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Abstract—A simplified method to obtain the complete set of the
dyadic Green’s functions (DGFs) for general anisotropic media is
presented. The method is based on the k-domain representation
of the fields in terms of wave matrices. The Fourier transformed
Green’s functions are calculated through the inverses of wave matrices.
The inverses of the wave matrices, which lead to the final form
of DGF, are obtained using dyadic decomposition technique. This
facilitates the inverse operation significantly and gives DGFs clear
vector representation, which helps their physical interpretation. The
dyadic decomposition of the wave matrices has been presented for
uniaxially anisotropic, biaxially anisotropic and gyrotropic media. The
method of deriving DGF using the technique given in this paper
is applied on a uniaxially anisotropic medium and verified with the
existing results. It is shown that the knowledge of the inverse of one
type of wave matrix is adequate to find the complete set of the dyadic
Green’s functions for a general anisotropic medium using the method
presented. The duality relations of dyadic Green’s functions are also
developed. It is shown that once the dyadic Green’s functions for one of
the dual media are obtained, the DGF's for the other dual medium can
be found by application of the duality relations shown in this paper.

1. INTRODUCTION

In a variety of applications, such as geophysical prospecting, remote
sensing, wave propagation, microstrip circuits and antennas, it is
necessary to compute the electromagnetic fields in a medium under
consideration. For a given set of sources, the fields may easily be
found if the Green’s function of the medium is available. There have
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been numerous publications on the Green’s functions because of their
widespread use in electromagnetic problems [1-9].

Various methods have been developed to obtain dyadic Green’s
functions (DGFs) for anisotropic media. The most commonly used
methods employed to find DGFs are the Fourier transform method with
differential formulation [10], the method of eigenfunction expansion
[11], and the matrix formulation [12]. In [10], DGFs are obtained
for uniaxial and biaxial layered, planar structures excited by a surface
electric current density when the medium has diagonalized permittivity
tensor. In [11], DGFs for the multilayered anisotropic media are
found using eigenfunction expansion formulation. The formulations
are constructed based on the principle of scattering superposition. In
[12], the DGFs for the anisotropic medium are derived with matrix
exponential function approach based on Cayley-Hamilton theorem.
This approach resembles the method similar to local transition matrix
formulation, which was employed by Morgan et al. [13].

In this paper, the derivation of the complete set of the dyadic
Greens function using a simplified method for a general unbounded
homogeneous anisotropic medium is given. The analysis is carried out
in the k-domain using wave matrix approach. In this domain, the
set of equations, which relates the DGFs to the inverses of the wave
matrices, are obtained with their solutions using dyadic decomposition
technique. This approach simplifies the derivation of the DGF to
the problem of finding the inverse of a wave matrix. The dyadic
decomposition of the wave matrices has been presented for three
different anisotropic media. The method given here is applied on
a uniaxially anisotropic medium. The results are verified with the
existing results. The method introduced here shows a simple and
practical way of finding the complete set of DGFs for anisotropic
media with the knowledge of the inverse of one type of wave matrix.
Furthermore, the duality relations of DGF's are derived and used to
obtain the DGFs of the dual media. The DGF formulation given in
this paper is especially useful for radiation and scattering problems in
the presence of an anisotropic medium of any type.

2. FORMULATION AND SOLUTIONS

Maxwell’s equations for a general anisotropic medium with relative
permittivity and permeability tensors, € and @, in the presence of
impressed magnetic current density M and the electric current density
J can be written as

"H—-M (1)

=l

V x E = iwpg
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VxH= —iwegzg - E+J (2)

The linearity of Maxwell’s equations implies linear dependence of E
and H on the excitations J and M. Then E and H can be represented
as
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or in matrix form

EF) | Gee(T, 7)) Gom(F,7) J(7 .
20]-f[E0 Een ) (30 e o

The dyadic Green’s functions Eee (7,7 )Lﬁmm (7,7") are called electric

type and magnetic type and G (7,7'), Gem (T, 7') are called magnetic-
electric type and electric-magnetic type DGFs. Equation (5) can be
simplified as

where

In (6), the integral is taken over all space, i.e.,

/ﬁﬁ:/ / / da'dy'dz’' (8)

The Fourier transform pair of the field vectors can be expressed as

F(r) = ﬁ / F(k)e*7d’k (82)
) = [F@e o)

where F' = F for an electric field vector and F = H for a magnetic
field vector. Here the integration over £ is three dimensional as the
integration over 7, i.e., d°k = dkydkydk. .
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Similarly, the Fourier transform pairs for DGF E(F, 7') can be
written as

G 7) = (27103 / G(R)e™ ) g3 (10)
G(k) = / GF,7)e T g F —7) (11)

Translational invariance assumed in the use of (F —7') comes from the
unbounded nature of the problem. Substitution of (9a), (10) into (6)

gives
1 E(E) e 1 = ik (T—7 T j(F/) =/
e ) %= [ [ [ B ][ 50
(12)
where 5(%) is given by

ﬁ(%) _ [ Eee(ﬁ) Eem(E) ‘| (13)

(
When we change the order of integration in (12), we obtain

E(k) ikT 3370 =\ kT 7(7/ e
/lﬁ(k)]ek = [Gmet /lM(F’)]e AT

= [ G(k) [%(E) ] FTRE (14)

Using (14), we can relate the field vectors to dyadic Green’s functions
in the k-domain as

[g@)] _ l Geelk)  Gem(R) 1 [J(E) 1 as)
G

HB)] | Cue®) G (F) | [M(F)
Now, assuming the solutions for the fields in the form of R and using
ExE—FKE (16)

where
_ 0 —k. ky
k= k. 0 —kg (17)
—k,
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Maxwell’s equations given by (1) and (2) can be transformed into the

k-domain and we can derive the matrix equations for E(k) and H (k)
as

R~k + k| - H (k) = —ike "I (R) — iweo M (R) (18)
(ki 'k + 2] - B(R) = —iwpo () + ik M(R) (19)

where k% = w?ppeo. The derivation of equations (18) and (19) is given
in Appendix A. We define

Wy = [k %+ K] (20)
as a magnetic wave matriz and
We = [k 'k + kiE] (21)

as an electric wave matriz. Note that the wave matrices are “dual”
of each other in the sense that one can be obtained from the other by
replacing g < .
Equations (18) and (19) can be expressed using wave matrices as
Wy -H(k) = —ike " J(k) — iweo M (k) (22)
Wg-E k

We can represent (22) and (23) in matrix form as

[WE(E) 0 [E(E)] _ [ —iwpl kT ] [7(%)] (24)
0 WH(E) i H(E) —iEg_l —Z'w&‘()? M(E)
Equation (24) can be modified as
F(E)] i, W R [7(%)1
il B L B (25)
HE)] | -iW, ke " —iweoWy | LM(E)

Equation (25) relates the field vectors to the inverses of the wave
matrices in the k-domain. When (15) and (25) are compared, we obtain
the following relation

GeelR)  Gem(R) —iwp Wy W ki
= — o _ (26)

. =1 .
— Wy ke —tweoW gz
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Equation (26) is the representation of DGFs in terms of the inverses of
the wave matrices in the k-domain for a general anisotropic medium.
More explicitly,

Goo(R) = —iwopoW g (27a)
Gem (k) = iWgkn (27D)
Gme(k) = —iW ke ! (27¢)
G (B) = —iweoW gy (27d)

The relation between the inverses of the wave matrices is derived as
[14]

Wy T2 |k A kWg kp (28)

0

Equations (27)—(28) clearly show that the knowledge of the inverse
of one type of wave matrix is sufficient to obtain the complete set of
dyadic Green’s functions in the k-domain. The final form of the dyadic
Green’s functions, which is valid everywhere but the source point, is
obtained by substituting (27) into (10) as follows.

——1=

. ——1 = —1
_ 1 oWy W kG| o g
o) =g [ | 0 E TSRO (29)

(2m) Wy K —iweoW

In the following section, the method to obtain the inverse of the wave
matrices using dyadic decomposition technique is discussed.

3. DYADIC REPRESENTATION

The problem of finding the complete set of DGFs for any type of
anisotropic medium is simplified by equations (27)-(29) to finding the

inverse of an electric wave matrix W g which is equal to
Wy = ‘:7 (30)

adj (WE) is known as the adjoint and ‘WE’ is known as the

determinant of the electric wave matrix. The dispersion relation for
anisotropic medium is found by using (19) in the source free region,
ie., J=0and M =0, as

Wg-E=0 (31)
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For the homogenous equation (31) to have a non-zero vector solution F,
W E‘ -0,

the determinant of the electric wave matrix must vanish, i.e.,
or

W| = [k "k + k5| =0 (32)
As a result, once the Green’s function in integral form given by
equation (29) is obtiined, the problem is reduied to finding the
adjoint matrix adj (WE> and the determinant ’WE‘ of the electric

wave matrix. In the following sections, adj (WE) and ‘WE‘ for

three different types of anisotropic media are derived and represented
in dyadic forms. The dyadic representation of Green’s functions is
obtained by direct substitution of the results into (29).

3.1. Uniaxially Anisotropic Medium

A uniaxially anisotropic medium is defined by the following relative
permittivity and permeability tensors

= 611? + (€33 —€11)pp (33a)

ol

=1 (33b)

=l

p shows the direction of the optic axis exists in the uniaxially
anisotropic medium and equals p = 2. When (33) is substituted into
(21), the electric wave matrix in dyadic forms is found as

Wg = (k‘%ﬁn — k2) T+kk+k2(es3 — £11)pp (34)

The dispersion relation for a uniaxially anisotropic medium is derived
by substituting (33) into (32) as follows.

‘WE‘ = kg (k2 — kgé‘n) [szll + k?&‘gg — k%é‘ll&‘gg} =0 (35)

The adjoint matrix, adj (WE> is obtained in dyadic form using (34)
as

adj (WE> = (k'(2)€11 — kg) [/{8611? — E% — k‘g(Egg — 611)]3]3}
+k (€33 — €11) (E X ﬁ) k x ﬁ) (36)
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3.2. Biaxially Anisotropic Medium

The relative permittivity and permeability tensors of a biaxially
anisotropic medium can be expressed as

g — &
= egnl (33211> (P1p2 + P2p1) (37a)
G T (37b)

p1 and pg show the direction of two optic axes that exist in a biaxially
anisotropic medium. They are given by equation (38) below.

_ €33 — €22 3 €22 — €11 & (383)
€33 — 811 €33 — 811
£33 — €22, €22 — €11 ,

Y e N (38b)
€33 — €11 €33 — €11

We obtain the electric wave matrix in dyadic form by substituting (37)
into (21) as

fr— _— = g — & PN A A
We=FkFE+ [(522k3 — )T+ K (%) (1P + p2p1)] (39)

The dispersion relation for a biaxially anisotropic medium is derived
by inserting (37) into (32) and given by

|

‘WE‘ [ a + Bp1 - pa)? 52}
+k - o [(@+ 2851 - o) T = Blpra + o]
— 8 (1 % o) (2 x P1)| - T =0 (40)
where
o = 8221438 - ]{12 (41)
2 [ €33 — €11
B = kg (2> (42)

adj (WE) for a biaxially anisotropic medium is obtained using (39)
and expressed in dyadic form as

adj (W) = [(a+ 2861 - 52)T — Br -2 + b )]
—B%(p1 % P2)(P1 X p2)
+ {(04—(304 +28(p1 - 92))) T+ B (b1 - Po-+o ']51)} . (E X ?)
+[(E [Oé?—F/B(ﬁl‘ﬁQ—"ﬁg'ﬁl)}) xﬂ (Ex?) (43)
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3.3. Electrically Gyrotropic Medium

An electrically gyrotropic or a gyroelectric medium is a medium whose
relative permittivity and permeability tensors are in the following
dyadic forms

ol
I

€1 (? — 6060) + 19 (lA)O X ?) + 53?70[;0 (44&)
fi = pl (44b)

where 130 shows the direction of the applied dc magnetic field. When
Bo = byBy = 2By, i.e., by = 2 = (0,0,1), p =1 i.e., cold plasma, and
(44) is substituted into (21), the electric wave matrix in dyadic form
can be obtained as

WE = (k‘g&l — ]{52) 7—|— i)oi)o (k‘g&g - k’g€1> + ik%&z (i)o X T) +kk (45)

Following the same steps outlined in the preceding sections, the
dispersion relation for a gyroelectric medium is given by equation (46).

W = k3es (k2 = k2;) (K2~ k2pp) =0 (46)
adj (WE) can be derived using (45) and expressed in dyadic form as
adiWp = (kjadjz — k*kgesT) + kk [k (k* — k1) |
+hobo kK3 (25 — 1)) + (k x bo) (k x bo) [Kh3 (5 — 21)]

tigak?k? [/%(1% x bo) — (k x BO)/%] (47)
where
2 2 2 2 2 2
k :kp—i-krzzkx—i-ky—i—kz (48)
ad]? = 81637 — i€2€3 (i)() X T) + (81 — 53)6080 (49)

The results obtained in (45) and (47) check with the results given in
[15]. It is to be noted that magnetically gyrotropic medium is dual
of electrically gyrotropic medium with application of the following
transformations

- ﬁv n—¢&, Ho — €0 (50)

Q]

As a result, adj (WE> and ‘WE’ for a magnetically gyrotropic medium

can be obtained easily using the results for an electrically gyrotropic
medium with the application of the duality relations given by (50).
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4. VERIFICATION OF THE PROCEDURE

In this section, the method outlined in Section 2, using the results
given in Section 3, is applied to obtain DGF for a uniaxially anisotropic
medium. The final form of the DGF is compared with the results given
n [16].

The integral form of the electric type DGF for a uniaxially
anisotropic medium is given by (29) and equal to

G..(F,7) = _W“O/WE ik (7= 3F; (51)

When (30) is substituted into (51), we obtain

_ i adj WE — i

Gze(Tv 7/) _ ’Lw:ugio / L )ezk~(r—r )dSk (52)
(27) Wl

Using the results given for a uniaxially anisotropic medium in Section

3.1, the dispersion relation for a uniaxially anisotropic medium can be
found as

‘WE‘ = /{78 (kQ — k%&‘n) [kﬁé‘n + kzégg - /{3811633} =0 (53&)
or

‘WE‘ = kpess (k (k’osu — k2)) {kz - (k(Qﬁn - k2511)] =0

€33
53b)
The wave numbers for a uniaxially anisotropic medium can be obtained
using (53) as follows.

k2 = kgen — k) (54a)
K2 = ken — k2L (54b)
€33
where 2 2 2 2 2 2
k* =k, +k; =ki +k, +k; (55)

Equations (54) represent the two types of waves — type I wave or an
ordinary wave, which is represented by k.;, and type II wave or an
extraordinary wave which is represented by k,;; exist in the uniaxially
anisotropic medium. The wave numbers given by equation (54) check
with the results given in [16] when optic axis is taken in the z-direction
by setting tilt angle equal to zero, ¥ = 0.
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Equation (53b) can be put in the following form using (54)—(55)
[Wa| = kess (k2 = k2) (K2 — k2y;) (56)

adj (WE) for a uniaxially anisotropic medium is obtained in
Section 3.1 and equal to

adj (W) = (K - ) [end - FF - Ki(eas — e01)pi)
+12(es — 1) (B x 5)(E x ) (57)

adj (WE) can be put in the following matrix form

_ A A A
adj (WE) — | Ay Agy Aoy (58)

A3z Az Ass

The matrix elements of adj (WE) are derived as
An = K22 — K2 (kg + k2> e33 — k2kZen + kieness (592)
A1y = Aoy = kKkyky — kikikyess (59b)
Az = Az = k*kok, — k3kok.enn (59¢)
Agy = k? (K — K3ess) + K (K2[ess — en] — k2en ) + kgeness (59d)
Ags = Asy = K2kyk, — k3kyk.e11 (59)
Agg = K (k2 = kgenr) — k§kZens + kiehy (591)

When (56)—(58) are substituted into (52), we obtain electric type DGF
as

= —zwuo
Culr) = o | o
( kiess (k k‘EI) (k2 — kZ;p)
A11 Aro A13 -
Agp Agy Aoy | eF Tk, dkydk,  (60)
A1 Azx Ass

We perform the integration over k. to obtain the two dimensional form
of the DGF that is widely used in radiation and scattering problems.
This form of the DGF is useful especially for the layered structures
when the stratification of the layers is in the z-direction. The poles

of the integrand occur at the zeros of ’WE’ denoted by k, = +k,r
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and k, = +£k.r;. We assume the medium to be slightly lossy, i.e.,
Imk, < Rek,, Imk, > 0. This guarantees that the radiation condition
is satisfied at z = +00. When we perform the contour integration over
k., we obtain the following result for z > 2/

= /= W o adeE1 ikp-(F—7)
G = dkdk, ik (7T
«7) = o2 / / {%21 (K2, — k2,,) ess

—00 —O0

, 2> (61)

adjWEH otk (F=7)
2kz11 (kzll k21) €33

In (61), adjW gy in matrix form can be obtained using (58)—(59) as

adjWgr = . (62)
So,
_ B Bi2 Bis
adiWgr = | Ba1 Baa Bas (63)
Bs1 Bz Bss
The matrix elements are
BH = kgk;(é‘gg — 811) (648,)
B12 = Bgl = kgk‘gk‘;(&ll — 633) (64b)
Blg = B31 =0 (64C)
BQQ = kgkg(z’fgg — 811) (64(31)
ng = ng =0 (646)
Bss =0 (64f)

Following the same procedure, adjWEH in matrix form can be
obtained as

adjW grr = adjW g (65)
k.=k.11
So,
_ Ci1 Ci2 Ci3
adiWgrr = | Cai Coa Cas (66)
C31 C3 Cs

The matrix elements for adjWE I are

Ci = k2kZ;; <511€;533) (67a)
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Cia = Oy = koliyk2y, (‘5“6_11533) (67b)
Ciz = C31 = kzk.11 (M) <—k‘§€£) (67c)
€11 €33
Coo = K2k2y; (w) (67d)
€11
& — & g
Cog = Cys = kykors (7) (_kgﬂ) (67¢)
€11 £33
_ 2
Cis = (L 533) <kﬁ2> (675)
€11 €33

The final form of the DGF given in (61) and the coefficients given in
(64) and (67) check with the results given in [16] when the optic axis
is in the z-direction, i.e., tilt angle is zero ¥ = 0°.

5. DUALITY OF DYADIC GREEN’S FUNCTIONS

The duality of dyadic Green’s functions is best explained on gyrotropic
medium. Gyrotropic medium becomes electrically gyrotropic if it is
defined by the following relative permittivity and permeability tensors

= &1 (T — 8060) -+ ié‘z (i)() X ?) + 836060 (68&)
fi = pl (68b)

]|

whereas gyrotropic medium becomes magnetically gyrotropic if it is
defined by

=l
Il

M1 (? - i)[)i)o) + ng (80 X ?) + Mggogo (69&)

=el (69b)

Q]

We rewrite Egs. (3) and (4) as

BE) = [ G TEE + [ G- MEE (70
/ V/

H) = [ Gt ) TG + [ Gl M@ (1)
/ V/

—e,m —e,m .
The dyadic Green’s functions G,, (7,7), G, (7, 7) are called electric
—_—e,m

type and magnetic type, respectively and EZS(T,T’),Gem (7, 7)
are called magnetic-electric type and electric-magnetic type DGFs,
respectively. The superscript of the DGF refers to the type of the
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gyrotropic medium and the first and the second subscripts show the
type of the dyadic Green’s function. The subscript ‘e’ refers to an
electric type and ‘m’ refers to a magnetic type DGF. The superscript
e’ stands for an electrically gyrotropic medium. The superscript ‘m’
stands for a magnetically gyrotropic medium.

To derive the first order dyadic differential equations for an
electrically gyrotropic medium, we substitute (70), (71), and (68) into
(1) and (2) and use

J(r) = o - ) - J(7)d*F (72)

M) = [ o =T M) (73)

Note that in this case, the superscript of the DGF is “e” representing
an electrically gyrotropic medium. We obtain

V X G (7, 7) = WMOMGme( 77 (74)
V X G (7, 7) = —iweo? - Goo(F,7) + 8(F — 7)1 (75)
V X Gop (7, 7) = iwpopG o, (F,7) — 6(F — 7)1 (76)
V x Gy (7,7) = —iweo? - Gop, (7, 7) (77)

When equations (74)—(77) are decoupled they lead to the second order
dyadic differential equations as follows.
[v x V x T— k3| - G,

[V xE V< T = Kl -

—

G,
Vx V xT—kipE| -G
[VxE -V xT-kpul|-G

where

kg = w?poeo
We repeat the same procedure to find the first order dyadic differential
equations for a magnetically gyrotropic medium by substituting (70),
(71) and (69) into (1) and (2). Note that in this case, the superscript
of the DGF is “m” representing a magnetically gyrotropic medium.
We obtain

V X G (7, 7) = iwptoli - G (F, 7) (82)
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VX G (7,7 = —z’waoaﬁ (F,F )+ 6(F—7)T (83)
VX G (7.7) = iwpoli - G (7, 7) — 8(F — 7)1 (84)
V x G (F,7) = —iwegeGor, (F, ) (85)

When equations (82)—(85) are decoupled they lead to the second order
dyadic differential equations as follows.

VX7V xT kel | - Goo(r,7) (86)
[V x ¥ x T~ k] - G (. 7) (87)
(ViU x T = Kgel| - G (77) = =V x T '3(r = 7) (88)
[VXVX?—kSEﬁ}-E (7,7 (89)

When both sets of (78)—(81) and (86)—(89) are compared, it is seen
that application of the duality transformation

§—>ﬁ’ H—=g, Ho — €0 (90)

on the problem of electrically gyrotropic medium transforms dyadic
Green’s functions into their dual ones for a magnetically gyrotropic
medium as follows.

/

Ceo(F,7) = G (7, 7) (91)
oo (7 7) — — Gl (77 (92)
G (7, 7) — Gy (7,7) (93)
G (F,7) = =G (7, ) (94)

Thus, if the dyadic Green’s functions are obtained for the given type of
gyrotropic medium, the dyadic Green’s functions for the dual medium
can be obtained by applying the duality transformation introduced by
(90) and (91)—(94).

6. CONCLUSION

In this paper, the complete set of the dyadic Green’s functions
for a general anisotropic medium is obtained by using a simplified
method. The inverse operation, which is crucial in DGF formulation,
is accomplished using the dyadic decomposition technique. The
dyadic decomposition for wave matrices has been presented for several
anisotropic media. The method is applied on a uniaxially anisotropic
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medium and verified with the existing results. It is shown that the
knowledge of the inverse of one type of wave matrix is adequate
to obtain the complete set of the DGFs for a general anisotropic
medium. The duality relations of DGFs have also been developed
and we have shown that once the DGFs for one of the dual media are
obtained, DGF's for the other dual medium can be obtained by a simple
application of the duality relations shown in this paper. The results
presented here are generic and can be used in antenna and scattering
problems in the presence of any type of anisotropic medium.

APPENDIX A.

Maxwell equations for a general anisotropic medium in the presence
of an impressed magnetic current density M and an electric current
density J can be written as

VXxE =iwup-H-—M (A1)
VxH= —iwegz-E+J (A2)

First, we transform Maxwells equations into those in the k-domain and
express them as

ikx E = iwpym-H—M (A3)
ik x H = —iwege-E+J (A4)
Equations (A3) and (A4) can be written as
e L
B = —7 ¢ ik x H(k) — T (k)] (A5)
e
HE) = T i x B(k) + M(F)] (A6)

or

R+ k37| - H(E) = —ikE "I () — iwso M (F) (A7)
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and we have made the use of equation (16).

If we follow the same procedure by substituting (A6) into (A4),

we get
kT 'RE(R) +ikm "M (k) = k2EE(k) + iwpo J (k)
or
FE %+ 13| - E(R) = —iwpoJ (k) + K E M (F) (A9)
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