.

1. INTRODUCTION

With the quick development of microwave communication, the line
between the technique of wave and the technique of circuit becomes
more and more obscure in engineering. We can not only add some
lumped elements to a distributed parameter filter, but also consider
distributed parameters in a lumped element system. Therefore, the
capacitance of conducting plates and the inductance of conducting
wires of arbitrary shape attract many scholars’ attention.

Two problems arise from the determination of the closed form for
the capacitance of the conducting plate. One is the charge distribution
on the plate, and another is the optimal expansion center of the charge
density, or what is called the electric center.

Reference [1] take a disc whose analytic results has been obtained
as an example. Considering that the charge density on the edge of the
disc is a singular distribution, namely

o(r) = ——2 (1)
1— (r/r)?
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Figure 1. Infinitely thin conducting disc.
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Figure 2. Symmetrical convex conducting plate.

We can obtain the accurate capacitance.

Co = Q = 8eorg = 107°F (2)
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For a general symmetric conducting plate, the boundary curve
equation can be introduced. It is

roy/S(e) =1 (3)

And then the charge density is expanded at the symmetric center, so

we have -
(4)

o(r¢) = ———ge— )

Finally, the closed form of the capacitance C is
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Applying formula (5) to an elliptical disc, in which

cos?p sin®p

S(e) = —5"+— (6)
and b > a is supposed. So the capacitance of an elliptical disc is
drega b
C=——-(-)F 7
i (o) ®

in which K (k) represents the complete elliptical functions of the first
kind with modulus k, and

2 — g2
k="—7— (b>0q) (8)

Formula (7) is also an accurate result by [2].

2. SELECTION OF THE ELECTRIC CENTER

The success of a closed form lies mainly in the fact that the assumed
singular distribution of the charge density is in accordance with the
practical distribution. However, the determination of the electric

center remains to be a problem. Different electric center may lead
to different results.
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Figure 3. Disc with eccentric center.
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Figure 3 shows a conducting plate expanded at an eccentric center.
And the equation of which is
(& —20)* +y* = a® (9)
Another equation can be obtained by normalized polar coordinate.
It is
(7o — Zo cos p)* 4 T2 sin® o = 1 (10)
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in which 79 = r¢/a and Zy = z¢/a are normalized values. Note that 7
and 7o are both on the fringe of the disc. So the function of the charge
density of the disc is

g0

\/1 — (Zpsinp)? ;0(7“ — Zocosp)?
\/1— F—To COS 2
— (Zg sinp) —mosmw }

in which r is a variable and r < rg.

In this case, the original quarter symmetry of the disc has turned
to be a half even symmetry, and the potential V' at the eccentric center
O is

o(r,¢) =

(Fg—Zg cos p)

_ 200a / /m du _ Taog (12)
47[‘60 V1 —u? 4eq

Note that (79 — Zgcosp) = /1 — (Zpsing)? has been taken into
account in the derivation process of the formula above.
Besides, the total charge @ is

s 0 rdr
Q:2a200/dg0/ rar =
0 0 (F—Zg cos )
\/1— .ZL'OSID(,O \/1— ]_IOOW}

1
= 2a%0y {/ \/1— (ZTpsing 2d<,0+/ T cos pdp \/du—] (13)

= 4a U()E(.I‘o)

in which E(Zp) is the complete elliptical integral of the second kind
with modulus Zg.
Finally, the capacitance of the disc expanded at the eccentric

center is 0 E(zo)
C—V—Ssoa[ﬂ/z}F (14)

Figure 4 shows the functional relationship of the normalized
capacitance C' = C/Cp with the modulus Zy, in which Cy = 8gpa
is the capacitance obtained by expanding the charge at the center of
the disc.

The example forcefully demonstrates that the determination of the
electric center is of great importance. It is proved that the capacitance
is variational standing for the charge test function. Proper electric
center could lead to

maxC (Zp =0) (15)
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Figure 4. Relationship of capacitance C = C/Cy with Z.

For symmetric objects like the disc, the geometrical center
coincides with the electric center. However, new methods for choosing
electric center must be given for objects of arbitrary shape.

3. LARGEST EXTENDED CIRCLE METHOD

Huygens’ principle is of special importance in electromagnetism. There
are two wonderful ideas. One is that every point at the wavefront
has wavelets. Another is that every wavelet transmits spherical waves
outwards. Huygens’ principle implies the most important idea, that is,
waves have a tendency to be a sphere, cylinder or circle without the
restriction of the boundary conditions.

In [3], Huygens’ principle is advanced further and generalized
Huygens’ principle is introduced. It means that the charge distribution
on a conducting plate tends to be concentric circles before reaching the
edge.

Whether be static field or dynamic field, wave or non-wave, this
property can be termed as electromagnetic inertia, just as Newton’s
mechanic inertia.

Therefore, we can put forward the selecting principle of the electric
center of a convex edged conducting plate. The electric center of
a convex edged conducting plate should be the center of its largest
extended circle, as shown in Figure 5.

This method can satisfy the free state of the charge distribution,
or being concentric circles, as much as possible.

4. EXAMPLES

The triangle plate of arbitrary shape is the most important and basic
example, whose largest extended circle is its encircle, as shown in
Figure 6.
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Figure 5. Center of largest extended circle.

Figure 6. Arbitrary triangle plate.

r is the radius of the encircle. Let

x=BD = BF
y=CD =CFE (16)
z=AF = AF

A represents the area of the triangle, and the basic geometrical
relations is shown in Table 1.

If the center of the encircle is taken as the expansion center, the
triangle AABC can be divided into three basic triangles, AOAB,
AOBC and AOCA.

In which AB, BC and AC are the edges of the plate. The
capacitance of AABC'is

3 3
=0 / SV (17)
=1 =1

in which @Q; and V; represent the charge and potential of the ith
triangle. In general, we establish the basic triangle OM N with M N as
the edge of the plate and ON and OM as the common edge between
different triangles, as shown in Figure 7.
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Table 1. Basic geometrical relations in a triangle.
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Figure 7. Basic triangle MON.

Under this condition the charge distribution function expanded at
point O is

a0 a0

o(r,p) = - : (18)
V() V()
and the potential V; of the AOMN at the center is
1 /<P1+<P2 UodT
Vi-(=2) (19)
0'01'0{11 [1—5111901 1—|—smgpl—|—gpg}}
= — 1n .
8o 2 1+sing; 1 —sin(¢1 + @o)

;] = —
47T<€0 ©1
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in which,
. T2 COSYQ — T1
singp) = ———

. T9 — 71 COS Qo
sin(ipy + o) = L0

79 COS Qo — T1 (20)
72 Sin g
r9 — '] COS
tan(p1 + o) = T2 — T COS Yo

tan 1 =

71 sin g
On account of ) 5 o
ri+ry—1
_ 21
cOS g DT (21)
lln l—s%ncpl‘l—i—s%n(cpl—i—cpo)] W [ﬁ—i—m—i—l] (22)
2 1+sing; 1 —sin(p1 + ¢o) r+ro—1
that is T
00x0 T+ T2
V= 1 23
' 8 n<7"1+7“21> (23)

Similarly, the charge @; of the AMON is

P1+po T0 T COS 2
o= [ e ‘"/v (25 e

= ogrire sin ¢g

in which )

o = TAT2R0 (25)
In the original triangle ABC, considering xg equals the radius of the
encircle and formula (17), the capacitance of the triangle AABC' is

_ 8sp(a+b+c)
C= In (M) +1n (m) +In (r3+r1+c) (26)
ritra—a r2+r3—b r3tri—c

Formula (26) represents the capacitance of the conducting plate with
the center of the encircle of the triangle as the electric center. Table 2
shows the comparison of the capacitances of the triangles obtained by
formula (26) and by the moment method [3-6]. It demonstrates that
the relative error is less than 3%.

Note that there are more than one largest extended circle for
some plates of arbitrary shape. In this case, a more symmetric center
should be adopted. Take the parallelogram conducting plate ABCD
in Figure 8 for example. There are many largest extended circles, but
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Table 2. Comparison of capacitances of different triangles by two

methods.
Incircle Moment Relative
Different ; ror
: electric Method erro

triangles center C- C,
C/ 8803 8C -

C/ 8803 G

0.41524 0.42797 -0.02975

0.51670 0.53054 -0.02609

0.30593 0.31500 -0.02877

Figure 8. Largest extended circle of parallelogram.

the one whose center is in accordance with the symmetric center O

should be adopted.
Similarly we lead to

C = 0.617075033 - 8epa
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Cp = 0.62935 - 8epa
0C = —1.950%

and the two values are in good agreement with each other.

5. CONCLUSION

The difficulty to determine the closed form of the capacitance of a
conducting plate of arbitrary shaped lies mainly in the selection of the
electric center, or the charge expansion point.

In this paper, generalized Huygens’ principle that the charge
distribution has a tendency to be concentric circles as much as possible
is introduced. Therefore, it is proper to take the center of the largest
extended circle as the electric center. And it is fully proved by the
practical examples.
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