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Abstract—A detailed study of surface TM modes at the interface
between an isotropic medium and a uniaxial plasma is presented.
Four cases for the isotropic medium, including normal, Left-handed,
magnetic, and metallic media, are considered. The conditions for the
existence of surface modes in each case are analyzed, showing that the
existence is determined by the parameters of media, working frequency,
and the direction of the principle axis. The Poynting vector along
the propagating direction is also calculated. Depending on the media
parameters and the frequency, the surface mode can have time-average
Poynting vector in the opposite direction of the mode phase velocity.
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1. INTRODUCTION

Surface waves (SWs) have attracted the attention of many scientists
since the work of Jonathan Zenneck in 1907 [1] and Lord Rayleigh on
elastic solids [2]. They can exist under certain conditions on an entirely
free surface bounded by air, or at the interface separating two semi-
infinite half-spaces. They propagate along the interface and decay in
the transverse direction exponentially while having the field maximum
on the interface [3-8]. They are useful for studying of the physical
properties of the surfaces [9,10]. Thus the investigations of SWs are
important from both a scientific point of view and a practical one.

The general case of surface waves at the interface between a
uniaxial crystal and isotropic medium were analyzed in detail in
previous publications [11-13]. They concluded that surface wave
propagation is possible only for positive uniaxial materials and that too
for a narrow angular range of propagation directions about the bisector
of the angle between the optical axes. The case between a uniaxial
crystal and a magnetic isotropic medium has also been studied [14].
Furthermore, Walker et al. analyzed surface wave propagation at the
interface of an isotropic material and an arbitrarily oriented uniaxial
or biaxial material [4]. They showed that if both optical axes of the
biaxial material are tangential to the interface, surface wave can occur
over a large range of propagation directions and will confine wave more
tightly than biaxial materials with optical axes in other orientations or
uniaxial materials. And more extended cases of the interface between
isotropic media and biaxial by Alshits et al. [15] and between two
uniaxial crystals by Darinskii and Furs et al. respectively [16, 17] were
also studied. And quite recently, Sudarshan et al. investigated surface
wave at the interface of identical biaxial crystals with a relative twist
about the axis normal to the interface [18]. They showed that the
selected type of surface wave is possible only for a restricted range of
the twist angle, which depends on the ratio of the maximum and the
minimum of the principal refractive indexes and the angle between the
optical axes.

Characteristics of surface modes at the interface between an
isotropic medium and an indefinite medium that has a dispersion
relation of hyperbolic form are studied by Yan et al. [19]. They
considered four cases for the isotropic medium, and gave the conditions
for the existence of surface modes in each case, indicating that the
existence of surface modes is determined by the nature of the indefinite
medium as well as the orientation of the boundary surface of this
anisotropic medium.

To our knowledge, however, no detailed analysis about surface
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modes at boundary of uniaxial medium, which has dispersion
characteristics, has yet been given. In this paper, we consider the
uniaxial medium as an anisotropic plasma externally applied with
an infinitely strong DC magnetic field Bg. We study four kinds of
isotropic media: normal, Left-handed (with negative permeability and
permittivity), magnetic (with negative permeability), and metallic
medium (with negative permittivity), and obtain the existence
conditions of surface modes. Moreover, to get deeper insight into the
physics of such waves, we also calculate their Poynting vector and the
energy flow along the propagating direction.

Region 1 Region 2

Isotropic Uniaxial

medium plasma
n

Figure 1. Diagram for an interface between a semi-infinite isotropic
medium and a uniaxial plasma. The ¢ axis indicates principle axis, also
the direction of the external magnetic field which is infinitely strong
in the uniaxial plasma.

2. SURFACE MODE DISPERSION LAWS

We consider a special case of uniaxial medium: an electron plasma
applied with an external infinitely strong magnetic filed. In this case,
we, — oo and the medium becomes a uniaxial plasma which has
dispersion characteristics, and the permittivity tensor g, takes the
following form in the principal coordinate system: [20]

e(w) 0 O]

525477_[ 0 e O
0 0 €0

(1)
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2
where € = go(1— %) and ¢ axis is in the same direction of the external

magnetic filed By. Furthermore, we consider electromagnetic waves
propagating along the interface between an isotropic medium and the
uniaxial plasma, as shown in Fig. 1. The &£&(n coordinate system is
defined according to the principle axis of the uniaxial plasma, also the
direction of the external magnetic field By. Region 1 is the isotropic
medium, with permittivity €; and permeability pq; region 2 is the
uniaxial plasma, with permeability po and permittivity tensor go.

To get the solution of the fields in the two media, we establish
a ryz coordinate system so that the interface is in the y-z plane and
the x axis is perpendicular to it. For the zyz coordinate system, the
permittivity tensor can be transformed to

B €zz 0 €z
@:[0 &y 0], (2)
€zz 0 &z
with
Egp = €082 0 + ¢ sin? 6,
€xz = (€ —€p)sinfcosb,

eCIEZ 822?7

W W w w
AW N

£,, = esin®0 + €0 cos? 0,
Ey = €0, (
where 0 is the angle made by the magnetic field and the normal of the
interface (see Fig. 1) and —7/2 <6 < 7/2.
The surface waves propagate along the z-axis with a wave number
k., and the attenuation of the waves in the z-direction are defined by
the quantities oy, as. The wave vector and electrical field in the two
regions can be written as

N N S

1)
2)
3)
4)
5)

k1= @(—ion) + ks
El = ('%Elx + yAEly + éElz)eikzZJralx (55 < 0) (4)
ko = #(ica) + 2k

Eoy= (£Eo; + §By + 2By, )etkzz—a22 (x> 0) (5)

For the uniaxial plasma, notice that the off-diagonal permittivity
tensor, shown in Eq. (2), is symmetrical and there is only one element
in y-direction. According to the Maxwell Equations, the electrical field
components depend upon each other in the following way

_kz + w2u25zx tank, + W2M2€wz Es, -0 (6 1)
ok, + wlioe,, a3+ wluse,, Es. ’
(a3 — k2 + w?usey)Eay = 0 (6.2)
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Equations (6.1) and (6.2) show that the TE mode (E,, H,, H) is not
coupled to the TM mode (Hy, E,, E.) and it is the TM mode that is
affected by the dispersion. That is why we focus on the TM wave in
this paper.

Furthermore, by setting the determinant of the matrix in Eq. (6.1)
equal to zero, we obtain the dispersion relation of the TM wave in the
uniaxial plasma, which is

(icvg cos O + k sin 0)? n (—icgsinf + k, cos 0)?
€0 € '

2
W g =

(7)

And it is known that the dispersion relation of the isotropic medium
is

k2 — a2 = W uer. (8)

2_
For TM wave, the magnetic field in the two regions can be written
as

H, = jAet=*taw (5 <), 9)
Hy = jAetF=*=2T (> (). (10)

So, substituting Egs. (9) and (10) into Maxwell Equations, the
electrical fields can be obtained as
_ 1 A
By = —(&k, + Ziay ) AeF=*T1T (2 < ), (11)
weq

Ey=—(2

= Al —e.k,—ieg.00 Exzki T+t
+z
w

)d’kzzm (z>0). (12)

8wz_ Exx€zz 53;2_ Exx€zz

By matching the boundary conditions at interface of z = 0, i.e.,
FEy, = FEs,, we obtain the relation of propagation constant k, and
a1, ag, which is

(2651 - Exzky + €400 _ Exzky + 1€z 02

== = = 13
1 €2, — Epg€rs —e€p (13)
Finally, solutions of equations (7), (8) and (13) are [19]
K 2 61(61&;;#2 — egop) (14)
€7 — €€
o = w,gl‘\/(gxm/;2_5lﬂl)’ (15)
ef — e
— k
Qg = iy + iy = —0 TR (16)

E1€zx Exx

where both as,, ai; are real.
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3. CONDITIONS FOR EXISTENCE OF TM SURFACE
MODES

The necessary condition of surface mode existence is k:g, o1 and aog,
must be positive. We will discuss the condition of surface TM mode
existence for four cases of isotropic medium: (i) e; > 0, u1 > 0;
(i) e1 < 0, 1 < 0; (iii) e1 > 0, p1 < 0; (iv) 1 < 0, w1 > O,
which correspond to normal, left-handed, magnetic, and metallic media
respectively.  Without losing any generality, we assume that the
permeability of the uniaxial plasma is positive, i.e., us > 0.

The conditions of surface TM mode existence for the four cases
are shown in Table 1. And the critical angle 8.1 and 0.2 are defined as

p_am) (¢ (17)
opr2 ) \ w2
2 2
cos? O = |1 — S0k w_g (w_z) (18)
E1p2 w w2

Table 1. Conditions for the existence of the surface TM mode.

cos® 0,4

Case Parameter Condition w 0
0
€1 >07 51#1/(50M2)<1 w < wp 7T/2>|9|>961
p1 >0
(i)
g1 <0) |le1| > eo,e1p1/(e0p2) < 1 w > wp w/2 > (0] > 61
p1 <0
e1p/(eopa)<1 wE(wp,wpeo/\/e3—€3) | T/2> 0] > Ot
le1] < eo
epr/(eopz) > | w>wpeo/\/eg —€t | 0] < b
1/[1 = (wp/w?)]
(iii)
g1 > 0 eopr/(e1p2)>1/[1~(wl/w?)] | w < wp /2> |0] > Oca
pnr < 0
(iv)
g1 <0) |ler| > eo w > wp w/2> 0] >0
pu1 >0

lei] < eo WEWpwpeo/\/e3—€3) | /2> 0] >0
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A. Case (i): 1 > 0, pg > 0 (normal medium)

First, we consider the case of g1 > g9. As (e2 — egg) =
[ef — e§(1 — w2/w?)] > 0, according to Eq. (14), the positiveness of
k2 requires e,, > eeou1/(e1p2). According to Eqgs. (15) and (16),
the positiveness of a; and o, requires £y, > e1p1/p2, €z < 0
respectively. Because € is the function of the working frequency w,
the existence condition is based on the frequency. When w > w,, then
e > 0, positiveness of ao, requires ., < 0, while positiveness of oy
requires €., > e1p1/p2 > 0, thus there is no surface wave under this
condition, no matter what the angle 6 is. When w < wp, € < 0, the
solution of these inequalities is €55 > e1p1/p2. According to Eq. (3.1),
the solution can be transformed as (e cos? @ 4 g sin? §) > ey 1/ o, i.e.,
(e —e0)cos? O > (e1p1/p2 — €o0). Hence, the condition for existence

can be expressed as cos? 6 < (1 - E”“) (‘“2>. Since 0 < cos?f < 1,

cop2 ) \ w2
there is a necessary condition for the surface wave existence, which

. 2 . .
is <1—M> <g—%) > 0, ie., e1ur/(eop2) < 1. It means that if

op2
e1p1/(eop2) > 1, there is no surface wave at all, no matter what the
angle 6 is.

Second, we consider the other case, i.e., 0 < 1 < 9. When
w < wp, then e < 0 and (2 — gg) > 0, the condition for existence is

the same as w < wp, in case of €1 > g9. When w, < w < wpsg/\/ag — E%,
we find ¢ > 0 and (¢2 —egp) > 0, the same as w > w, in case of €1 > &,

so there is no surface wave either. When w > wyeo/+/e3 — €7, we get
e > 0 and (¢ —eg9) < 0. Based on the Eq. (14), (15) and (16),
the condition is £,, < 0, i.e., (ecos? 8 + &g sin? 0) < 0, which can not
be satisfied because € > 0. So, there is no surface wave under this
condition.

To sum up, the condition of surface TM wave existence for case

(i) is found as
2
cos® ) < (1 — M) (w_2> , (19)
gop2 ) \wp

with the necessary condition of w < wy, e1p1/(eop2) < 1.

Figure 2 is the plot of critical angle 6. for the existence of the
surface TM mode in case (i). Fig. 3 is the dispersion characteristics
for the surface TM modes in case (i). In Fig. 2(a), we can see that
the line 6. = 45° has intersections with lines €141 /(gou2) = 0.1,0.2,0.3
and 0.4. That means that when e1p;/(gop2) equals to those values,
there must exist surface mode, and the frequency of the intersection
in Fig. 2 is the cut-off frequency under such situation. Those can be
verified clearly by Fig. 3(a).
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Figure 2. Contour plot of critical angle . for the existence of the
surface TM mode in case (i). The surface mode can exist when
e1p1/(eop2) < 1 and w/2 > |0] > 6. for (a) different parameter ratio
e1p1/(eope); (b) different external magnetic field direction (6 is the
angle between the magnetic field and the normal of the interface).
Shaded area in each figure indicates the frequency domain where the
surface waves are forbidden.
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Figure 3. Dispersion characteristics for the surface TM modes in
case (i): (a) when the direction of the external magnetic field is fixed
(0 = 45°); (b) when the parameter ratio is fixed (e1p1/(eop2) = 0.8).

Each case has a cut-off frequency except 8 = 90°.

Shaded area in

each figure indicates the frequency domain where the surface waves

are forbidden.
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Similarly, in Fig. 2(b), the line 141 /(gop2) = 0.8 has intersections
with curves # = 80°, § = 70°. According to the existence conditions,
ie., 0 > 0., we can see that when &1 /(eou2) = 0.8, if § = 70° or 80°,
there must exist SW with the cut-off frequency equals to that of the
intersection. When 6 = 90°, there is SW without cut-off frequency.
Also, those can be verified by Fig. 3(b).

B. Case (ii): €1 < 0, p1 < 0 (left-handed medium)

Taking the procedure similar to that in case (i), we can find that
the condition for the existence of surface wave, shown in Table 1. The
condition depends on the comparison of absolute value of 1 with &g.
For different situation, there is different frequency domain and angle
range needed.

C. Case (iii): &1 > 0, g1 < 0 (magnetic medium)

When the region 1 is a magnetic medium, (see Table 1) the
frequency must be lower than w,, and there is also further restraint
to the medium parameter and angle, similar to case (i), except the
expression of critical angle and medium parameter condition.

D. Case (iv): 1 <0, g1 > 0 (metallic medium)

In this case, the existence of the surface wave is independent of the
direction of the magnetic field, i.e., there is no restraint to the angle 6,
shown in Table 1. That means that once the parameter and frequency
conditions are satisfied, there will be a surface mode, no matter what
the direction of the principle axis of the uniaxial plasma is.

4. POYNTING VECTOR AND ENERGY

In order to get deeper insight into the physics of wave process, we
proceed with calculation of energy flow along the surface. Without
losing any generality, the propagating direction of the wave is assumed
to be z-direction, i.e., k., > 0 in the following.

The time-averaged Poynting vectors of surface wave are

5 5 ko |AP 5
<S> =2<8,>=;i——¢€""" (£<0), (20)
2weq
_ _ k. |A]?
<8y >=2<8y, >= 2Le*2aw (x > 0). (21)
2We Ly

Furthermore, the corresponding total energy flow associated with
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the whole mode is determined by integration over the x-coordinate

0 0
<§>—/ <§1>dx+/ < Sy > dx
0

—0o0

Akz\AIQ( 1 1 )
4w €101 Egz oy

ko |A|? ego — 5%
plzl =f0 T e

4(4)041 E1EE0 (22)

According to Eq. (16), if there exists surface wave, both a; and
o, are positive, then e1e,,e < 0.

Notice that in both case (i) and (iii), 1 > 0 and w < wj, which
causes ¢ < 0. So we can get €5, > 0. Hence, from Egs. (20) and
(21), we can see that the Poynting vectors in both media are in the
same direction, i.e., the propagating direction. They are both forward
waves, and the guided energy flows in both regions are always in the
same direction, which can be seen obviously in Eq. (22).

For case (ii) and case (iv), e1 < 0 and w > w, (see Table 2),
so € > 0. Then we have €,, > 0. So Si, < 0 corresponding to
g1 < 0, and Sy, > 0 corresponding to €, > 0. That means that in the
isotropic medium of region 1, the Poynting vector is in the opposite
direction of propagation, and the surface wave is a backward wave;
while in the uniaxial plasma of region 2, the directions of Poynting

Table 2. Direction of the poynting vector and energy flow of the
surface TM mode (The direction of the wave propagating is assumed
to be z-direction.)

Case Parameter and Frequency Condition <S1> | <S> | <S>
(i)
€1>0, erp1/(eop2) < 1, w < wp 2 2 2
p1>0
(ii) le1| > €0, e1p1/(eop2) < 1, w>w)p —Z 2 3
€1<0, le1]<zo e1pn/(eop2) < 1, w € (wp,wpeo/ /€3 — €2) -z z z
11<0 e1p1/(eopz)<1/[1—(w?/w?)],w >wpeo/\/e2—€2) | —2 2 P
(iii)
€1>0, copr/(e1p2) > 1/[1 — (Wi /w?)], w < wp 2 2 3
11<0
(iv) le1| > €0, w > wp -2 z 2
o0 le1] < €0, w € (wpwpeo/ /G = ) A
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vector and propagation are the same, and the surface wave is a forward
wave. Based on Eq. (22), we can see that if eje(egg — €7) < 0, i.e.,

(eg9 — €%) > 0, the total energy flow is in the opposite direction of

propagation. If |e1| > g, there must be (gg9 — €7) < 0 no matter

what the frequency is. That means the total energy flow is in the same
direction of propagation. If |e1] < €¢, only when w > wyeo/\/€3 — &7,
is (egp — €2) positive, otherwise it is negative. So, we can see from
Table 2 that in most cases of (ii) and (iv), the total energy flow is
in the propagation direction, but it is opposite to that of propagation
when region 1 is a Left-Handed Material, which has the parameter
le1]| < €0, and the frequency larger than wyeo/\/c5 — €7 is needed.

5. CONCLUSION

This paper gives an investigation on how surface TM modes response
in different frequency domains at the interface between an isotropic
medium and a uniaxial plasma which has dispersion characteristics.
We consider a special case of uniaxial medium: an electron plasma
applied with an external infinitely strong magnetic filed. Four cases
for the isotropic medium, including normal, LHM, magnetic, and
metallic media, are considered. The conditions for the existence of
surface modes in each case are analyzed, showing that the existence
is determined by the parameter of media, working frequency, and the
direction of the external magnetic field. The Poynting vector in the
propagating direction is also calculated and we have found that if region
1 is normal or magnetic medium, i.e., £1 > 0, the surface waves in both
regions are forward waves and the power flow along the propagation
direction; if region 1 is metallic medium or LHM, the surface mode
in region 1 is backward wave but forward in region 2, and the power
mostly flow in the propagation direction except the case when region 1
is a Left-Handed Material which has the parameter |e1| < €, and the

frequency larger than wyeq/ \/6(2] — 6% is needed.
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