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Abstract—A new method is introduced to analyze arbitrary
Longitudinally Inhomogeneous Waveguides (LIWs). In this method,
the integral equations of the LIWs, converted from their differential
equations, are solved using the method of moments (MOM). It is
assumed that the electric permittivity function is known at all or only
at some points along the length of LIWs. The validity of the method
is verified using a comprehensive example.

1. INTRODUCTION

Longitudinally Inhomogeneous Waveguides (LIWs) can be used in
microwaves as phase changers, matching transformers and filters [1-
3], specially for high power applications. The differential equations
describing LIWs have non-constant coefficients and so except for a few
special cases no analytical solution exists for them. Of course, the
most straightforward method to analyze LIWs is subdividing the filled
region into many thin uniform layers [3, 4]. Analysis of arbitrary LIWs
using Taylor’s and the Fourier series expansion of the permittivity
function has been introduced in [5] and [6], respectively. In this paper,
a new method is introduced to analyze arbitrary LIWs, also. First, the
differential equations of LIWs are converted into integral equations.
Then the integral equations are solved using the method of moments
(MOM). Rectangular pulse function expansion with point matching
(Collocation) is explained for this purpose. The validity of the method
is verified using a comprehensive example. This method is applicable
to all arbitrary LIWs, whose the electric permittivity function is known
at all or only some points along their length.
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Figure 1. A typical LIW.

2. THE EQUATIONS OF LIWS

In this section, the frequency domain equations of the LIWs are
reviewed. Figure 1 shows a typical LIW with dimensions of a and
b, filled by an inhomogeneous lossy dielectric with complex electric
permittivity function e,(z) and length d. It is assumed that a TEg
mode with electric filed strength E* propagates towards the positive z
direction. With this assumption, we have

E,(z,7) = sin(rz/a)E,(2) (1)
Hy(x,2) = sin(r/a)H(2) @
The differential equations describing LIWs are given by
) _ o, (2 3)
W) _ jueo (er2) = (el 1) By(2) (@
where
fo=+ (5)

" 2

in which ¢ is the velocity of the light, is the cutoff frequency of the
hollow waveguide. Furthermore, the terminal conditions are as follows

E,(0) + ZsH,(0) = 2E" (6)
Ey(d) — Z,H,(d) = 0 (7)
where
_—/770—27 f > fC
Zs =121 =2rg = . b %C/f) (8)
—J e [ <[
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is the waveguide impedance, in which ny = +/po/eo is the wave
impedance of the free space.

3. INTEGRAL EQUATIONS FOR LIWS

In this section, the differential equations of LIWs are converted
into integral equations. The Equations (3)-(4) are converted to the
following integral equations

Ey(2) = jwno / Ho()d + C) )

z

H,(2) = jwso/ (5r(z') — (fc/f)g) Ey(z')dz' + Cy (10)
0
In (9) and (10), C; and Cy are two coefficients, which can be found

according to the boundary conditions (6)—(7). After finding these
coefficients, we will have the following integral equations

d
Ey(2) = E' - 5/(jwM0Hx(z/)—jWE0ZTE (er(2)=(fe/ )?) By(2))) d2’
0
oo [ H()de (11)
0
11
Hy(z) = ZTEE + 5 rE
d
/ jwpoHy (') —jweoZre (0 () — (fo/ £)?) Ey(2)) d2'
0
e [ ()= e/ ) By () (12)
0

3.1. The Method of Moments

To solve the integral Equations (11) and (12), we can use the method
of moments (MOM). For this purpose, the transverse electric and
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magnetic fields are written as the sum of N basis functions as follows
N

z) = ZEnfn(Z) (13)
n=1

N
2) =) Hyga(2) (14)
n=1

where F, and H, are the electric and magnetic coefficients,
respectively, which have to be found. Substituting (13) and (14) into
(11) and (12), gives us the following matrix relation at the arbitrary
surface z.

Ai(2) -+ An(z) Bi(z) --- BN(Z)} [E] :[ 1 ]El (15)

Ci(z) -+ Cn(2) Di(z) --- Dn(2)| [H ZZF}E
In(15,E=[E, Ey --- Ey] TandH=[H, Hy --- Hy] "
and also A,,, By, C, and D,, (n =1,2,... , N) are four functions given
by

d
An(z) = fn(z) - %jweozTE/fn(zl) (57"(2/) - (fc/f)2) dZ, (16)
0
d

z

Bu() = ~deno [ gu()d + iwno [ gu( (17)

0 0

Co(2) = —jweg / Ful2) (en() = (o) 1)?) d

0
+3iweo / Fule) (2r(1) = (8o )?) 22 (18)
0 1 .
Dulz) = 9a(2) = 57 —dwno [ gal)d (19)
0

To find the electric and magnetic coefficients in (15), one can use both
collocation (rectangular pulse function expansion with point matching)
and Galerkin’s method. To use collocation, the LIW is partitioned
into N partitions with thickness Az = d/N and the basis functions are
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chosen as follows

1, — 1Az < z<nA
PO =0 ={ § G 7 20)

forn=1,2,...,N. Now, setting z equal to z,, = (m—1/2)Az in (15)
form =1,2,..., N (the centers of the partitions), yields the following
matrix equation

Al(zl) AN(Zl) Bl(zl) BN(Zl) 1
01(2’1) CN(Zl) Dl(zl) DN<21) ZCZ_“]%}
: : : : {IEI] =| ¢ |E'(@D)
Ai(zny) -+ An(zn) Bi(zn) -+ Bn(zn) 1
Ci(en) -+ Ca(en) Dilen) --- Dn(aw) Zri
in which for m and n=1,2,... , N, we will have
nAz
1. / 2 /
Anlem) = 80— m) = giweoZee [ (e~ (o PP) 22
(n—1)Az
By (zm) = —jwpo <U(m —n)— %) Az (23)

(n—14U(m—n))Az
Colzm) = —jweo / (er(2)) = (o )?) &2’

(n—1)Az
1 nAz
sgivnr [ () = (Rl £ @ (24)
(n—1)Az
Dy (zm) = d(n—m) — ﬁjwugAz (25)

Here § is the Kronecker delta function and also

1 m>n
Um-n)=<{ 1/2 m=n (26)
0 m<n

The relation (21) gives us the electric and magnetic coefficients by
a simple matrix inversion process.

The integrals existed in (22) and (24) will be exactly calculated if
the electric permittivity function is known at all points, continuously.
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However, these integrals can be approximately calculated if the electric
permittivity function is known only at N points. In this case, which is
more practical, we can assume that the electric permittivity function
varies between two adjacent points stepwise, linearly or in other
manners. For stepwise and linearly variations, we have

kAz
/ X(2)dz =
(n—1)Az
X((n—=1)Az)(k—n+1)Az, Stepwise Variation

[(1— 050k —n+1)X((n—1)Az)

+0.5(k —n+ 1) X (nAz)] (k —n+1)Az "’ Linearly Variation

4. EXAMPLE AND RESULTS

In this section, a special type of LIW is analyzed using the proposed
method. Consider a WRG-90 waveguide (¢ = 0.9in and b = 0.4in)
filled by a lossless and exponential dielectric with the following electric
permittivity function

er(2) = ero exp(kz/d) (28)

Now, assume that e, = 1 — jO, d = 2cm and k = 1. A TE;g mode
wave with frequency f = 10 GHz and the electric field strength E* =
1.0 V/m propagates in the assumed LIW. We use stepwise variation
between two adjacent points. Figs. 2-3, compare the magnitude and
the angle of the electric field obtained from the exact solutions (in
the Appendix) and from the introduced method considering N = 10
and N = 20 partitions. One observes a good agreement between the
exact solutions and the solutions obtained from the proposed method.
Also, Figs. 4-5 shows the relative error of the obtained Si; and Sa;
parameters in four cases of (k =1, f = 10GHz, d = 2cm), (k = 0.5,
f=10GHz, d = 2cm), (k =1, f = 8GHz, d = 2cm) and (k = 1,
f = 10GHz, d = 1.8cm). These two scattering parameters can be
obtained from the following relations

Ey(0) — EY

S = (29)

Ey(d)

So1 = Si12 = o

(30)

It is seen as the number of partitions increases, the error is decreased.
Also, as the excitation frequency, the length of dielectric or the
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Figure 2. The magnitude of the electric field versus z for k = 1 and
f =10GHz.
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Figure 3. The angle of the electric field versus z for £ = 1 and
f =10GHz.
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Figure 4. The relative error of the obtained S7; parameter in four

cases.

Figure 5. The relative error of the obtained S7; parameter in four

cases.
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variation of the permittivity function (k) decrease, the accuracy of the
method is increased. From the above example, one may satisfy that the
introduced method is applicable to all arbitrary LIWs, whose electric
permittivity function is known at all or even only at some points along
their length.

5. CONCLUSION

A new method was introduced for frequency domain analysis of
arbitrary Longitudinally Inhomogeneous Waveguides (LIWs). In
this method, the integral equations of the LIWSs, converted from
their differential equations, are solved using the method of moments
(MOM). Rectangular pulse function expansion with point matching
(Collocation) is explained for this purpose. The validity of the method
was verified using a comprehensive example. It was seen that, as the
number of partitions increases, the accuracy of the obtained solution
is increased. Furthermore, as the excitation frequency, the length of
dielectric and the variation of the permittivity function decrease, the
accuracy of the method is increased. This method is applicable to all
arbitrary LIWs, whose electric permittivity function is known at all or
even at some points along their length.

APPENDIX A.

The exact electric field of the lossless exponential LIWs is determined.
Using (28) in (3) and (4), the following second order differential
equation is obtained.

2 z
(iiﬁ ) 4 K (oexp(ha/d) — (o) P?) Ey(z) =0 (A1)

The solution of (A1) gets us the electric and magnetic fields as follows

2kod f. 2kody/cr
Ey(z) = AlJ[ od fe 2ko 0 exp (k%)]

ko f’ k
+AsJ [— 202{70 %, Qkodk:/% exp (k;—d>] (A2)
H,(z) = %\ﬁ%exp (ind)
X {AlJ’ [Qk;fd%, 2k0dk\/% exp (ki)]

kod £, 2kod/Zr
+AsJ’ [—2]: f7, 0 k\/aexp (ki)}} (A3)
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where the function J]o, 3] is the Bessel function J of order a and
argument 3 and the primes indicate the first derivative of the function
with respect to its argument. From (A2) and (A3) and the boundary
conditions (6) and (7), we have

a1y + aAsy = 2F" (A4)
as3Ai1 +aslds =0 (A5)
in which
[ 2kod f. 2kody/Er0
R =
iV [ 2kod f. 2k0d\/%] A
1—(fc/f)2j[ Ef (A6)
—2kod f. 2kody/Zr0
Eof ok ]
NG [ —2kod f. 21@@} N
1—(fc/f)2j[ Tk (A7)
O%kod f. 2kod /7
ang[ ]: f?, Ok\/g_oexp(k/2)}
__ JVEw J’[Qkodﬁ 2kodvero ik ] wp(k/2) (A
=g |k F Tk exp(k/2)| exp(k/2) (A8)
—%kod f. 2kod\/Er
a4:J[ ko f7, Ok\/aexp(kﬂ)]
NG [—~2kod f 2kody/Zr0 ]
DL | R B (i) exaif2) (89)

The unknown coefficients A; and Ay are determined using (A4) and
(Ab) as follows

GQZJ[

2 .
/P — (A10)
aja4 — a2as3
_9 ,
Ay = — =B pi (A11)

@104 — G2G3
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