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Abstract—In this paper, ray propagation in stratified semi-infinite
percolation lattices consisting of a succession of uniform density
layers is considered. Two different mathematical approaches for
analytically evaluating the penetration depth are presented. In order
to compare performances and to assess the range of validity of the
two approaches, an exhaustive set of numerical Monte-Carlo-like
experiments is presented.

1. INTRODUCTION

Wave propagation and scattering in random media is a challenging
topic because of the large number of applications and involved research
areas [1-9]. By considering the percolative model proposed in [10],
where authors described the urban environment in terms of a uniform
random lattice [11], this paper is focused on the analysis of propagation
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in stratified random media consisting of a discontinuous succession
of layers with uniform density. In particular, such a work is aimed
at providing an exhaustive numerical validation of two mathematical
approaches, the former based on the result in [10], the latter applying
the theory of the Markov chains [12].

This paper is organized as follows. In Section 2, the problem is
briefly described and two mathematical approaches aimed at evaluating
the propagation depth are introduced. Section 3 provides the results
of a representative set of numerical experiments, while final comments
and conclusions are drawn in Section 4.

2. PROBLEM STATEMENT AND MATHEMATICAL
FORMULATION

Let us consider a stratified random lattice (Fig. 1) described by the
following obstacles density distribution

q, ro=0<j<r=jel
G2, M <j<ro=j€clo

q(j) =1 : (1)

n, T™m-1<Jj<rpn=>J€Ly

where ¢(j) is the probability that a site belonging to the j-th row is
occupied and L,, denotes the n-th layer characterized by an occupancy
probability ¢, and constituted by the rows between (r,—1 + 1) and r,,.

The electromagnetic source is assumed to be located in the
above empty half-plane and to radiate a monochromatic plane wave
impinging on the lattice with a known incidence angle 6. Each site
is large compared to the wavelength, therefore the incident wave
is modeled in terms of a collection of parallel rays. Such rays
undergo specular reflection on obstacles, while other electromagnetic
interactions are neglected. The propagation is then described by
determining the probability that a single ray reaches a prescribed level
k inside the lattice before being reflected back in the above empty
half-plane, Pr {0 — k < 0}.

2.1. Martingale Approach (MTGA)

The first mathematical approach is based on the theory presented in
[10], where Pr{0 +—— k < 0} in a random uniform grid is evaluated
by applying the theory of the Martingale random processes [13]. Let
us notice that a description of the ray propagation in terms of a
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Martingale random process requires that ray jumps following the first
one are independent, identically distributed and zero mean. Such
an assumption is generally verified provided that the incident angle
is not too far from 45° and the lattice is dense [14]. An extension
of such an approach to the inhomogeneous case has been proposed
in [15]. However, mathematical considerations as well as numerical
experiments have shown that the obtained solution is reliable in
correspondence with obstacles’ density profiles with small variations.
Therefore, an ad-hoc formulation when dealing with stratified random
lattice is mandatory.

A stratified environment can be modeled as a succession of
uniform layers {L,; n =1,2,3,...} and at each layer the propagation
is mathematically described through the solution proposed in [10].
In particular, the probability that a ray freely crosses layer L, [i.e.,
the probability that a ray traveling with positive direction in the
level (r,—1 4+ 1) reaches level r, before being reflected back in level
(rn—1+1)] is equal to

P, =Pr{(rn1+1)—ry,<(rp-1+1)}
1a Tn:rnfl_‘_la

= p 2
q 7;\7 [1 - p]e\fzb] ) Tn > Tn—1 + 17 ( )
eniVn

where pe, = 1 — qo, = p2 %1 is the effective probability that a ray

crosses a level with occupancy probability ¢, without any reflections
and N,, = (rp, — rp—1 — 1).

By assuming that the level k& belongs to the layer Lx and Nx =
(k—7Kr—1—1), the ray propagation inside the whole lattice is modeled
through the Markov chain [12] shown in Figure 2, where states j+ and
7~ denote a ray traveling inside the level j with positive and negative
direction, respectively, and @),=1 — P,. Accordingly, the following
solution is obtained

Pr{0— k€ L <0} = P1 NE)
1 |:1_Pn qn
+
PP PnPn—1

2.2. Markov Approach (MKVA)

In such an approach the original 2D ray-propagation problem is recast
as a simple 1D random walk problem where the dependence on the
incidence angle 0 is avoided [16]. As a matter of fact, whenever a
ray hits a vertical face it does not change its vertical direction of



162 Martini et al.

T | L2

L3

L4

ye -

Figure 1. Sketch of ray propagation in a four-layers random lattice
realization (left-hand side) and the obstacles’ density distribution
relative to the random lattice realization (right-hand side).

propagation. Thus, just reflections on horizontal faces, whose number
is independent from 6, are taken into account. Accordingly, under
the assumption that the propagating ray never crosses cells that it
has already encountered along its path (verified when 6 is not too far
from 45° and in the case of sparse random lattices), ray propagation in
a generic nonuniform random lattice is modeled through the Markov
chain shown in Fig. 3 whose solution is

Pr{0—k <0} = Dipa , k>1, (4)

k—3
.
1+P1p2§ [7q : ]
=0

Pk—iPk—i—1

where ¢; = 1 — p; denotes the occupancy probability of the j-th level.

Unlike that in [15], such a formulation satisfactorily works in
dealing also with high discontinuities [14] and therefore, it holds true
for stratified profiles, as well. Thus, it is enough to customize (4) to
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Figure 2. Martingale approach — Markov chain mathematically
modeling the ray propagation towards level k in a stratified random
lattice.
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Figure 3. Markov approach — Markov chain mathematically

modeling the ray propagation in a generic non-uniform half-plane
random lattice with obstacles’ density distribution ¢(j) = ¢;, j being
the level index.

stratified profile detailed in (1). After some algebra we get

2
Pr{0—k € L < 0}= i .
q dn qnNn
1+p} | 5 (M —1)+ < + )
pl (=) nz::z PnPn-1 P2

()
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3. NUMERICAL VALIDATION

In order to validate and compare the proposed solutions, an exhaustive
set of numerical experiments has been carried out. In particular, both
three- and four-layers configurations have been taken into account
by varying the occupation probability of each layer {¢,; n=1,..., K}
between 0.05 and 0.35 with step 0.1. No higher occupancy probability
values have been considered since, in order to ensure propagation, the
occupancy probability must be lower than the so-called percolation
threshold ¢. [11] (¢gc =~ 0.40725 for the two-dimensional case).
Moreover, for completeness, different values of the incidence angle have
been evaluated, 6 = {15°, 30°, 45°, 60°, 75°}.

As a reference, the propagation depth has been estimated by
Monte-Carlo-like ray-tracing experiments. In particular, for each
density profile and incidence angle, 100 random grids have been
generated and for each of them 500 rays have been launched from
different entry positions. Then, Pr{0+—— k € Lx <0} has been
estimated from the collection of paths in the first k.. = 32 levels.

In order to quantitatively evaluate the accuracy of the proposed
methods, let us define the following error indexes, namely the
prediction error

s |[Prr{0— k} —Prp {0 +— k}|
k:

1
max [Prs {0 — K] x 100, (6)
and the mean error (0)
1 kmaz
A
() £ 1 — ; S, (7)

where the sub-scripts R indicates the value estimated with the
reference approach and P stands for the same value evaluated through
either (3) or (5). Moreover, let us define the global mean error A

Ll
2530, ®)

S being the total number of considered obstacles’ density profiles and
(9), the mean error relative to the s-th distribution.

Furthermore, in order to easily identify a profile, let us use the
indexes 1, 2, 3, 4 for indicating an occupation probability equal to
0.05, 0.15, 0.25, and 0.35, respectively. Accordingly, a sequence of
N indexes denote a N-layers stratified profile, each element of the
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sequence indicating the occupation probability of the corresponding
n—th layers. As an example, profile 3423 identifies a four-layers profile
where g1 = 0.25, g2 = 0.35, g3 = 0.15 and g4 = 0.25.

3.1. On the Role of the Obstacles Density

Let us refer to an incidence angle 6 equal to 45° and consider low
density profiles (i.e., gn, = {0.05,0.15} , n = 1,..., K) and high density
profiles (i.e., ¢, = {0.25,0.35}, n = 1,..., K). With reference to
Figures 4 and 5 and as expected, it can be noticed that the MKVA
outperforms the MTGA when dealing with low density profiles, while
the MTGA is better in correspondence with high density profiles. This
is further confirmed by the mean error values. As far as the three-layers

profiles are concerned, [@Miﬂm} = 2.22, [@M—TGA] = 17.44,
121 212

<6>]VIKVA <5>MKVA
[M} = 1.66, and [M = 2.47. Concerning the four-
5>MTGA 343 <‘S>MTGA 343

layers low density profiles, (0)y;xya = 0.71% vs. (0)yyraa = 1.55%
(profile 1212) and () ;4 = 0-17% vs. (0) yyraa = 2.98% (profile
2121). On the other hand, (8) ;x4 = 1.42% vs. (6) yyraa = 0.92%
(profile 3434) and (6),xya = 1.7% vs. (0)yraa = 0.69% (profile
4343).

For completeness, also mized profiles [i.e., stratified random grids
made up in part of dense layers (g, > 0.25) and in part of sparse layers
(gn < 0.15)] have been considered. However, since similar conclusions
can be drawn both for three- and four-layers configurations, only the
mean error values of the three-layers profiles are reported (Fig. 6).

Thanks to such results, some rules-of-use of the two approaches
can be drawn. When the first layer is neither too sparse nor too dense
(i.e, 0.15 < ¢ < 0.25), the MKVA outperforms the MTGA unless the
second layer has high occupancy probability (i.e., go = 0.35) or both
g2 > 0.25 and q3 > 0.25, whatever the occupancy probability value
of the remaining layers. When ¢; = 0.05, the MTGA gives better
results when either ¢o or g3 are equal to 0.35. On the other hand,
when ¢; = 0.35, the MTGA outperforms the MKVA. Summarizing,
the MKVA outperforms the MTGA in 15 cases over 36 when we deal
with a three-layers profile and in 45 cases over 108 when four-layers
profiles are considered.

Another interesting observation is concerned with the role of the
discontinuities. By analyzing the mean error values, it is evident
that the range of validity of both approaches does not depend on
the difference between the values of the occupation probabilities in
adjacent layers, but it is affected only by the density of the obstacles
at each layer.
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Figure 4. Three-layers profile, § = 45°, r1 = 8 and ry = 16 —

Estimated values of Pr{0 —— k} versus k when 6 = 45° for the profiles
(a) 121, (b) 212, (c) 343, and (d) 434.



Progress In Electromagnetics Research, PIER 71, 2007

1 ~— T T T T T T T
e~ MKV approach ——
-~ T MTG approach ————
X SN Experiments +
o 05 e b
e s
o T+ SEe ﬁ*::frfar—;,.jf,, .
0 1 1 1 1 1 1 1
0 4 8 12 16 20 24 28 32
k
(a)
1 T T T T T T T
MKV approach ——
-~ MTG approach ---------
x ~ Experiments +
(ID 0.5 ) Sy 7
g Tt
o T j:j?"f:iﬁ;ft,j;+7+w
0 1 1 1 1 1 1 1
0 4 8 12 16 20 24 28 32
k
(b)
1 T T T T T T T
MKV approach ——
> MTG approach ---------
A Experiments +
é 0.5 - \\ 1
a s e
0 L L 7 ?:}?T:r:*i¥7i L s s s s e
0 4 8 12 16 20 24 28 32
k
(c)
1 T T T T T T
\ MKV approach ——
~ \ MTG approach ---------
“fl\ 05 X Experiments +
o S 7
o \\
O l ":':{»ff?f’i¥ F IT7I = = ‘-I: = T F o F
0 4 8 12 16 20 24 28 32
k
(d)

Figure 5. Four-layers profile, § = 45° r; = 8 and 5 = 16 and

rs = 24 — Estimated values of Pr{0 — k} versus k when 6 = 45° for
the profiles (a) 1212, (b) 2121, (c) 3434, and (d) 4343.
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Figure 6. Three-layers profile, § = 45°, 1 = 8 and ro = 16 — Mean
error (9) for different values of ¢,,, n = 1,2, 3, being (a) ¢; = 0.05, (b)
q1 = 0.15, (¢) ¢1 = 0.25, and (d) ¢1 = 0.35.

Finally, let us point out that the MKVA returns mean error values
lower than 2%. As a matter of fact, by considering both four- and
three-layers profiles, (9) ranges from 0.17% to 1.73%, while it grows up
to 3.13% when we apply the MTGA. As far as the global mean error
is concerned, we obtain Aygya = 1.09% vs. Ayrga = 1.35% and
Ayrva = 1.06% vs. Ayraa = 1.28% for the three- and four-layers
configurations, respectively.

3.2. On the Role of the Incidence Angle

As far as the role of the dependence on the incidence angle 6 is
concerned, Figure 7 plots the behavior of the global mean error A
versus  for a three-layers scenario. Similar results arise when dealing
with four-layers profiles.
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Figure 7. Three-layers profile, r; = 8 and ro = 16 — Global mean
error A versus the incidence angle 6.

As expected, both approaches give better performances when 6
is close to 45°. The plots are almost symmetric with respect to the
optimal value 6,,; = 45°. Such a behavior points out that it does
not matter the value of the incidence angle, but only the distance
|0 — Oopi].

M]?)reover, it is interesting to observe that, although the MKVA
does not take into account the incidence angle, on average it
outperforms the MTGA when 0 = 15°, § = 45° and 6 = 75°, since
the ratio % ranges from 1.24 to 1.39. On the other hand, when
0 = 30° and 6 = 60°, AMEVA — | 14 and % = 1.39, respectively.

MTGA MTGA

Finally, it should be noticed that, despite its independence on 6,

the MK VA is less sensitive to the incidence angle value, as confirmed by

the following indexes, [% = 3.65 vs. [%]MTGA = 4.09.

] MKV A
4. CONCLUSIONS

Dealing with ray propagation in stratified random lattices, two
different mathematical models, namely the Martingale approach
(MTGA) and the Markov approach (MKVA), have been presented and
compared through an exhaustive numerical analysis.

The obtained results are: (a) both approaches give more faithful
estimate in correspondence with incidence angles close to 45° and the
mean error increases with the distance |6 — 45°|, (b) both approaches
are not affected by the value of the discontinuities, (¢) the MKVA
satisfactorily performs when dealing with sparse media, while the
MTGA works better in correspondence with dense lattices, (d) on
average, the MKVA returns lower mean error than the MTGA.



170 Martini et al.

ACKNOWLEDGMENT

This work has been supported in Italy by the “Progettazione
di un Livello Fisico ‘Intelligente’ per Reti Mobili ad FElevata
Riconfigurabilit,” Progetto di Ricerca di Interesse Nazionale - MIUR
Project COFIN 2005099984.

REFERENCES

1. Franceschetti, M., J. Bruck, and L. Schulman, “A random walk
model of wave propagation,” IFEE Trans. Antennas Propagat.,
Vol. 52, No. 5, 1304-1317, 2004.

2. Marano, S. and M. Franceschetti, “Ray propagation in a random
lattice: a maximum entropy, anomalous diffusion process,” IEEFE
Trans. Antennas Propag., Vol. 53, No. 6, 1888-1896, 2005.

3. Ishimaru, A. Wave Propagation and Scattering in Random Media,
IEEE Press, 1997.

4. Gong, S. H. and J. Y. Huang, “Accurate analytical model for
equivalent dielectric constant for rain medium,” J. Electromagn.

Wave Appl., Vol. 20, No. 13, 1775-1783, 2006.

5. Huang, X. E. and A. K. Fung, “Electromagnetic wave
scattering from vegetation with odd-pinnate compound leaves,”
J. Electromagn. Wave Appl., Vol. 19, No. 2, 231-244, 2005.

6. El-Ocla, H. and M. Tateiba, “Numerical analysis of some
scattering problems in continuous random medium,” Progress In
Electromagnetics Research, PIER 42, 107-130, 2003.

7. Mudaliar, S., “On the application of the radiative transfer
approach to scattering from a random medium layer with rough
boundaries,” J. Electromagn. Wave Appl., Vol. 20, No. 13, 1739-
1749, 2006.

8. Blaustein, N., “Theoretical aspects of wave propagation in random
media based on quanty and statistical field theory,” Progress In
Electromagnetics Research, PIER 47, 135-191, 2004.

9. Matsuoka, T. and M. Tateiba, “Numerical analysis of scattered
power from a layer of random medium containing many particles of
high dielectric constant — Applications to the detection of a water
content of soil,” Progress In Electromagnetics Research, PIER 33,
199-218, 2001.

10. Franceschetti, G., S. Marano, and F. Palmieri, “Propagation
without wave equation toward an urban area model,” IEEE Trans.
Antennas Propag., Vol. 47, No. 9, 1393-1404, 1999.



Progress In Electromagnetics Research, PIER 71, 2007 171

11.
12.
13.
14.

15.

16.

Grimmett, G., Percolation, Springer-Verlag, New York, 1989.
Norris, J. R., Markov Chains, Cambridge University Press, 1998.
Ross, R. M., Stochastic Processes, J. Wiley, New York, 1983.

Martini, A., M. Franceschetti, and A. Massa, “Percolation-based
approaches for ray-optical propagation in inhomogeneous random
distributions of discrete scatterers,” 1% European Conference
on Antennas and Propagation (EuCAP 2006), Nice, France,
November 6-10, 2006.

Martini, A., M. Franceschetti, and A. Massa, “A percolation
model for the wave propagation in non-uniform random media,”
9 International Conference on Electromagnetics in Advanced
Applications (ICEAA 05), 197-200, Torino, Italy, September 12—
16, 2005.

Martini, A., M. Franceschetti, and A. Massa, “Ray propagation

in a nonuniform random lattice,” J. Opt. Soc. Am. A, Vol. 23,
No. 9, 22512261, 2006.



