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Abstract—The propagation properties of surface plasmon polaritons
(SPP) modes in nanoscale narrow metallic structures: gap, channel,
and rectangular-hole waveguides, are analyzed by the complex effective
dielectric constant approximation. The results show that all the
SPP modes exist below the critical frequency where the real part
of metal permittivity is negative unity. It is found that both cutoff
frequency and cutoff height exist in channel waveguide and rectangular-
hole waveguide. The channel and rectangular-hole waveguides have
different propagation properties at cutoffs due to their different
cutoff conditions. Compared with the gap waveguide, the channel
waveguide has shorter propagation length and better confinement
when the operation frequency is near the critical frequency, but has
longer propagation length and worse confinement when the operation
frequency is far from the critical frequency. Among the three
waveguides, the rectangular-hole waveguide has the best confinement
factor and the shortest propagation length. The comprehensive
analysis for the gap, channel, and rectangular-hole waveguides can
provide some guidelines in the design of subwavelength optical devices.

1. INTRODUCTION

The surface plasmon polaritons (SPP) [1] on a metal-dielectric interface
offered a new route to nanophotonics [2, 3]. Phenomena such as
enhanced light transmission and light confinement have been found
in subwavelength metallic structures [4–8]. The extensive studies of
SPPs were not only focused in the challenging of diffraction limit, but
also in related potential nanophotonic application in near-field optical
microscopy [9], optical data storage [10], nano-lithography [11], and
bio-photonics [12].

In order to guide and confine the SPP in highly integrated
photonic circuits, various plasmonic waveguides have been introduced,
such as metallic photonic crystals [13], thin metal strip [14], metal
nanoparticle chains [15, 16], metal nanorods [17], and V-groove[18-
20]. Among these plasmonic waveguide structures, long-range SPP
waveguide based on thin metal stripe has been intensively investigated
both theoretically and experimentally [21–23]. However, since the
localization in both transverse directions of this geometry is on the
order of a few micrometers, it does not have good potential for
applications in high photonic integration. So far, the V-groove,
which is characterized by strong localization, relatively low dissipation,
single mode operation, low loss, and high tolerance to structural
imperfections, seems to be one of the best options for subwavelength
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guiding. Recently, some highly localized plasmonic waveguides,
for example, nanoscale metallic gap [24, 25], channel [26, 27], and
rectangular-hole structures [5, 28], which are similar to metallic stripe
line, slot line, and rectangular waveguide in microwave frequencies,
have been proposed to guide and confine SPP modes in the optical
frequencies. It is expected that such plasmonic waveguides will become
a basic building block of future integrated nanophotonic devices with
spatial dimensions below the diffraction limit.

In optical frequencies, the properties of the metals can generally
be described by complex permittivity with dispersion and loss.
Furthermore, the real part of metal permittivity can be negative below
the plasma frequency. Thus, the metal is greatly different from perfect
conductor in microwave frequencies, and some analytic solutions and
approximations which have been used in microwave frequencies are not
valid for analyzing the metallic structures in optical frequencies. Also,
the SPP confinement in metallic structure is achieved by decreasing
the SPP spatial extent into dielectric, thereby increasing the portion of
SPP power being absorbed by metal; hence the optimum configuration
of plasmonic structure is subjected to many intricate issues. In
order to analyze the light transmission through subwavelength metallic
structures, finite-difference methods in time domain and frequency
domain have been used to study the guided modes and transmission
characteristics in plasmonic waveguides [29, 30]. Due to the large
discrepancy of permittivities between metal and dielectric, finite-
difference method may cause calculation instability when applied to
certain nanoscale metallic structures. Recently, the effective dielectric
constant method, which is one of the standard approaches used for
lossless waveguide analysis in photonics [31], has been used to analyze
the fundamental mode in the plasmonic waveguide [32] and the results
are in good quantitative agreement with other numerical methods.

In this paper, the complex dielectric constant method is used to
analyze the SPP modes in the narrow lossy metallic waveguide where
the permittivity of the metal is represented by the Drude model.
Three typical metallic geometries: gap, channel, and rectangular-
hole waveguides are analyzed by calculating the mode effective index,
propagation length, confinement factor, and beam diameter from
200 THz to the critical frequency. The height dependence of the
SPP modes in the gap, channel, and rectangular-hole waveguides is
presented and the field distributions in those waveguides are studied for
different wavelengths. Finally, the propagation properties of the gap,
channel, and rectangular-hole waveguides are analyzed and compared
for the same size air-core.
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2. ANALYSIS METHODOLOGY

Figure 1 shows three different metallic waveguide structures under
consideration: gap, channel, and rectangular-hole structures. In
fact, the channel waveguide can be treated as a strong asymmetric
gap waveguide with metal substrate and dielectric cladding, and the
rectangular-hole waveguide can be considered as a special symmetric
waveguide.
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1r�Hrm�H

MetalMetal Core

Metal

Cladding
1r�Hrm�H

MetalMetal Core
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Figure 1. Configuration of the narrow metallic waveguides.

The relative dielectric constants of the core, cladding, and
substrate are assumed to be εrf , εrc, and εrs. The complex dielectric
constant of metal at optical frequencies is approximated by the Drude
model as follows:

εrm(ω) = ε∞

(
1 −

ω2
p

ω(ω + iωτ )

)
(1)

where ε∞ is the permittivity at infinite frequency, ωp and ωτ are the
plasma and collision frequencies respectively.

The concept of the effective dielectric constant approach is shown
in Figure 2. The cross section of metallic waveguide (Figure 2(a)) can
be treated as a combination of two coupled 1D slab waveguides in the
y and x directions respectively (Figures 2(b), (c)).

When the waveguide width w is smaller than the waveguide height
h, the primary mode in the narrow waveguide is the x-polarized electric
field mode, where Ex and Hy are the principal field components. The
wave function for the slab waveguide along y-axis (Figure 2(b)) can be
written as [33]:

φHy(x) =




B1e
−γx(x−w/2) (x > w/2)

A1e
ikxx +A2e

−ikxx (−w/2 ≤ x ≤ w/2)
B2e

+γx(x+w/2) (x < −w/2)
(2)
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Figure 2. (a) Cross section of metallic waveguide. (b) An equivalent
1-D slab in the y direction. (c) An equivalent 1-D slab in the x
direction. εerf is the effective dielectric constant in the slab.

Applying the boundary conditions at x = ±w/2 : Ez1 = Ez2 and
Hy1 = Hy2, we get

ikx

εrf

(
A1e

ikxw
2 −A2e

− ikxw
2

)
= − B1γx

εrm(ω)
(3a)

A1e
ikxw

2 +A2e
− ikxw

2 = B1 (3b)
ikx

εrf

(
A1e

− ikxw
2 −A2e

ikxw
2

)
=

B2γx

εrm(ω)
(3c)

A1e
− ikxw

2 +A2e
ikxw

2 = B2 (3d)

Eliminating the constants in Eq. (3), we obtain the guidance condition
for the y-axis slab waveguide

tan(kxw) =
2ρx

1 − ρ2
x

(4)

where ρx = εrf γx

εrm(ω)kx
and γ2

x = k2
0(εrf − εrm(ω)) − k2

x.
The effective dielectric constant for the y-axis slab waveguide can

be expressed as
εerf = εrf − (kx/k0)2 (5)

Thus, the metallic waveguide can be regarded as a lossy slab waveguide
along x-axis with the complex effective dielectric constant εerf in the
core (Figure 2(c)), and the wave functions for the x-axis slab waveguide
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can be expressed as

φEx(y) =




D1e
−γcy(y−h) (y > h)

C1e
ikyy + C2e

−ikyy (0 ≤ y ≤ h)
D2e

γsyy (y < 0)
(6)

Applying the boundary conditions at y = 0, h : Hz1 = Hz2 and
Ex1 = Ex2, we get

iky(C1 − C2) = D2γsy (7a)
C1 + C2 = D2 (7b)

iky

(
C1e

ikyh − C2e
−ikyh

)
= −D1γcy (7c)

C1e
ikyh + C2e

−ikyh = D1 (7d)

Eliminating the constants in Eq. (7), we can get the guidance condition
for the x-axis slab waveguide

tan(kyh) =
ρcy + ρsy

1 − ρcyρsy
(8)

where ρcy = γcy/ky, ρsy = γsy/ky, γ2
cy = k2

0(εerf − εrc) − k2
y and

γ2
sy = k2

0(εerf − εrs) − k2
y.

It should be pointed out that the transverse parameters γx, γcy,
and γsy, which indicate the radiation from the metallic waveguide, may
be complex, and the condition that Re (γx) > 0, Re(γcy) > 0, and
Re(γsy) > 0 are needed to ensure the boundary condition at infinity.

To solve kx and ky numerically, Eq. (4) and Eq. (8) can be written
in a convenient form as

kxw = 2 arctan(ρx) + (m− 1)π (m = 1, 2) (9)
kyh = arctan(ρcy) + arctan(ρsy) + (n− 1)π (n = 1, 2, . . .) (10)

and the surface plasmon modes with x-polarized electric fields in the
narrow metallic waveguide are denoted as SP x

mn, where the subscripts
m = 1 and m = 2 correspond to the even and odd symmetries of the
field distributions in the x direction, and the subscript n is the number
of the peak in the field along the y direction.

Determining the precise mode solution of a metallic waveguide
involves finding the complex kx and ky in the dispersion relations in
Eq. (9) and Eq. (10), the complex propagation constant β can be
expressed as

β =
√
k2

0εrf − k2
x − k2

y (11)
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where the real part of β is related to the effective index of SPP mode,
i.e., Neff = Re(β)/k0, whereas its imaginary part determines the SPP
propagation length: L = (2Im(β))−1.

The Hy field in the core region and its neighborhoods could be
written as

Hy(x, y) =




H0 cos(kxx)(cos(kyy) + γsy/ky sin(kyy))
−w/2 ≤ x ≤ w/2, 0 ≤ y ≤ h

H0 cos(kxw/2)e−γx(x−w/2)(cos(kyy) + γsy/ky sin(kyy))
x > w/2, 0 < y < h

H0 cos(kxw/2)eγx(x+w/2)(cos(kyy) + γsy/ky sin(kyy))
x < −w/2, 0 < y < h

H0 cos(kxx)(cos(kyh) + γsy/ky sin(kyh))e−γcy(y−h)

−w/2 < x < w/2, y > h

H0 cos(kxx)eγsyy − w/2 < x < w/2, y < 0
(12)

3. RESULTS AND DISCUSSION

In this section, the optical propagation characteristics of narrow
metallic gap, channel and rectangular-hole waveguides are studied
by using the complex effective dielectric constant method. The
parameters ε∞ = 3.7, ωp = 7.11 × 1015 rad/s, and ωτ = 2.735 ×
1013 rad/s are chosen to model the permittivity of silver [34]. The
permittivity for silver at λ = 632.8 nm can be obtained by εrm =
−17.385 + 0.21i. According to the parameters above, the critical
frequency fc for the SPP modes existence, where the permittivity for
silver is negative unity, is 1003 THz.

In order to quantify the energy confinement in these metallic
waveguides, the beam diameter and the confinement factor are defined.
The beam diameter describes the spatial extent of propagation mode
by the distance between the points where the magnetic field Hy decays
to 1/e of its peak values. Since the beam diameter in the x-direction is
mainly limited by the distance between the two metal films, only the
beam diameter in the y-direction is discussed. The confinement factor
represents the ratio of power in the core region to the total power in
the waveguide and is defined as:

Fc =

∫ w/2

−w/2

∫ h

0
Ex(x, y)H∗

y (x, y)dxdy∫ ∞

−∞

∫ ∞

−∞
Ex(x, y)H∗

y (x, y)dxdy
(13)
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(a) Mode effective index and propagation length        (b) Confinement factor and beam diameter 

Figure 3. The propagation properties of the SPP modes in gap
waveguide as a function of frequency.

3.1. Gap Waveguide

The gap waveguide is one of the useful plasmonic waveguides and
has high transmission through sharp bends [35]. For comparison
with the channel and hole waveguides, the dielectric constants of the
core, cladding and substrate in gap waveguide are assumed to be
εrf = εrc = εrs = 1.0.

Figure 3 shows the propagation properties of the SPP modes in
the gap waveguide with w = 50 nm and h = 200 nm. It is shown
that all SPP modes are located in the slow wave regime where mode
effective index Neff > 1, and the fundamental mode SP x

11 does not
have cutoff frequency while the higher order modes SP x

12 and SP x
13

have cutoffs. Compared with SP x
12 and SP x

13 modes, the SP x
11 mode

has better confinement factor and slightly shorter propagation length.
As the operation frequency increases, the propagation length decreases
and the beam diameter in the y-direction also decreases, but the
confinement factor does not increase continuously as expected: it first
increases, reaches the maximum, and then starts to decrease. Thus,
it seems that there is a conflict between the trends of confinement
factor and the beam diameter near the critical frequency. In fact,
the SPP mode in the gap can be considered as two coupled SPP
modes associated with each metal-dielectric interfaces, and when the
SPP mode is close to the critical frequency, the coupling between the
two SPP modes is so weak that there is a little energy confined in
the air-core in spite of the small beam diameter, resulting in a small
confinement factor near the critical frequency.

Figure 4 shows the dependence of the propagation properties of
the SPP modes on the height of gap waveguide with w = 50 nm
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Figure 4. The propagation properties of the SPP modes in gap
waveguide as a function of waveguide height.
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Figure 5. The distribution of magnetic field Hy for the fundamental
mode SP x

11 in the gap waveguide with w = 50 nm and h = 200 nm. The
inset shows the Hy field distributions in the air-core at λ = 310 nm and
632.8 nm separately.

and λ = 632.8 nm. It is shown that the SPP modes tend to be
confined in higher refractive index region and the larger effective indices
correspond to smaller propagation lengths and better field confinement
factors. Furthermore, the propagation length of the SPP mode starts
to increase rapidly when the gap height decreases towards 200 nm,
and the effective index approaches that of air-core. The increase of
propagation length signifies the tendency of the SPP mode field being
extended outside the gap.

Figure 5 shows the distribution of the magnetic field Hy for the
SP x

11 mode in a gap waveguide with w = 50 nm and h = 200 nm.
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As the operation wavelength increases, the delocalization of the two
peaks of the SPP mode in the two metal-dielectric interfaces causes
more power be concentrated in the air-core of the gap waveguide.

3.2. Channel Waveguide

The channel waveguide is another promising plasmonic waveguide
and has exhibited practical subwavelength confinement with moderate
propagation loss. The channel waveguide can be treated as a strong
asymmetric gap waveguide with silver substrate and air cladding.

Figure 6 shows the propagation properties of the SPP modes in the
channel waveguide with w = 50 nm and h = 200 nm. The results show
that all SPP modes in the channel waveguide exist below the critical
frequency and can be found in the slow wave regime. As the operating
frequency decreases from the critical frequency, all the SPP modes will
reach cutoff at certain frequencies due to the asymmetry between the
substrate and the cladding. Compared with higher order modes SP x

12
and SP x

13, the fundamental mode SP x
11 has better confinement factor

and slightly longer propagation length.
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 (a) Effective index and propagation lengths         (b) Confinement factor and beam diameter 

Figure 6. The propagation properties of the SPP modes in channel
waveguide as a function of frequency.

Figure 7 shows the dependence of the propagation properties of
SPP modes on the height of channel waveguide with w = 50 nm and
λ = 632.8 nm. It should be pointed out that cutoff heights for SPP
modes exist in channel waveguides. The propagation lengths of SPP
modes start to increase rapidly as the gap height decreasing towards
the cutoff height. As the waveguide height increase, the confinement
factor increases from 12% to 95%, and the propagation length approach
19µm.

Figure 8 shows the distribution of magnetic field Hy for the SP x
11
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Figure 7. The propagation properties of the SPP mode in channel
waveguide as a function of the height.
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Figure 8. The distribution of magnetic field Hy for the fundamental
mode SP x

11 in channel waveguide with w = 50 nm and h = 200 nm. The
inset shows the Hy field distributions in the air-core at λ = 310 nm and
632.8 nm separately.

mode in a channel waveguide with w = 50 nm and h = 200 nm. The
discrepancy in the SPP guiding abilities between channel waveguide
and gap waveguide is due to the difference in the field distribution
in the air-core. While the field of SP x

11 mode at the bottom of gap
waveguide remains to be a finite value, the field of SP x

11 mode in
channel waveguide decreases to zero at the channel bottom due to
the negative large permittivity of metal substrate. As the operation
wavelength increases, the fields extend outward to the air-core and the
confinement in the air-core of the channel waveguide decreases.
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3.3. Rectangular-hole Waveguide

The extraordinary light transmission in subwavelength apertures has
been investigated recently [36, 37]. It is shown that such apertures can
support SPP modes, which can propagate even when the dimension
of the aperture is smaller than the operation wavelength due to the
red-shift of cutoff wavelengths of SPP modes. The rectangular-hole
waveguide can be considered to be a special symmetric gap waveguide
with silver substrate and silver cladding.

Figure 9 shows the propagation characteristics of the SPPs modes
in the silver rectangular-hole waveguide with w = 50 nm and h =
200 nm. As the operation frequency decreases, the SPP modes emerge
from the slow wave region to the fast wave region before reaching
cutoffs. In contrast to channel waveguide and gap waveguide, the
SPP modes in the rectangular-hole waveguide have higher cutoff
frequency, better confinement factors, and shorter propagation lengths.
As the operation frequency decreases, the beam diameter along the
y-direction slightly increase, but due to the simultaneous deceasing
beam diameter along the x-direction, the confinement factors increase
gradually. Moreover, the trade-off between the propagation length and
the confinement factor for the cases of the gap and channel waveguides
does not exist for the rectangular-hole waveguide. This interesting fact
indicates that the SPP mode with better confinement in rectangular-
hole waveguide can support relative longer distance propagation at
some frequency. At the frequency of 585 THz, the propagation length
is 8.5µm and the confinement factor is about 92%. In comparison
with SP x

12 mode, the fundamental mode SP x
11 has longer propagation

length, better confinement factor, and lower cutoff frequency.
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(a) Mode effective index and propagation length         (b) Confinement factor and beam diameter 

Figure 9. The propagation properties of the SPP modes in the
rectangular-hole waveguide as a function of the frequency.
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Figure 10 shows the dependency of propagation properties of
the SPP modes on the height of rectangular-hole waveguide with
w = 50 nm and λ = 632.8 nm. It is shown that the cutoff height for
the SP x

11 mode in the rectangular-hole waveguide is about 170 nm. At
the cutoff height, the propagation length of the SPP mode approaches
zero. As the waveguide height increases, the propagation length of the
SP x

11 mode increases and the confinement factor remains about 95%.
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Figure 10. The propagation properties of the SPP modes in the
rectangular-hole waveguide as a function of the height.
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(a)  Hy field distribution at y=h/2                   (b) Hy field distribution at x=0 

Figure 11. The distribution of magnetic field hy for the fundamental
mode in rectangular-hole waveguide with w = 50 nm and h = 200 nm.
The inset shows the Hy field distributions in the air-core at λ = 310 nm
and 632.8 nm separately.

Figure 11 shows the distribution of magnetic field Hy for the
SP x

11 mode in a rectangular hole waveguide with w = 50 nm and
h = 200 nm. Compared with gap waveguide and channel waveguide,
the rectangular-hole waveguide shows better confinement in both
transverse directions.
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Figure 12. The propagation properties of the SP x
11 modes in the three

metallic waveguides.

3.4. Comparison

In order to compare the propagation characteristics of the fundamental
modes SP x

11 in gap, channel, and hole structures, three different size
waveguides are analyzed from 200 THz to the critical frequency by
using the complex effective dielectric constant method. Figure 12
shows the propagation properties of the fundamental mode as a
function of the frequency. It shows that the propagation properties
of the gap, channel, and rectangular-hole waveguides with the same
size air-core is vary similar when the SP x

11 modes are close to the
critical frequency, but their propagation properties diverge immensely
as the operation frequency decreases. Among the three waveguides,
the rectangular-hole waveguide has the best confinement factor and
the shortest propagation length. The channel waveguide has shorter
propagation length and better confinement than the gap waveguide
when the mode is close to the critical frequency, but has longer
propagation length and worse confinement factor when the mode is far
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from the critical frequency. Moreover, it is important to note that the
cutoff conditions in the channel and rectangular-hole waveguides are
different, i.e., it is Re(γcy) = 0 for the SPP modes in channel waveguide
while it is Re(β) = 0 for the SPP modes in gap waveguide. Thus, the
propagation length of the SPP mode at cutoff in channel waveguide is
very long while it is close to zero in the rectangular waveguide.

4. CONCLUSION

This paper introduces the application of complex effective dielectric
constant method to analyze the metallic waveguides with rectangular-
core. The effective index, propagation length, confinement factor,
and beam diameter in three typical metallic waveguides are calculated
from 200 THz to the critical frequency where the real part of metal
permittivity is negative unity. The SPP modes in gap waveguide and
channel waveguide are slow wave while the SPP modes in rectangular-
hole waveguide can be fast wave or slow wave depending on the
operation frequency. In comparison with the higher order mode, the
fundamental mode has better confinement factor. It is found that
cut-off frequency and cutoff height exist in channel waveguide and
rectangular-hole waveguide. Because the cutoff conditions in the two
waveguides are different, the channel and rectangular-hole waveguide
behave different propagation properties at cutoffs. Among the three
waveguides, the rectangular-hole waveguide has the best confinement
factor and the shortest propagation length. Compared with the gap
waveguide, the channel waveguide has shorter propagation length and
better confinement when the operation frequency is near the critical
frequency, but has longer propagation length and worst confinement
when the operation frequency is far from the critical frequency. These
results can provide some guideline in the design of nanoscale optical
devices based on the dispersion characteristics of metallic waveguides.
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