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Abstract—Analysis and design of a narrow aperture coupled
rectangular dielectric resonator antenna (DRA) fed by dielectric image
line (DIL) are presented. The modal expansion method is used to
describe the fields in the dielectric resonator side and the change in
the modal voltage of the image line at the aperture is developed to
analyze the single element DRA. The DIL is connected to the X-
band rectangular waveguide through a waveguide transition and DIL
tapering is used to match between the waveguide and the DIL.

1. INTRODUCTION

Dielectric resonator antennas have been developed for use in the
microwave and millimeter frequency bands. They have several
advantages over microstrip patch antennas such as smaller size, higher
radiation efficiency, wider bandwidth, and no excitation of surface
waves [1–5]. Previously, the aperture coupled rectangular DRA fed
by a microstrip line was analyzed [6]. For high-frequency applications
microstrip feed lines have high conductive losses, and very thin
substrates are used to avoid direct radiation from the microstrip line
and to reduce the surface wave strength. A dielectric image line is an
alternate feed method that has lower losses at higher frequencies [7].
In [8] and [9], the aperture-coupled microstrip patch antenna fed by a
DIL was analyzed. Good gain, low return loss, and low back radiation
were observed.

This paper presents a narrow slot coupled rectangular dielectric
resonator antenna fed by a dielectric image line. The modal expansion
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method is used to describe the field on the DRA side and the change
in the modal voltage of the image line at the narrow slot is developed
to analyze the DRA. Only the dominant mode is assumed propagating
in the DIL. The slot width is assumed to be narrow compared to the
DIL guiding wavelength and the slot length. The electric field in the
aperture is assumed to have sinusoidal distribution. The normalized
input impedance can be determined from the power and the voltage
difference across the slot [10]. The structure has also been analyzed
numerically using HFSS [11]. To excite the DIL and define a port,
the DIL is connected to an X-band rectangular waveguide through a
matching transition. The DIL ends are tapered to achieve smooth
transition between the waveguide and the DIL [12, 13].

2. MODAL ANALYSIS FORMULATION

Figure 1 shows the structure of the rectangular DRA fed by the DIL
and the coordinate system used in the analysis. The analysis is divided
into three parts: analysis of DRA, DIL, and the aperture.

Figure 1. DRA fed by DIL geometry.

2.1. Analysis of the DRA

In the analysis of the DRA side, the modal expansion method is used.
To simplify the analysis, the DRA is treated as a dielectric slab inside
a waveguide with magnetic conducting walls located at |x| = a/2 and
z = −c/2, and with an electric conducting wall at z = 0. The fields
are assumed to be standing waves within the dielectric and attenuating
outside the dielectric region in the y-direction. Applying the boundary
conditions at the walls of the DRA we obtain kx1 = π/a, kz1 = π/c, and
ky1 from the roots of the following equation tan(ky1b/2) = ky01/ky1,
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where k2
y01 = k2

x1 + k2
z1 − k2

0 and k2
y1 = εr1k

2
0 − k2

z1 − k2
x1. Considering

the TEy
111 mode, the far field radiation is similar to a magnetic dipole

of moment Pm given by:

Pm = −j8Aωε0 (εr1 − 1)
kx1ky1kz1

sin (ky1b/2) (1)

The power radiated by a magnetic dipole is given by [14]

Pr = 10k4
0 |Pm|2 (2)

from which the radiation Q factor (Qr) can be determined by Qr =
ω0W/Pr, where W is the stored energy in the DRA. In addition to the
radiated power, the dielectric dissipated power, Pd, and the conducting
power loss, Pc, are computed using the following equations

Pd =
1
2
ω0ε1 tan δ
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b/2∫
−b/2

c/2∫
0

∣∣∣ �E∣∣∣2 dzdydx = ω0W tan δ (3)
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1
2

√
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2σc
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−b/2∫
−∞

|H0|2 dy +

b/2∫
−b/2

|Hd|2 dy +

∞∫
b/2

|H0|2 dy


 dx

−
w/2∫

−w/2

l/2∫
−l/2

|H|2 dydx


 (4)

where tan δ is the loss tangent of the dielectric used for the DRA and
σc is the conductivity of the ground plane. H0 is the magnetic field
outside the DRA, and Hd is the field inside the DRA. The total Q
factor is determined by:

1
Q

=
1
Qr

+
1
Qd

+
1
Qc

=
1

ω0W
(Pr + Pd + Pc) (5)

and the radiation efficiency η is :

η = Q/Qr (6)

The field in the DRA is normalized such that
q/2∫

−a/2

b/2∫
−b/2

c/2∫
0

µ0

(
|Hy111|2

)
dzdydx = 1.0 (7)



382 Al-Zoubi, Kishk, and Glisson

2.2. Analysis of the DIL

The DIL supports the TM z
mn and TMy

mn modes. However, the
presence of the ground plane resolves the degeneracy because the
strongest electric field component of the TMy

11 mode is shorted out, so
only the TM z

11 mode is attained over the desirable frequency range. It
is not possible to have a closed form solution for the DIL problem since
it is an open structure that does not fit the rectangular coordinate
system in a straight forward manner. However, it is possible to
simplify the problem by considering infinitely long dielectric slabs
having effective dielectric constant that can be obtained using the
effective dielectric constant (EDC) method [15].

Figure 2. Simplified geometry of the dielectric image guide.

Considering an infinite dielectric slab above a ground plane with
height bd as shown in Fig. 2(a), the continuity of Ey and Hx at z = bd
is enforced and the following equation is obtained:

tan(kzbd) = (kz0/kz) εr2 (8)

where k2
z0 = k2

0 [εr2 − 1]−k2
z , and k2

x = β2 = εr2k
2
0−k2

z −k2
y. The other

problem is a dielectric slab that extends infinitely in the z-direction in
the upper half-space as shown in Fig. 2(b). When the continuity of
Ez and Hx are applied at y = ± ad, one can obtain

tan(kyad) =
ky0

ky

k2
y + k2

x

−k2
y0 + k2

x

1
εrez

=
ky0

ky
(9)

where εrez = εr2 − (kz/k0)
2, k2

y0 = k2
0 [εrez − 1] − k2

y, and k2
y =

εrezk
2
0 − β2.
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In (8) and (9), kz, ky, kz0, and ky0 are the transverse propagation
constants inside and outside the dielectric slab, respectively. The wave
impedance of the image line is given by

Zw = −Ez

Hy
=

−k2
y0 + k2

x

ωε0kx
=

k2
y + k2

x

ωε0εrezkx
(10)

The characteristic impedance, dielectric attenuation constant, and
conductor attenuation constant of the image line can be found in [12].

2.3. Analysis of the Aperture

The aperture determines the amount of power coupled from the DIL
to the DRA. The slot aperture is centered at the origin with length
l and width w. The electric field in the aperture is assumed to be
of sinusoidal distribution in the y-direction and independent of x as
described by the following equation:

Ex
ap =

E0 sin [K (l/2 − |y|)]
sin [Kl/2]

(11)

where K = (2π/λ0)
√

(εr1e + εr2)/2. The equivalent magnetic current
on the slot is given by

�M = Ex
apx̂× ẑ = ŷ

E0 sin [K (l/2 − |y|)]
sin [Kl/2]

= Myŷ (12)

The magnetic current excites only TEy modes of the DRA. The
fields can be expressed in terms of these resonant modes. However, we
only considered the TEy

111 mode, hence the single mode approximation
can be taken. The magnetic field (using modal expansion) is given by:

�H =
∑

i

jωHi

(ω2 − ω2
i )

∫∫∫
v

�M · �H∗
i dv (13)

and for TEy
111 mode we have

Hy =
jωHy111

(ω2 − ω2
111)

w/2∫
−w/2

l/2∫
−l/2

MyHy111dydx (14)

where ω2
111 = 1

µ0ε

(
k2

x1 + k2
y1 + k2

z1

)
, ε = ε0εr1 (1 − j/Q), kx1 = π/a,

and kz1 = π/c. Ky1 can be obtained from the roots of the characteristic

equation tan
(

ky1be

2

)
= ky0

ky1
, where k2

y0 = (εr1 − 1)k2
0 − k2

y1.
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The other field components can be derived from Hy using the
electric and magnetic vector potentials [16].

The power at the aperture is defined as

P =

w/2∫
−w/2

l/2∫
−l/2

(Ex
apx̂×Hyx̂) · d�s =

jω�2

(ω2 − ω2
111)

(15)

where

� =

w/2∫
−w/2

l/2∫
−l/2

MyHy111dydx

=
−j8A

(
k2

x1 + k2
z1

)
ωµ0 sin [Kl/2]

2K sin (wkx1/2)
kx1K2 − k2

y1

·
[
sin

(
K + ky1

l/4

)
· sin

(
K − ky1

l/4

)]
(16)

For the fundamental TM z
11 mode of the DIL, the electric field in the

z-direction and the magnetic field in the y-direction inside the DIL are
given by:

Ed
z = Ed cos (kyy) cos(kzz) (17)

Hd
y = −ωε0εr2ekz

k2
x + k2

z

∣∣∣Ed
z

∣∣∣ ≡ −N
∣∣∣Ed

z

∣∣∣ (18)

The discontinuity in the voltage across the slot is given by

∆V =
∫∫

slot
(n̂× Ex

apŷ) · �hdds =
∫∫

slot

∣∣Ex
ap

∣∣ ∣∣∣hd
y

∣∣∣dxdy (19)

where �hd and �hd
y are the normalized magnetic fields in the DIL. The

power Px in the DIL is normalized such that

Px =

∞∫
0

∞∫
−∞

(
�E × �H∗

)
· x̂dydz = 1 (20)

This determines the constant E0 in (11). The voltage variation across
the slot is expressed by

∆V =
−8NE0

sin (Kl/2)
2K sin (kxw/2)
kx

(
K2 − k2

y

) ·
[
sin

(
K + ky

l/4

)
· sin

(
K − ky

l/4

)]

(21)
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The normalized impedance presented at the aperture is given as

zap = (∆V )2/P (22)

The normalized input impedance depends on the aperture size and
DRA size. The reflection coefficient at the aperture is given by [10],

R =
1
2

∫∫
slot

Ex
ap(x, y)h

d
y(x, y)ds (23)

3. RESULTS AND DISCUSSION

The DRA structure shown in Fig. 1 is analyzed with a = 6.2 mm,
b = 6.0, c/2 = 6.1 mm, and εr1 = 10.2. The resonant frequency,
radiation Q factor, and radiation efficiency for the DRA are verified
with the results available in literature. Using HFSS software, the
resonant frequency is 10.0 GHz, and Qr = 7.68. The results obtained
for the free space to guide wavelength ratio of the DIL as a function of
the normalized height B = 4bd

√
εr − 1/λ0, are identical to the results

obtained in [12]. These results are omitted for brevity. In order to
verify these analyses, the reflection coefficient is computed using the
present method and using HFSS commercial software [11]. The results
are shown in Fig. 3. It can be seen that the results obtained using

Figure 3. Reflection coefficient at the slot for the DRA-DIL geometry.
W = 0.15 mm, L = 4 mm, a = 6.2 mm, b = 6.0 mm, c = 12.2 mm,
εr1 = 10.2, ad = 4.5 mm, bd = 4.03 mm, εr2 = 10.2.
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Figure 4. Real part of the normalized impedance as a function of
slot length. W = 0.15 mm, a = 6.2 mm, b = 6.0 mm, c = 12.2 mm,
εr1 = 10.2, ad = 4.5 mm, bd = 4.03 mm, εr2 = 10.2.

HFSS are oscillating as compared with the analytical results. One
may relate that to the finite size of the structure and the matching
transition used in the numerical model as compared to the infinite size
of the analytical model.

Figure 4 shows the real part of zap of the DRA as a function of
the slot aperture length. The variation is approximately linear, and
the impedance increases as the slot aperture length increases. The
variation of the input admittance versus frequency is shown in Fig. 5.

In order to excite the DIL, the DIL is connected to an X-band
rectangular waveguide by means of a three-section transition [12, 13].
The transmission coefficient for the DIL side is shown in Fig. 6. From
the figure it can be seen that the system with the transitions and a
16-wavelength long DIL at 10 GHz has a total insertion loss of about
1.5 dB. The radiation patterns in both the E-plane (φ = 0◦) and H-
plane (φ = 90◦) are shown in Fig. 7(a) and 7(b). Fig. 7(a) shows
the comparison between computed and simulated radiation patterns
with WIPL-D commercial software [17] assuming an infinite ground
plane. The results are in good agreement. The computed radiation
patterns are obtained by evaluating the electric and magnetic currents
at the surfaces of the DRA and its image, and using the formulations
in [16]. A comparison of the radiation patterns for the geometry with
finite ground plane is shown in Fig. 7(b). The results are obtained
using HFSS and WIPL-D, which are commercial software packages
based on the finite-element method and the method of moments,
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Figure 5. Normalized input admittance as a function of frequency.

Figure 6. Transmission coefficient of the DIL excited by rectangular
waveguide.

respectively. The ripples in the patterns, especially in the E-plane
are due to diffraction from the edge of the finite ground plane. The
E-plane peak value of the directivity is about 7 dB. The return loss of
a single element DRA is shown in Fig. 7(c).
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(a) (b)

(c)

Figure 7. Radiation patterns for (a) infinite ground plane and (b)
finite ground plane; (c) return loss for a single element DRA.

4. CONCLUSION

A dielectric resonator coupled to a dielectric image line through
a narrow slot was analyzed. The approach combined the modal
expansion method on the DRA side and the change in the modal
voltage of the image line at the aperture to analyze the single element
DRA. The results for Q-factor, resonant frequency, and radiation
efficiency of the DRA were verified. Also, the free space to guide
wavelength ratio for the dielectric image line as a function of the
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normalized height were found to be in good agreement with the results
available in the literature. The reflection coefficient at the slot was
verified with HFSS. A good return loss is obtained for a single element
DRA. The E-plane peak value of the directivity is about 7 dB.
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