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Abstract—The approximate analytical solution of the integral
equation concerning the equivalent magnetic current in the narrow
slot, coupling two electrodynamic volumes, has been obtained by
the averaging method. The formulas and the plots for currents and
the coupling coefficients of longitudinal and transverse slots in the
common walls of rectangular waveguides are represented. By means
of the induced magnetomotive forces method using basis functions of
current distribution, obtained by the averaging method, the following
electrodynamic structures have been considered: the electrically long
longitudinal slot in the common broad wall of rectangular waveguides;
two symmetrical transverse slots in the common broad wall of
rectangular waveguides; the transverse slots system in the common
broad wall of rectangular waveguides. The problem about the resonant
iris with the arbitrary oriented slot in the plane of cross-section of
a rectangular waveguide has been solved by the averaging method.
The problem about stepped junction of two semi-infinite rectangular
waveguides with the impedance slotted iris has been solved by the
induced magnetomotive forces method. The analytical formulas for
the distributed surface impedance of homogeneous and inhomogeneous
magnetodielectric coatings of iris surface have been obtained. For
a greater number of the considered electrodynamic structures the
calculated values are compared with the results, obtained by numerical
methods (also using commercial programs) and the experimental data.
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1. PROBLEM FORMULATION AND INITIAL
INTEGRAL EQUATIONS; AVERAGING METHOD

The problem of electromagnetic coupling of two waveguides through
apertures in their common walls is a classical problem which attracted
the attention of many investigators starting from the paper written
by Bethe in 1944 [1]. The narrow slots with the length of 2L
commensurable with the operating wavelength of λ have especially
been studied [2–13]. The investigations of the slots located both in
broad and narrow walls of rectangular waveguides have been conducted
by different methods, namely: analytical [2, 3], variational [4, 5],
numerical [6–11], among which the most effective methods are the
moments method and its particular case known as the Galerkin’s
method, the equivalent circuits method [12, 13], and also the finite
elements method and the moments method [14].

At present, commercial finite elements software (e.g., “Ansoft’s
HFSS and Designer”, “CST Microwave Studio”, “Zeland” and others)
is available to solve such problems. However, these programs need
intensive memory, and sometimes they are very slow, for example, in
electrically long slots and multi-slot systems analysis.

On the other hand, the approximate methods, mentioned above,
have some drawbacks. The known analytical solutions have a limited
range of applicability (kL ∼= π/2, where k = 2π/λ) and the
variational and equivalent circuits methods suppose the presence of the
information a priori about the distribution function of the equivalent
slot magnetic current. Even approximation of this information is
unknown (for example, for electrically longitudinal slots) in some cases.
That is why there exists a need to develop approximate methods which
provide fast, sufficiently accurate calculations of simple waveguide-slot
structures.

1.1. General Problem Formulation and Transition to the
Case of a Narrow Slot

Let two volumes (limited by perfectly conducting flat surfaces) be
coupled between each other by the slot in the common unlimited thin
wall. Using the boundary condition of the tangential magnetic field
continuity on the Ssl surface of the coupling aperture, we obtain the
following integral equation concerning the equivalent magnetic current
(time dependence eiωt throughout the book is used, ω is the circular



Progress In Electromagnetics Research, PIER 70, 2007 81

frequency) [15]:

(graddiv + k2)
∫
Ssl

ĜΣ
m(
r, 
r ′) 
Jm(
r ′)d
r ′ = −iω 
HΣ

0 (
r ). (1)

Here: 
r is the observation point radius-vector; 
r ′ is the source radius-
vector; 
Jm(
r ) is the magnetic current surface density on the aperture;
ĜΣ

m(
r, 
r ′) = Ĝe
m(
r, 
r ′) + Ĝi

m(
r, 
r ′), Ĝe,i
m (
r, 
r ′) are the magnetic dyadic

Green’s functions; 
HΣ
0 (
r ) = 
H i

0(
r )− 
He
0(
r ) are the impressed sources

fields in the internal (index “i” for the region 1 and 2) and the external
(index “e” for regions 3 and 4) volumes.

The Ĝe,i
m (
r, 
r ′) functions are the following [16]:

Ĝe,i
m (
r, 
r ′) = ÎG(
r, 
r ′) + Ĝe,i

0m(
r, 
r ′), (2)

where Î is the unit dyadic, G(
r, 
r ′) = e−ik|�r−�r ′|

|
r−
r ′| is the Green’s free space

function and Ĝe,i
0m(
r, 
r ′) are the regular everywhere dyadic functions

providing satisfaction of boundary conditions for Ĝe,i
m (
r, 
r ′) functions

on the internal surface of the volumes coupled.
The Equation (1) is rather difficult to analyze in a general case;

however, for the narrow slots (d/2L � 1, d/λ � 1), where d is the
slot width, the equation is sufficiently simplified. In this case the slot
current can be written in the following way (index “m” is omitted):


J(
r ) = 
esJ(s)χ(ξ), J(±L) = 0,
∫
ξ

χ(ξ)dξ = 1, (3)

where s and ξ are the longitudinal and transverse local slot coordinates
(Figure 1); 
es is the unit vector; χ(ξ) is the set function accounting
the peculiarities of the electrostatic field on the slot edge [17]:

χ(ξ) =
1/π√

(d/2)2 − ξ2
. (4)

Thus, the 
J(
r ) current problem in the 
HΣ
0 (
r ) field given reduces to

the determination of the J(s) current distribution function.
Let us consider the slot to be rectilinear and the impressed field in

the external volume to be absent, that is 
He
o(
r ) = 0. Then substituting
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Figure 1. The problem formulation and the symbols used.

(3) and (4) into (1) we get:

(
d2

ds2
+ k2

) L∫
−L

J(s′)[Ge
s(s, s

′)+Gi
s(s, s

′)]ds′=−iωH i
0s(s), (5)

Ge,i
s (s, s′) = 2

e−ikR(s,s′)

R(s, s′)
+Ge,i

0s (s, s′), R(s, s′)=
√

(s−s′)2+(d/4)2. (6)

Here we take into account the fact that for the sources on the flat
surface Ĝe,i(s, ξ; s′, ξ′)=2ÎG(s, ξ; s′, ξ′) + Ĝe,i

0 (s, ξ; s′, ξ′) we have:

G(s, s′)=
∫
ξ

G(s, ξ; s′, ξ′)χ(ξ′)dξ′, Ĝe,i
0 (s, s′) =

∫
ξ

Ĝe,i
0 (s, ξ; s′, ξ′)χ(ξ′)dξ′.

It must be noted that in the kernel (6) of the integral Equation (5)
the approximate expression for |�r − �r ′| in the transverse coordinate
dependence is chosen in the form of (ξ − ξ′)2 ∼= (d/4)2, as it is usually
used in the vibrator antenna theory [18] and it is precisely the form
for the slots on metallic surfaces [15, 17, 19].

Isolating the logarithmic peculiarity in the Equation (5)
analogically with [2, 15, 18], we obtain:

L∫
−L

J(s′)
e−ikR(s,s′)

R(s, s′)
ds′=J(s)Ω(s) +

L∫
−L

J(s′)e−ikR(s,s′) − J(s)
R(s, s′)

ds′, (7)
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where Ω(s) =
L∫

−L

ds′

R(s,s′) . Suppose due to [2] Ω(s) ≈ Ω(0) = 2 ln 8L
d , we

obtain the integral-differential equation with a small parameter:

d2J(s)
ds2

+ k2J(s) = α {iωH0s(s) + F [s, J(s)] + F0[s, J(s)]} , (8)

where α = 1
8 ln(d/(8L)) is the natural small (|α| � 1) parameter of the

problem; H0s(s) is the component of the field of the impressed sources
on the slot axis;

F [s, J(s)] = 4


−dJ(s′)

ds′
e−ikR(s,s′)

R(s, s′)

∣∣∣∣∣
L

−L

+
(

2dJ(s)
ds

+J(s)
d
ds

)
1

R(s, s′)

]

+4

L∫
−L

[
d2J(s′)
ds′2

+k2J(s′)
]
e−ikR(s,s′)−

[
d2J(s)
ds2

+k2J(s)
]

R(s, s′)
ds′ (9)

is the slot own field in the infinite screen;

F0[s, J(s)] = −dJ(s′)
ds′

[Ge
0s(s, s

′) +Gi
0s(s, s

′)]
∣∣∣∣
L

−L

+

+

L∫
−L

[
d2J(s′)

ds′2 + k2J(s′)

]
[Ge

0s(s, s
′)+Gi

0s(s, s
′)]ds′ (10)

is the slot own field repeatedly reflected from the coupled volumes
walls.

We must note that the inequality |α| � 1 is valid in sufficiently
wide limits of the ratio (d/2L) variation: for example, for (d/2L) = 0.1
we have |α| = 0.034 and for (d/2L) = 0.3 we have |α| = 0.048.

1.2. Asymptotic Averaging Method

The questions of a strict ground of the asymptotic averaging method
are a pure mathematic problem investigated in details in the
monographs [20, 21], where the corresponding theorems of averages are
proved. Let us consider briefly those their principes we need further.

Let the system of ordinary differential equations in a standard
form (x- the n-dimensional vector, 0 < α� 1 — the small parameter)
be set

dx
ds

= αX(s, x), (11)



84 Nesterenko et al.

which is characterized by that, that the first derivatives dx
ds are

proportional to the small parameter, that is, x variables change slowly.
Different methods exist to reduce the equations to form (11), at the
same time the method of variation of arbitrary constants is oftener
used [21]. Considering that, reduction of the initial equations system
to the standard form has been done, we change the variables in (11)

x = ζ + αX̃(s, ζ), (12)

where ζ are considered as new unknowns, ∂X̃
∂s = X(s, ζ) − X(ζ), and

the bar symbol means average on the explicitly containing variable s

X(ζ) = lim
l→∞

1
l

l∫
0

X(s, ζ)ds. (13)

Then, after some transformations, we can get [20]

dζ
ds

= αX(ζ) + α2 . . . , (14)

that is, if ζ satisfies the Equations (14), the right part of which differs
from the right part of averaging equations

dζ
ds

= αX(ζ) (15)

at the values of the α2 order; then the expression (12) is an accurate
development of the input equations (11). That is why, we can
accept x = ζ, as the first approximation where ζ is solution of the
Equations (15), which satisfies the Equations (11) precisely to the
values of the infinitesimal second order.

Thus, the equations in the first approximation (15) are obtained
from the exact Equations (11) by means of averaging the last on the
s-variable and ζ are considered to be constants. This formal process,
which consists of changing the exact equations by averaging ones, is
called the averaging principle. Its essence was brought to light by N.
Bogolyubov [20], who showed that the averaging method was connected
with the existence of some change of variables which allow to omit s
from the right part of equations with any accuracy grade relatively
to the α-small parameter. It gives the opportunity to form not only
the system of the first approximation (15) but to find the averaging
system of higher orders, solution of which approximate the solutions
of (11) with arbitrary fixed precision though, practically, because of
quick complication of formulas the first approximation can effectively
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be mainly used. The proof of the smallness of the first approximation
error was also obtained by N. Bogolyubov [20], who determined, that
under rather general conditions the difference x(s)−ζ(s) could be done
as small as possible for sufficiently small α on any big but finite interval
0 < s < l. Thus, the following basic theorem of average takes place
[20, 21].

The theorem I. Let the function X(s, x) be determined and
continuous in domain Q (s ≥ 0, x ∈ D), and in this domain:

1. X(s, x) ∈ Lipx(λ,Q), that is, X(s, x) satisfies the Lipshits
condition with the constant λ at x;

2. ‖X(s, x)‖ < M , that is, X(s, x) is limited;
3. in each point x ∈ D the limit (13) exists;
4. the solution ζ(s) of the averaging system (15) is determined for

all s ≥ 0 and is situated in the D-domain with some ρ-neighborhood.
Then for any possibly small η > 0 and any possibly big L > 0

we can indicate such α0, that at 0 < α < α0 the unequation will be
fulfilled on the segment 0 ≤ s ≤ Lα−1

‖x(s) − ζ(s)‖ < η,

where x(s) and ζ(s) — the solutions of the systems (11) and (15),
correspondingly, coinciding at s = 0.

This theorem is also generalized in the integral-differential
equations in a standard form

dx
ds

= αX


s, x,

s∫
0

φ
(
s, s′, x(s′)

)
ds′


 , (16)

for which the following scheme of averages is possible [21]. Let us
calculate the integral

ψ(s, x) =

s∫
0

φ(s, s′, x)ds′ (17)

on the explicitly entering variable s′ (here s and x are considered to be
parameters). Now alongside with (16) let us consider the differential
equations system

dy
ds

= αX (s, y, ψ(s, y)) , (18)
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which subject to averaging, namely: let the limit exist

lim
l→∞

1
l

l∫
0

X (s, y, ψ(s, y)) ds = X(y). (19)

Then we obtain the following differential equations system

dζ
ds

= αX(ζ). (20)

The system (20) is averaged, corresponding to the integral-differential
equations system (16). Thus, the idea of average in the systems of
the form (16) is to approximate solutions of this system by solutions
of a specially selected system of differential equations of the form
(20), which, probably, it is easier to investigate than the initial
integral-differential equations system. The conditions under which the
proximity of solutions (16), (18) and (20) take place are given in [21].

In the integral-differential systems (as different from the average
in the differential systems) different variants of average are possible.
In a general case for one system of the integral-differential equations
it is possible to put into accordance some different systems of the
averaged equations. Some of these averaged systems are the differential
equations systems, others — integral-differential equations systems.
The possibility of choice of a more suitable averaged system defines
high efficiency of the method of average at applied problems solutions.

Let us consider the following integral-differential equations
systems

dx
ds

= αX


s, x, dx

ds
,

s∫
0

φ

(
s, s′, x(s′),

dx(s′)
ds′

)
ds′


 , (21)

which is the system of a standard form unsolved relating to the
derivative. Practically, the attempt to solve the system relatively
to dx

ds often runs into the necessity to fulfill intricate and laborious
computations. That is why the corresponding schemes of averages
which allow to avoid this [21]. Thus, in the first approximation instead
of (21) we can consider the simplified system

dy
ds

= αX


s, y, 0,

s∫
0

φ
(
s, s′, y(s′), 0

)
ds′


 , (22)
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because availability of the derivates in the right part (21) begins
to affect the second and further asymptotic approximations. The
solutions (21) and (22) are arbitrarily near on the segment of the Lα−1

order at sufficiently general conditions and small α.
Both in the integral-differential equations systems and in the

differential equations ones different variants of partial average are
possible, that is, only several addendums or individual equations in the
fixed system [21] undergo average. Particularly, if the initial system
has the form

dx
ds

= αX1(s, x) + αX2(s, x) (23)

and the limit exists

lim
l→∞

1
l

l∫
0

X1(s, x)ds = X1(x), (24)

then the partially averaged system corresponds to the system (23)

dζ

ds
= αX1(ζ) + αX2(s, ζ). (25)

Variants of partial averaging are rather various and also stretch on the
systems of the form (16) and (21).

2. ANALYTICAL SOLUTION OF THE INTEGRAL
EQUATIONS FOR THE CURRENT

In this section the asymptotic averaging method has been used to
obtain the general approximate analytical expression for the magnetic
current in the slot applied both for the adjusted slots (kL = nπ/2,
n = 1, 2, 3 . . . ) and for the unadjusted ones (kL 
= nπ/2) coupling two
waveguides of different cross-section sizes in a common case which are
exited by the arbitrary field of impressed sources.

2.1. Solution of the Equation for the Current in a General
Form

Due to the constants variation method [20] let us change the variables:

J(s) = A(s) cos ks+B(s) sin ks,
dJ(s)

ds
= −A(s)k sin ks+B(s)k cos ks,

×
(

dA(s)
ds

cos ks+
dB(s)

ds
sin ks = 0

)
,
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d2J(s)
ds2

+ k2J(s) = −dA(s)
ds

sin ks+
dB(s)

ds
cos ks

=
α

k
{iωH0s(s) + FN [s, J(s)]} . (26)

The Equation (8) goes to the next system of the integral-differential
equations for the unknown functions A(s) and B(s):

dA(s)
ds

=−α
k
{iωH0s(s)+FN

[
s,A(s),

dA(s)
ds

,B(s),
dB(s)

ds

]}
sin ks,

dB(s)
ds

=+
α

k
{iωH0s(s)+FN

[
s,A(s),

dA(s)
ds

,B(s),
dB(s)

ds

]}
cos ks, (27)

where FN = F + F0 and it is the slot full own field.
The equations obtained are fully equivalent to the Equation (8),

and they are the system of the integral-differential equations of
standard type unsolved for a derivative. The right-hand parts of these
equations are proportional to the α small parameter. Therefore, the
A(s) and B(s) functions in the right-hand parts of the Equations (27)
can be regarded as slowly changing functions. To solve the system of
the equations in (27) it is possible to use the asymptotic averaging
method. Then when we put the system of the Equations (27) in
accordance with the simplified system [20] where in the right-hand
parts of the equations dA(s)

ds = 0, dB(s)
ds = 0. When we make partial

averaging [21] in (27) along the s explicitly entering variable we obtain
two equations of the first approximation:

dA(s)
ds

= −α
{
iω

k
H0s(s) + FN [s,A,B]

}
sin ks,

dB(s)
ds

= +α
{
iω

k
H0s(s) + FN [s,A,B]

}
cos ks, (28)

where

FN [s,A,B] = [A(s′) sin ks′ −B(s′) cos ks′] GΣ
s (s, s′)

∣∣L
−L
,

GΣ
s (s, s′) = 4

e−ikR(s,s′)

R(s, s′)
+ Ge

0s(s, s
′) +Gi

0s(s, s
′)

= Ge
s(s, s

′) +Gi
s(s, s

′). (29)

Integrating the system (28) and substituting the obtained values
A(s) and B(s) as the approximating functions for A(s) and B(s) in
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(26) we get the most general asymptotic expression for the narrow slot
current in the arbitrary position relative to coupled volumes walls:

J(s) = A(−L) cos ks+B(−L) sin ks

+α

s∫
−L

{
iω

k
H0s(s′) + FN [s′, A,B]

}
sin k(s− s′)ds′. (30)

To define the constants A(±L) and B(±L) it is necessary to use
the boundary conditions J(±L) = 0 and the symmetrical conditions
[18] which are uniquely connected with the slot excitation technique.
Then taking into consideration the symmetrical (index “s”) and
the antisymmetrical (index “a”) current components at arbitrary
excitation H0s(s) = Hs

0s(s) + Ha
0s(s) of the slot with the accuracy

not more than the terms of the α2 order, we, finally, have:

J(s) = Js(s) + Ja(s) = α
iω

k
×




s∫
−L

H0s(s′) sin k(s− s′)ds′

−
sin k(L+ s)

L∫
−L

Hs
0s(s

′) sin k(L− s′)ds′

sin 2kL+ αN s(kd, 2kL)

−
sin k(L+ s)

L∫
−L

Ha
0s(s

′) sin k(L− s′)ds′

sin 2kL+ αNa(kd, 2kL)



, (31)

where N s(kd, 2kL) and Na(kd, 2kL) are the functions of the slot own
field which are equal, respectively:

N s(kd, 2kL) =

L∫
−L

[GΣ
s (s,−L) +GΣ

s (s, L)] sin k(L− s)ds,

Na(kd, 2kL) =

L∫
−L

[GΣ
s (s,−L) −GΣ

s (s, L)] sin k(L− s)ds, (32)

and which are completely defined by the Green’s functions of the
coupled volumes representing infinite and half-infinite waveguides,
resonators and etc.
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It is necessary to note that near the resonance (sin 2kL ≈ 0) the
main contribution to the current amplitude is made by the functions
of the slot own field N s(kd, 2kL) and Na(kd, 2kL), which take into
account both the basic oscillation mode and high wave modes in
the surroundings of the slot. Stevenson [2] obtained the expression
for the magnetic current in a case of the arbitrary oriented narrow
slot situated on the common wall of rectangular waveguides by the
iterations method, which King used for thin vibrators [18]. However,
in [2] (unlike the formula (31)) the kL = π/2 assumption was made
for the current distribution function and the slot own field function.

2.2. Single Slots in the Common Walls of Rectangular
Waveguides

As an example, let us consider the coupling of two identical rectangular
waveguides by the {a × b} cross sections through the symmetrical
transverse slot in the common broad wall and via the longitudinal
slot in the common narrow wall. We also consider the coupling of
two mutually perpendicular waveguides in the H-plane through the
longitudinal/transverse slot in the common broad wall.

2.2.1. Symmetrical Transverse Slot in a Common Broad Wall of
Waveguides

In this case H0s(s) = Hs
0s(s) = H0 cos πs

a . Taking into account that for
coupling of two waveguides of equal sizes N s = 2W s, Na = 2W a, we
get:

J(s) = −αH0
iω

{
cos ks cos

(
πL
a

)
− cos kL cos

(
πs
a

)}
γ2[cos kL+ α2W s

t (kd, kL)]
, (33)

where γ2 = k2 − (π/a)2, H0 is the amplitude of the incident H10-wave,
falling from z = −∞ (a region 1).

The |S11| reflection coefficient, the |S12| transmission ones in the
first waveguide and the transmission coefficients |S13| and |S14| in the
second waveguide are equal, respectively:

|S11| = |S13| = |S14| =

∣∣∣∣∣ 4παf
(
kL, πaL

)
abkγ[cos kL+ α2W s

t (kd, kL)]

∣∣∣∣∣ ,
|S12| =

∣∣∣∣∣1 −
4παf

(
kL, πaL

)
iabkγ[cos kL+ α2W s

t (kd, kL)]

∣∣∣∣∣ , (34)
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where

f
(
kL,

π

a
L

)
= 2 cos

π

a
L

sin kL cos π
aL− π

ka cos kL sin π
aL

1 − (π/ka)2

− cos kL
(2π/ka)

(
sin

2πL
a

+
2πL
a

)
.

2.2.2. Longitudinal Slot in a Common Narrow Wall of Waveguides

For a longitudinal slot, the field projection of impressed sources on the
slot axis equals H0s(s) = H0 exp(−iγs), and we have

J(s) = Js(s) + Ja(s) = αH0
iω

(π/a)2{
e−iγs− cos ks cos γL

cos kL+ α2W s
ln(kd, kL)

+ i
sin ks sin γL

sin kL+ α2W a
ln(kd, kL)

}
. (35)

For the reflection, transmission and coupling coefficients we obtain
the following expressions:

|S11| = |S13| =

∣∣∣∣∣∣∣∣
4πα
abkγ




fs (kL, γL)
cos kL+ α2W s

ln(kd, kL)

+
fa (kL, γL)

sin kL+ α2W a
ln(kd, kL)

− 2kL
sin 2γL

2γL




∣∣∣∣∣∣∣∣
,

|S12| =

∣∣∣∣∣∣∣∣
1 +

i4πα
abkγ




fs (kL, γL)
cos kL+ α2W s

ln(kd, kL)

+
fa (kL, γL)

sin kL+ α2W a
ln(kd, kL)

− 2kL




∣∣∣∣∣∣∣∣
,

|S14| = |S12 − 1|, (36)

where

fs (kL, γL) = 2 cos γL
sin kL cos γL− (γ/k) cos kL sin γL

1 − (γ/k)2
,

fa (kL, γL) = 2 sin γL
cos kL sin γL− (γ/k) sin kL cos γL

1 − (γ/k)2
.

2.2.3. Longitudinal/Transverse Slot in a Common Broad Wall of
Waveguides

In this case, the current distribution depends upon where the
waveguide excitation sources are situated. If the H10 incident wave is
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propagating in the waveguide for which the coupling slot is transverse,
then we get:

J (s) = −αH0
iω

{
cos ks cos

(
πL
a

)
− cos kL cos

(
πs
a

)}
γ2

{
cos kL+ α[W s

t (kd, kL) +W s
lb(kd, kL)]

} . (37)

If the slot for the exciting field is longitudinal, then we have:

J(s) = Js(s) + Ja(s)

=−αH0
iω cos πx0

a

(π/a)2




(cos ks cos γL−cos kL cos γs)
cos kL+α[W s

lb(kd, kL)+W s
t (kd, kL)]

−i (sin ks sin γL−sin kL sin γs)
sin kL+α[W a

lb(kd, kL)+W a
t (kd, kL)]

} .
(38)

For the current in (37) the coupling coefficients are defined by the
expressions (34), where it is necessary to make the following change
−2W s

t → W s
t +W s

lb. For the current in (38) they equal, respectively,
(the H10 incidence wave spreads from the region 3 into the region 4):

|S33|=

∣∣∣∣∣∣∣∣
4πα cos2 πx0

a

abkγ




fs1 (kL, γL)
cos kL+ α[W s

lb(kd, kL) +W s
t (kd, kL)]

+
fa1 (kL, γL)

sin kL+ α[W a
lb(kd, kL) +W a

t (kd, kL)]




∣∣∣∣∣∣∣∣
,

|S34|=

∣∣∣∣∣∣∣∣
1 −

4πα cos2 πx0
a

iabkγ




fs1 (kL, γL)
cos kL+α[W s

lb(kd, kL)+W s
t (kd, kL)]

− fa1 (kL, γL)
sin kL+α[W a

lb(kd, kL)+W a
t (kd, kL)]




∣∣∣∣∣∣∣∣
,

|S31|2=|S32|2 =
1
2
(1 − |S33|2 − |S34|2), (39)

where

fs1 (kL, γL) = fs(kL, γL) − cos kL
2(γ/k)

(sin 2γL+ 2γL) ,

fa1 (kL, γL) = fa(kL, γL) − sin kL
2(γ/k)

(sin 2γL− 2γL) .

The expressions forW s
t (kd, kL),W a

t (kd, kL),W s
ln(kd, kL),W a

ln(kd, kL),
W s

lb(kd, kL), W a
lb(kd, kL) functions are represented in Appendix B.

2.3. Finite Thickness of the Coupling Region Account

The h finite thickness of the wall between coupled volumes can be
taken into account due to [22, 23] which introduces the de slot effective
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width concept. Then at the (h/λ) � 1, precisely up to the terms of
the {(hd)/λ2} order, we have [22]:

h

d
� 1 : de = d

(
1 − 1

π

h

d
ln
d

h

)
;

h

d
∼>1 : de = d

(
8
πe
e−

π
2

h
d

)
. (40)

The expression in [23] is in good approximation for both cases:

de ∼= de−
πh
2d . (41)

The |S13| coefficient calculations, using the approximate ratios of
(40) and (41) within the limits of 0 ≤ h/2L ≤ 0.2, coincide with the
result, obtained in [24] where the account of the rectangular waveguide
wall thickness has been made by solving two coupling integral equations
with moments method.

2.4. Numerical Results

The plots of the dependences of the |SΣ|2 = |S13|2 + |S14|2 coupling
coefficient from the length of the symmetrical transverse slot in
the common infinitely thin broad wall of two identical rectangular
waveguides are in Figure 2. The dependences have been calculated by
different methods. It is seen that the calculations made by means of
the averaging, variational [4] and moments methods [6] give the values
of the slot resonance length (slot “shortening”) of 2L ∼= 0.47λ. The
results obtained by using the quasi-static [3] and equivalent circuits
(the “reaction” method [12]) methods lead to the resonance value of
2L = 0.5λ that does not correspond the reality. We note that Figure 2
gives the results of solving the problem with the help of the moments
method as a numerical experiment.

In Figure 3 there are the plots of the amplitude-and-phase
distribution J(s) = |J(s)|ei arg J(s) of the current along the
longitudinal/transverse slot in the common infinitely thin broad wall
of two mutually perpendicular waveguides. It is seen that if the
slot for the H10 excitation wave is transverse (Wt → Wlb), then
the amplitude distribution of current is purely symmetrical and the
current phase is constant along the slot length. For another case
of the excitation (Wlb → Wt), the amplitude distribution of the
current is sufficiently asymmetrical and the current phase changes
along the slot. The current distribution curves are of the same kind
in the case of two waveguides coupling through the longitudinal slot
in the common broad wall of the finite thickness of the rectangular



94 Nesterenko et al.

10 11 12 13 14 15 16 17
0.0

0.1

0.2

0.3

0.4

0.5

H10

C
ou

pl
in

g 
co

ef
fic

ie
nt

 |S
Σ|2

Slot length 2L (mm)

 Averaging method
 Variational method [4]
 "Quasi-static" method [3]
 "Reaction" method [12]
 Moment method [6]

Figure 2. The coupling coefficient dependence from the symmetrical
transverse slot length in the common broad wall of two rectangular
waveguides at: a = 22.86 mm, b = 10.16 mm, d = 1.5875 mm,
λ = 32.0 mm, h = 0.0 mm.

waveguides in Figure 4. The calculations have been made according to
the formula (38) (where there is the W s,a

t →W s,a
lb change) and by the

Galerkin’s method: J(s) =
N∑

n=1
Jn sin nπ(L+s)

2L , taking into account 2, 6

and 12 basis functions. We can see that the change of the external
volume sufficiently increases the contribution of the Ja(s) current
antisymmetrical component into the general distribution function.

Thus, the obtained asymptotic solution of the integral equation
concerning the magnetic current in slot-hole coupling apertures
allows us to obtain analytical expressions for the current to the
first approximation which is valid for various ratios between the
wavelength and a longitudinal size of the slot. The given numerical
results demonstrate the efficiency and the effectiveness of such
solution. However, there are some quantitative differences between the
calculated values of electrodynamic characteristics of the slot coupling
apertures, which have been obtained by using the above-mentioned
asymptotic formulas and numerical methods. These differences may
be removed by using the magnetic current expression obtained from
asymptotic solution of the integral equation with the help of the
averaging method in combination with other analytical methods, for
example, with the induced magnetomotive forces method as it was
proposed by the authors in [25–27].
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Figure 3. The current distribution along the longitudinal/transverse
(Wlb and Wt, respectively) slots in the common broad wall of two
mutually perpendicular waveguides at: a = 22.86 mm, b = 10.16 mm,
d = 1.5875 mm, λ = 25.8 mm, 2L = 20.0 mm, x0 = 1.43 mm is the slot
axis position, h = 0.0 mm.
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Figure 4. The current distribution along the longitudinal slot in the
common broad wall of two rectangular waveguides at: a = 22.86 mm,
b = 10.16 mm, d = 1.5875 mm, λ = 25.8 mm, 2L = 20.0 mm,
x0 = 1.43 mm is the slot axis position, h = 2.0 mm.

3. INDUCED MAGNETOMOTIVE FORCES METHOD
FOR ANALYSIS OF COUPLING SLOTS IN
WAVEGUIDES

While applying the moments and Galerkin’s methods to analyse single
and multi-slot elements of the coupling of electrodynamic volumes,
different basis and weight functions can be used: the piecewise [6],
the piecewise linear and piecewise sinusoidal [28], the trigonometric
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[7, 8, 29, 30] and Gegenbauer polynomials [31]. In these cases it is
necessary to solve the system of linear algebraic equations (SLAE)
of the N -order, where N is a number of linearly independent basis
functions. The system matrix elements (N2 in all) cannot always be
obtained analytically, and calculation time increases proportionally to
N3 [32].

For slots system, the order of SLAE increases proportionally to the
number of slots. Therefore it is necessary, to our minds, to approximate
the distribution of the slot equivalent magnetic current by one or two
functions (it depends on an excitation character) as it was done, for
example, in [5, 12, 13]. When only one approximating function exists
for every slot in a multi-slot system, the Galerkin’s method gets the
name the “induced magnetomotive forces method” (IMMFM). In this
case the solution is more accurate when the approximating functions
describing the slot magnetic current distribution are more accurate.
In [5, 12, 13] the half-wave and wave sinusoidal functions were used for
the slot with the 2L ≤ λ length. For longer slots it is necessary to
increase the number of approximating functions.

We suggest better functions of the current distribution for
IMMFM that gives sufficiently satisfactory approximation of the
current in longer longitudinal slots and in the transverse and
longitudinal slots system. These functions have been obtained in
Section 2 (formula (33) for transverse slots and formula (38) for
longitudinal slots) when we solved the integral equation for the slot
magnetic current by the asymptotic averaging method.

3.1. Electrically Long Longitudinal Slot in a Common Broad
Wall of Waveguides

Generally, the projection of the H0s(s) impressed field on the slot
axis and the J(s) magnetic current in it can be represented with two
components — symmetrical and antisymmetrical ones along the slot
with the respect to its centre −H0s(s) = Hs

0s(s) + Ha
0s(s), J(s) =

Js(s) + Ja(s). Owing to this, we can have the following integral-
differential equation for the current (5) in a narrow linear slot:

(
d2

ds2
+ k2

) L∫
−L

[Js(s′) + Ja(s′)] [Ge
s(s, s

′) +Gi
s(s, s

′)]ds′

= −iω [Hs
0s(s) +Ha

0s(s)]. (42)

Let us represent the current as unknown amplitudes and
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distribution functions fixed:

J(s) = Js0f
s(s) + Ja0 f

a(s), (43)

where the fs(s) and fa(s) functions must satisfy the following
boundary conditions: fs(±L) = 0, fa(±L) = 0. From (43) we have
only two unknown amplitudes Js0 and Ja0 . They can be obtained from
two independent equations with the respect of Js0 and Ja0 that we have,
using IMMFM:

Js0 [Y e
s (kd, kL) + Y i

s (kd, kL)] = − iω
2k
Ms(kL),

Ja0 [Y e
a (kd, kL) + Y i

a (kd, kL)] = − iω
2k
Ma(kL), (44)

where

Y e,i
s,a (kd, kL)=

1
2k

L∫
−L

fs,a(s)


(

d2

ds2
+ k2

) L∫
−L

fs,a(s′)Ge,i
s,a(s, s

′)ds′


ds (45)

are the external and inner partial slot admittances and

Ms,a(kd, kL) =

L∫
−L

fs,a(s)Hs,a
0s (s)ds (46)

are the partial magnetomotive forces.
For the longitudinal slot in the broad wall of the rectangular

waveguide due to (38) the fs(s) and fa(s) basis functions have the
following forms:

fs(s) = cos ks cos γL− cos kL cos γs,
fa(s) = sin ks sin γL− sin kL sin γs. (47)

Using (47) we can obtain unknown amplitudes Js0 , Ja0 from (44). It
gives us the opportunity to obtain energy characteristics of the coupling
slot elements. For the longitudinal slot in the common broad wall of
rectangular waveguides, we have:

|S11| = |S13| =
∣∣∣∣2π3 cos2 πx0

a

a3bγk3

[
J̃s0F

s(kL) + J̃a0F
a(kL)

]∣∣∣∣ ,
|S12| =

∣∣∣∣1 −
2π3 cos2 πx0

a

ia3bγk3

[
J̃s0F

s(kL) − J̃a0F a(kL)
]∣∣∣∣ ,

|S14| = |S12 − 1|, (48)
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where

J̃s0 =
F s(kL)

Y e
s (kd, kL)+Y i

s (kd, kL)
, J̃a0=− F a(kL)

Y e
a (kd, kL)+Y i

a (kd, kL)
, (49)

F s(kL) = 2 cos γL
sin kL cos γL− (γ/k) cos kL sin γL

(π/ka)2

− cos kL
sin 2γL+ 2γL

2(γ/k)
,

F a(kL) = 2 sin γL
cos kL sin γL− (γ/k) sin kL cos γL

(π/ka)2

− sin kL
sin 2γL− 2γL

2(γ/k)
.

The expressions for the Y i,e
s (kd, kL), Y i,e

a (kd, kL) admittances are
given in Appendix C.

Generally, the slot can be located at the ϕ angle to the longitudinal
waveguide axis. Then according to the general solution of the integral
Equation (31) for the current, the basis functions of IMMFM have the
forms:

fs(s) =
cos ks cos k2L− cos kL cos k2s

(sinϕ+ (kc/γ) cosϕ)2
eikcx0

−cos ks cos k1L− cos kL cos k1s
(sinϕ− (kc/γ) cosϕ)2

e−ikcx0 ,

fa(s) =
sin ks sin k2L− sin kL sin k2s

(sinϕ+ (kc/γ) cosϕ)2
eikcx0

+
sin ks sin k1L− sin kL sin k1s

(sinϕ− (kc/γ) cosϕ)2
e−ikcx0 , (50)

where: k1 = kc sinϕ+γ cosϕ, k2 = kc sinϕ−γ cosϕ, x0 is the distance
between the narrow waveguide wall and the slot center. Let us note
that at ϕ = 0 formulas (70) are transformed into (47).

The current distribution curves in the case of two rectangular
waveguides coupled through the longitudinal slot in the common broad
wall of the finite thickness are given in Figure 5. The calculations have
been made according to the formulas (43), (47) and by the Galerkin’s
method taking into account 6 basis functions. In the Figure 6, the
plots of the |SΣ|2 = |S13|2 + |S14|2 coupling coefficients dependences of
the longitudinal slot in the broad waveguide wall due to its electrical
length are represented. The calculations have been made with the
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Figure 5. The current distribution along the longitudinal slot in the
common broad wall of two rectangular waveguides at: a = 22.86 mm,
b = 10.16 mm, d = 1.5875 mm, λ = 25.8 mm, 2L = 20.0 mm,
x0 = 1.43 mm is the slot axis position, h = 2.0 mm.

following representations of the magnetic current: a) in the form of

J(s) =
N∑

n=1
Jn sin nπ(L+s)

2L (the Galerkin’s method) b) with the use of

the functions (3.6), c) using the following approximation [5]:

J(s) = Js0 cos
(πs

2L

)
+ Ja0 sin

(πs
L

)
. (51)
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Figure 6. The coupling coefficient dependence from the relative length
of the longitudinal slot in the common broad wall of two rectangular
waveguides at: a = 23.0 mm, b = 10.0 mm, d = a/15, x0 = a/6,
λ/λc = 0.625, h = 2.0 mm.

The Figure 6 also gives the calculated values obtained by using the
finite elements method (FEM) due to the program “CST Microwave
Studio”.

Hence, the approximation (47), when only two basis functions
are used, gives good match with the results obtained by using the
Galerkin’s and the finite elements methods for the longitudinal slots
with the electrical length up to 2L/λ ≤ 2.75 (when it is necessary
to use 12 basis functions for the Galerkin’s method), meanwhile the
(51) approximation is satisfactory for only up to 2L/λ ≤ 1.25. We
think that (51) functions describe the slot current distribution less
accurately than the (47) functions because they do not have the λ, λc
(cut-off H10 wavelength) and λg (wavelength in the waveguide) values
in the distribution, the ratios of which between each other, and slot
length supposes the formation of the magnetic current amplitude-phase
distribution and energy characteristics of the coupling slot holes.

The latter is proved by the plots given in the Figure 7 where
the curves of the coupling coefficient dependences of two identical
waveguides through the longitudinal slot in their common broad wall
from 2L/λ are represented at different values of λ/λc. It is clear if
the λ/λc ratio increases, then the Q-factor of the |SΣ|2 = f(2L/λ)
resonance curves decreases. At definite ratio between 2L/λ and λ/λc,
practically, the full power of the initial wave from one waveguide to
the other one can be transmitted.
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Figure 7. The coupling coefficient dependence from the relative length
of the longitudinal slot in the common broad wall of two rectangular
waveguides at: a = 23.0 mm, b = 10.0 mm, d = a/15, x0 = a/4,
h = 2.0 mm.

3.2. Two Symmetrical Transverse Slots in a Common Broad
Wall of Waveguides

Figure 8. The two symmetrical transverse slots system in the
waveguides common wall.

For the two slots in a waveguide wall (Figure 8), one can obtain
the system of two coupled integral-differential equations for the J1(s1)
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and J2(s2) magnetic currents in the first and the second slots:


(
d2

ds21
+ k2

)[ L1∫
−L1

J1(s′1)G
Σ
s1(s1, s

′
1)ds

′
1 +

L2∫
−L2

J2(s′2)G
Σ
s1(s1, s

′
2)ds

′
2

]
= −iωH0s1(s1),(
d2

ds22
+ k2

)[ L2∫
−L2

J2(s′2)G
Σ
s2(s2, s

′
2)ds

′
2 +

L1∫
−L1

J1(s′1)G
Σ
s2(s2, s

′
1)ds

′
1

]
= −iωH0s2(s2),

(52)

where GΣ
s1,2

(s1,2, s′1,2) = Ge
s1,2

(s1,2, s′1,2)+Gi
s1,2

(s1,2, s′1,2), H0s1(s1) and
H0s2(s2) are the projections of the field of the impressed sources to the
slot axes.

As in a previous case (in Section 3.1) the currents in every slot
can be written in the following way:

J1(s1) = J01f1(s1), J2(s2) = J02f2(s2); f1(±L1) = 0, f2(±L2) = 0.
(53)

Due to the induced magnetomotive forces method used for two
slots system, we transform (52) into the following algebraic equations
system relative to J01 and J02 unknown amplitudes:{

J01Y
Σ
11(kL1, kL1) + J02Y

Σ
12(kL1, kL2) = − iω

2kM1(kL1),
J01Y

Σ
21(kL2, kL1) + J02Y

Σ
22(kL2, kL2) = − iω

2kM2(kL2).
(54)

Here

Y Σ
mn(kLm, kLn)=

1
2k

Lm∫
−Lm

fm(sm)


( d2

ds2m
+k2

)Ln∫
−Ln

fn(s′n)GΣ
sm

(sm, s′n)ds
′
n


dsm,

(m,n = 1, 2) (55)

are the eigen (m = n) and mutual (m 
= n) slots admittances,
respectively;

Mm(kLm) =

Lm∫
−Lm

fm(sm)H0sm(sm)dsm, (m = 1, 2) (56)

are the magnetomotive forces.
In the case of two symmetrical transverse slots, the currents in

them are also symmetrical. They can be represented as (kc = 2π/λc,
λc is the cut-off H10 wavelength) due to (33):

fm(sm) = cos ksm cos kcLm − cos kLm cos kcsm, (m = 1, 2). (57)
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Using (57) we can obtain unknown amplitudes J01, J02 from (54).
It gives us the opportunity to obtain energy characteristics of the
coupling slots elements:

|S11| = |S13| =
∣∣∣∣ 2πγ
abk3

[
J̃1F (kL1) + e−iγz0 J̃2F (kL2)

]∣∣∣∣ ,
|S12| =

∣∣∣∣1 − 2πγ
iabk3

[
J̃1F (kL1) + eiγz0 J̃2F (kL2)

]∣∣∣∣ ,
|S14| = |S12 − 1‖, (58)

where

J̃1 =
F (kL1)Y Σ

22(kd2, kL2) − e−iγz0F (kL2)Y Σ
12(kL1, kL2)

Y Σ
11(kd1, kL1)Y Σ

22(kd2, kL2) − [Y Σ
12(kL1, kL2)]2

,

J̃2 =
e−iγz0F (kL2)Y Σ

11(kd1, kL1) − F (kL1)Y Σ
12(kL1, kL2)

Y Σ
11(kd1, kL1)Y Σ

22(kd2, kL2) − [Y Σ
12(kL1, kL2)]2

,

(59)

F (kLm) = 2 cos kcLm
sin kLm cos kcLm − (kc/k) cos kLm sin kcLm

1 − (kc/k)2

− cos kLm
sin 2kcLm + 2kcLm

(2kc/k)
.

The expressions for the Ymm(kdm, kLm), Ymn(kLm, kLn) admit-
tances are given in Appendix C.

In the Figures 9, 10 the coupling coefficients dependences are given
for the system of two identical, rectangular symmetrical transverse
slots where the distance between them equals z0. The calculations
have been made with the following representations of the magnetic

current: a) in the form of Jm(s) =
N∑

n=1
Jmn sin nπ(L+s)

2L (the Galerkin’s

method); b) with the use of the functions (57); c) using the following
approximation:

Jm(s) = J0m cos
(
πsm
2Lm

)
, m = 1, 2. (60)

It is seen that in the case of two transverse slots, the (57)
approximation is good. It gives satisfactory coincidence with the
results of the Galerkin’s method and the experimental data in different
parts of the band of the operating length of the H10-wave, especially
at the resonance points. The (60) basis functions change the resonance
frequency values.
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Figure 9. The coupling coefficient dependence from the wavelength
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Figure 11. The coupling coefficient dependence from the wavelength
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The energetic characteristics of the slots system are represented
in Figures 11–14 in dependence from their mutual locations and the
wavelength. To be more certain let us consider that λav = 32.53 mm
is the average wavelength of a single-mode range of the waveguide at
λg = λc.

The analysis of the plots and expressions (58) and (59) for the
currents and energetic characteristics of slots system allows us to make
the following conclusions.

• A sufficient increase of the |SΣ|2 coupling coefficient in the narrow
range of frequencies (Figure 11) is observed at the distances
z0 < (λav/2) because of strong coupling between the slots along
the higher oscillation modes. We note, that if z0 � (λav/2), then
ReJ̃1 = −ReJ̃2, ImJ̃1 = ImJ̃2 (more over ImJ̃ � ReJ̃) and due
to (58) |S11| = |S12| = |S13| ∼= 0, |S14| ∼= 1, that is, practically, the
full-power of the incident wave enter to the region 4 (z0 = 2 mm
in Figure 11).

• If the distance between the slots z0 ≥ (λav/2) and 2L1 = 2L2,
then |SΣ|2 does not depend on z0 at the resonance wavelength
λres of a single slot (Figure 12, the curve for λ = 33.7 mm).

• At z0 = (nλresg /2)(n = 1, 2, 3 . . . , λresg is the wavelength in the
waveguide, corresponding to the resonance wavelength of a single
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slot) it follows from (58) that in the case 2L1 = 2L2 the radiation
coefficient |SΣ|2=0.5, and it does not depend on the wavelength
in the neighbourhood of the resonance of a single slot (Figure 12).
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Figure 12. The coupling coefficient dependence from the distance
between the slots for a pair of transverse slots in the common broad
wall between a pair of rectangular waveguides at: a = 23.0 mm,
b = 10.0 mm, d1 = d2 = 1.6 mm, 2L1 = 2L2 = 16.0 mm, h = 0.0 mm.

• Because of strong mutual influence of the slots on each other
the minimal value of the reflection coefficient |S11|2 is reached at
z0 = 0.4λg and not for z0 = 0.25λg, as it was when the interaction
was absent (Figure 13). In this case |S12|2 = |S14|2 = 0.5, that is,
full incident power is divided equally between the regions 2 and 4.

• If z0 = λresg /2 = 24.8 mm (λres = 33.7 mm for 2L = 2L1 = 2L2 =
16 mm), then power entering the region 1 of the main waveguide, is
divided into four equal parts in the wide range of the wavelengths:
|S11|2 = |S12|2 = |S13|2 = |S14|2 = 0.25 (Figure 14).

3.3. Two Longitudinal Slots in a Common Broad Wall of
Waveguides

For the two longitudinal slots in the broad wall of a waveguide
(Figure 15) the system of coupled integral-differential equations has
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Figure 15. The two longitudinal slots system in the waveguides
common wall.

the following form concerning the magnetic currents J1(s1) and J2(s2):


(
d2

ds21
+ k2

)[ L1∫
−L1

J1(s′1)G
Σ
s1(s1, s

′
1)ds

′
1+

L2∫
−L2

J2(s′2)G
Σ
s1(s1, s

′
2)ds

′
2

]

= −iω[Hs
0s1

(s1) +Ha
0s1

(s1)],(
d2

ds22
+ k2

)[ L2∫
−L2

J2(s′2)G
Σ
s2(s2, s

′
2)ds

′
2+

L1∫
−L1

J1(s′1)G
Σ
s2(s2, s

′
1)ds

′
1

]

= −iω[Hs
0s2

(s2) +Ha
0s2

(s2)].

(61)

Here GΣ
sm

(sm, s′n) = Gi
sm

(sm, s′n)+Ge
sm

(sm, s′n)(m,n = 1, 2), Hs,a
0sm

are the projections of symmetrical (index “s”) and antisymmetrical
(index “a”) components of the magnetic field of impressed sources to
the slot axes.

As in the case of a single longitudinal slot (Section 3.1) slot
currents can be represented in the form of unknown amplitudes and
fixed distribution functions:

J1(s1) = Js01f
s
1 (s1) + Ja01f

a
1 (s1), J2(s2) = Js02f

s
2 (s2) + Ja02f

a
2 (s2) ,

(62)

and the functions fs,am (sm) must also satisfy the edge conditions
fs,am (±Lm) = 0.

Substituting (62) in the Equations (61) we obtain the system of
linear algebraic equations concerning the unknown amplitudes of the
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currents Js,a0m:


Js
01Y

Σss
11 (kL1, kL1) + Js

02Y
Σss
12 (kL1, kL2) + Ja

02Y
Σsa
12 (kL1, kL2) = − iω

2k
Ms

1 (kL1),

Ja
01Y

Σaa
11 (kL1, kL1) + Js

02Y
Σas
12 (kL1, kL2) + Ja

02Y
Σaa
12 (kL1, kL2) = − iω

2k
Ma

1 (kL1),

Js
02Y

Σss
22 (kL2, kL2) + Js

01Y
Σss
21 (kL2, kL1) + Ja

01Y
Σsa
21 (kL2, kL1) = − iω

2k
Ms

2 (kL2),

Js
02Y

Σaa
22 (kL2, kL2) + Js

01Y
Σas
21 (kL2, kL1) + Ja

01Y
Σaa
21 (kL2, kL1) = − iω

2k
Ma

2 (kL2).

(63)

Here

Y

Σ

{
ss sa
as aa

}
mn (kLm, kLn)

=
1
2k

Lm∫
−Lm

fs,am (sm)


(

d2

ds2m
+ k2

) Ln∫
−Ln

fs,an (s′n)GΣ
sn

(sm, s′n)ds′n


dsm (64)

are the eigen (m = n) and mutual (m 
= n) admittances of the slots;

M s,a
m (kLm) =

Lm∫
−Lm

fs,am (sm)Hs,a
0sm

(sm)dsm (65)

are the partial magnetomotive forces. Due to (38) the functions
fs,am (sm) equal to:

fsm(sm) = cos ksm cos γLm − cos kLm cos γsm,

fam(sm) = sin ksm sin γLm − sin kLm sin γsm.
(66)

For two longitudinal slots in the common broad wall of rectangular
waveguides the S11 reflection and S12 transmission coefficients, the S13

and S14 transfer ones along the field and the |SΣ|2 power transfer
coefficient have the form:

S11 = − 4πk2
c

ωabγH0




cos πx01
a

L1∫
−L1

J1(s1)e−iγs1ds1

+e−iγz0 cos πx02
a

L2∫
−L2

J2(s2)e−iγs2ds2



e2iγz,



Progress In Electromagnetics Research, PIER 70, 2007 111

S12 = 1 − 4πk2
c

ωabγH0




cos πx01
a

L1∫
−L1

J1(s1)eiγs1ds1

+eiγz0 cos πx02
a

L2∫
−L2

J2(s2)eiγs2ds2



,

S13 = S11, S14 =S12−1, |SΣ|2 = |S13|2+|S14|2 =1−|S11|2−|S12|2. (67)

In the case of electromagnetic coupling of two identical rectangular
waveguides via couple of longitudinal slots of the same lengths (2L1 =
2L2 = 2L) and widths (d1 = d2 = d), located at z0 = 0, we obtain
Y Σsa,Σas
mn = 0 and solution of the equations system (63) is sufficiently

simplified. As a result we have (Y Σss,Σaa
mn → Y Σs,Σa

mn = 2Y is,ia
mn ):

Js0m = − iω

2k2
H0J̃

s
0m, J

a
0m = − iω

2k2
H0iJ̃

a
0m,

{
m = 1, n = 2
m = 2, n = 1

}
,

J̃s,a0m = fs,a(kL)
cos πx0m

a Y Σs,Σa
nn (kL)−cos πx0n

a Y Σs,Σa
mn (kL)

Y Σs,Σa
mm (kL)Y Σs,Σa

nn (kL)−Y Σs,Σa
mn (kL)Y Σs,Σa

nm (kL)
.

(68)

S11 = − 2πk2
c

iabγk3

{
cos πx01

a [J̃s01f
s(kL) + J̃a01f

a(kL)]
+ cos πx02

a [J̃s02f
s(kL) + J̃a02f

a(kL)]

}
e2iγz,

S12 = 1 − 2πk2
c

iabγk3

{
cos πx01

a [J̃s01f
s(kL) − J̃a01fa(kL)]

+ cos πx02
a [J̃s02f

s(kL) − J̃a02fa(kL)]

}
,

(69)

where

fs(kL) = 2 cos γL
sin kL cos γL− (γ/k) cos kL sin γL

1 − (γ/k)2

− cos kL
sin 2γL+ 2γL

2(γ/k)
,

fa(kL) = 2 sin γL
cos kL sin γL− (γ/k) sin kL cos γL

1 − (γ/k)2

− sin kL
sin 2γL− 2γL

2(γ/k)
.

The expressions for the Y

{
ss sa
as aa

}
mn (kLm, kLn), Y {s, a}

mn (kL) admittances
are given in Appendix C.

Figures 16, 17 give the plots of the dependencies of the coupling
coefficient |SΣ|2 = |S13|2 + |S14|2 from a slots electrical length at their
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Figure 16. The coupling coefficient dependence from the relative
length of the longitudinal slots in the common broad wall of two
rectangular waveguides at: a = 23.0 mm, b = 10.0 mm, d = a/15,
λ/λc = 0.625, h = 2.0 mm.
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Figure 17. The coupling coefficient dependence from the relative
length of the longitudinal slots in the common broad wall of two
rectangular waveguides at: a = 23.0 mm, b = 10.0 mm, d = a/15,
λ/λc = 0.625, h = 2.0 mm.

different location relative to each other and wavegude walls. As one can
see, two closely located slots have sufficiently differing characteristics
|SΣ|2 = f(2L/λ) in dependence from their locations in a waveguide
wall, and what’s more, if one of the slots is on the axis line of a
waveguide, two resonances located on the sides of resonance peaks
for a single slot take place (Figure 17). The explanation of this fact
can be obtained with the help of the plots in Figure 18, where we give
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the curves of change of the normalized values of current amplitudes
and slots conductivities in the range of 0.4 ≤ 2L/λ ≤ 0.5, when main
contribution to the currents is made by symmetrical components. At
x02 = a/2 it is resulted from the (69) that energetic characteristics of
slots systems will be defined by the current in the first one of them,
the amplitude of which equals (index “s” is omitted) due to (68):

J̃01 =
1
2 cos πx01

a f(kL)
[ReY i

11(kL) − ReY i
c (kL)] + iImY i

11(kL)
,

ReY i
c (kL) =

ReY i
12(kL)ReY i

21(kL)
ReY i

22(kL)
,

(70)

where we take into account that Y i
mn = ReY i

mn + iImY i
mn and ImY i

22 =
ImY i

12 = ImY i
21 = 0.

The analysis of the formula (70) shows that in the case the single
slot (Y i

12 = Y i
21 = 0) a current amplitude reaches the maximum

value if the ReY i
11(kL) = 0 conditions are fulfilled, that is, when the

reactive energy of all non-spreading modes of oscillations in the slot
neighbourhood equals to null (resonance). If we have another slot,
located on the waveguide axis line, a ReY i

c (kL) value, proportional to
1/ReY i

22(kL) is added to the ReY i
11(kL) value, what’s more, it occurs

because of smallness of the ∆x = |x01 − x02| value, as it is seen from
the plots ReY i

22(kL) ∼= ReY i
11(kL), and ReY i

12(kL) = ReY i
21(kL) 
= 0.

Thus, in this case the current amplitude is in inverse proportion to
a function F (x) = f(x) − C2

f(x) , the null equality of which, that is
ReY i

11(kL)−ReY i
c (kL) = 0, is the resonance condition for the very slots

couple. From the kind of the F (x) function it follows that the current
amplitude is minimal at ReY i

11(kL) = 0 and it has two maximums at
ReY i

11
∼= ±ReY i

12, as it is shown in Figure 18.
Let us note that in the following resonance (0.9 ≤ 2L/λ ≤ 1.0)

all written above is valid, but the main contribution will be made into
the current amplitude by the antisymmetrical component. From the
plots in Figure 19 it is seen, that the transmission coefficients into
the second wavegude are equal between each other |S13| = |S14| for
the slots system in question, that is, such a structure does not have
directed qualities at the given slots lengths. Both for a single slot and
in the case of two slots phase transition of the reflection coefficient
via null (argS11 = 0) is the resonance condition at which the field
amplitude, scattered by slots, sharply increases [33].

If a couple of slots is symmetrically located relatively to the
waveguide axis line (Figure 20), then the decrease of the ∆x distance
between them leads to the goodness of resonance peaks (the interaction
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relative length of the longitudinal slots in the common broad wall of
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Figure 19. The coupling coefficients dependences from the relative
length of the longitudinal slots in the common broad wall of two
rectangular waveguides at: a = 23.0 mm, b = 10.0 mm, d = a/15,
λ/λc = 0.625, h = 2.0 mm.

level of the slots with the exciting field decreases) and a significant
shift of the slots resonance line into the region of “shortening” (in
comparison with the adjusted slot 2L = nλ/2, n = 1, 2, 3 . . . ), that
corresponds to the character of change of the resonance line value of a
single longitudinal slot in dependence of its location relatively to the
axis line of the broad waveguide wall [33].

The comparison with the Galerkin’s method (Figure 20, the curve
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Figure 20. The coupling coefficient dependence from the relative
length of the longitudinal slots in the common broad wall of two
rectangular waveguides at: a = 23.0 mm, b = 10.0 mm, d = a/15,
x02 = a− x01, λ/λc = 0.625, h = 2.0 mm.

—o—) proves adequacy of the proposed basic functions to physical
process of this very considered waveguide-slotted structure.

3.4. Multi-slot Coupling Through Symmetrical Transverse
Slots in a Common Broad Wall of Waveguides

The system, depicted in Figure 21, consists of N narrow
({dn/(2Ln)} � 1, {dn/λ} � 1, where 2Ln dn are the length and
width of the n-th slot) rectangular slots, located in the broad wall of
thickness h of a rectangular waveguide with its cross section {a1 × b1}
symmetrically about its longitudinal axis and radiating into the rect-
angular waveguide with cross section {a2 × b2}.

After approximation of the current in the slots as

J i,en (sn) = J i,e0nfn(sn), fn(±Ln) = 0, (71)

where fn(sn) are some preset functions, and using the boundary
conditions of continuity of tangential components of magnetic fields on
both surfaces of each slot, we arrive at a SLAE in terms of unknown
current amplitudes J i,e0n

N∑
m=1

N∑
n=1

(J i0n + Je0n)Y Wgi,R,Wge

mn (kLm, kLn) = − iω
2k
M i

m(kLm). (72)
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Figure 21. The multi-slot system in the waveguides common wall.

where

Y Wgi,R,Wge

mn (kLm, kLn)

=
1
2k

Lm∫
−Lm

fm(sm)


(

d2

ds2m
+k2

) Ln∫
−Ln

fn(s′n)GWgi,R,Wge

sm
(sm, s′n)ds′n


dsm (73)

are the eigen (m = n) and mutual (m 
= n) slots admittances,
respectively,

M i
m(kLm) =

Lm∫
−Lm

fm(sm)H0sm(sm)dsm (74)

are the magnetomotive forces, GWgi,R,Wge

sm are the quasi-onedimensional
Green’s magnetic functions of the infinite (semi-infinite) rectangular
waveguide (Wg), rectangular resonator (R), formed by the slot cav-
ity, respectively, and H0sm are projections of the magnetic field from
impressed sources on the axes of the slots.

The calculations and the comparison with the results, obtained by
other methods, showed that the formulas (40) and (41) to define the
slot effective width de, taking into account the finite thickness of the
waveguides walls, become less accurate as the slots number increases
(N > 2). So, we consider one more electrodynamic volume, which is
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a rectangular resonator, formed by the slot cavity. The J in(sn) and
Jen(sn) magnetic currents on the internal (index “i”, region 1–2) and
external (index “e”, region 3–4) surfaces of the slots, correspondingly,
will result at the SLAE (72) solution.

Provided that the system is excited by an H10-type wave with
amplitude H0 propagating in the waveguide from the domain z = −∞
let us take for fm,n(sm,n) the functions (57)

fm,n(sm,n) = cos ksm,n cos kcLm,n − cos kLm,n cos kcsm,n, (75)

Having substituted (75) into (73) and (74), we find all coefficients
of SLAE (72). Resolving this system permits to find the energy
characteristics of the waveguide-slotted structure under investigation.

The expressions for the S11 reflection and S12 transmission
coefficients, the S13 and S14 transfer ones along the field and the |SΣ|2
power transfer coefficient of the structure under consideration can be
written as

S11 =
2πiγ1
a1b1k3

{
N∑

n=1

J i0nF (kLn)e−iγ1zn

}
e2iγ1z,

S12 = 1 +
2πiγ1
a1b1k3

{
N∑

n=1

J i0nF (kLn)eiγ1zn

}
, (76)

S13 =
2πiγ2
a2b2k3

{
N∑

n=1

Je0nF (kLn)e−iγ2zn

}
e2iγ2z,

S14 =
2πiγ2
a2b2k3

{
N∑

n=1

Je0nF (kLn)eiγ2zn

}
,

|SΣ|2 = |S13|2 + |S14|,

where

F (kLn) = 2 cos kcLn
sin kLn cos kcLn − (kc/k) cos kLn sin kcLn

1 − (kc/k)2

− cos kLn
sin 2kcLn + 2kcLn

2kc/k
.

The expressions for the Y Wg
mn (kLm, kLn), Y R

mn(kLm,n) admittances are
given in Appendix C.

The Figure 22 gives the dependences of the |S11|, |S12|, |S13|,
|S14| and |SΣ|2 coupling coefficients from the wavelength for the
system consisting of 16 slots of equal length, the distance between
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Figure 22. The coupling coefficients dependence from the wavelength
for the system of 16 transverse slots in the common broad wall of
two identical rectangular waveguides at: a = 23.0 mm, b = 10.0 mm,
dn = 1.6 mm, 2Ln = 16.0 mm, ∆zn = 12.4 mm, h = 0.2 mm.

which equals z0m = λresg /4, where λresg is the waveguide wavelength,
which corresponds to the λres resonance wavelength of the single slot
(λres = 33.7 mm for 2L = 16 mm). As it is seen from the plots, the
power in this case, entering the first shoulder of the main waveguide
(a region 1) is divided into 4 equal parts in sufficiently wide range of
wavelengths (∆λ/λres = 0.15).

However, the quantitative ratios of the coupling coefficients
relative to each other can be distributed differently in other parts of the
H10-wave band. Thus, for example, the region, where the whole power
of the incident wave propagates along the main waveguide (from the
region 1 to the region 2), and does not enter into the second waveguide
(Figure 23), exists. On the contrary, the directional coupling takes
place in definite parts of the one-mode band: from the region 1 into the
region 4 (Figure 24); moreover the |S14| coefficient value can amount
to the value 1.0 (Figure 24(b)).

Note, that here we take into account full interaction between all
slots for a finite thickness of waveguides walls and the calculation time
is far less then when the Galerkin’s or the finite elements methods are
used.
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Figure 23. The coupling coefficients dependence from the wavelength
for the system of 16 transverse slots in the common broad wall of
two identical rectangular waveguides at: a = 23.0 mm, b = 10.0 mm,
dn = 1.6 mm, 2Ln = 16.0 mm, ∆zn = 12.4 mm, h = 0.2 mm.

4. RESONANT IRIS WITH THE SLOT ARBITRARY
ORIENTED IN A RECTANGULAR WAVEGUIDE

With the beginning of development of microwave technology the
resonant irises, which have length and width less than the sizes of
a waveguide cross section, are the integral part of elementary basis
of different devices, for example, band-pass and band-rejection filters
[34–36], transformers and diaphragmatic resonant joints of rectangular
waveguides [37, 38] and so on. Starting with the classical monograph
written by Levin L. [39], a considerable number of publications were
devoted to the investigation of electrodynamic characteristics of a
resonant iris directly as an elementary cell of complex waveguides
units. In these papers the irises of infinite small and finite thicknesses,
the slot axes of which are parallel to the broad walls of a rectangular
waveguide (coordinate irises) were analyzed by different methods (both
analytical and numerical ones). The investigation of the rectangular
slot arbitrary located in the plane of a waveguide was evidently made
in [40] by the numerical method of moments. However, the calculated
and experimental values given in [40] correspond to the non-resonant
apertures (the coordinate iris is an exception) and do not answer the
question how angular deflection of the slot in the plane of the cross
section of a waveguide influences the electrodynamic characteristics
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Figure 24. The coupling coefficients dependence from the wavelength
for the system of 16 transverse slots in the common broad wall of
two identical rectangular waveguides at: a = 23.0 mm, b = 10.0 mm,
dn = 1.6 mm, 2Ln = 16.0 mm, ∆zn = 12.4 mm, h = 0.2 mm.

of a resonant iris. These investigations were made in [41], where the
task of a oblique iris of the finite thickness in a rectangular waveguide
has been solved by means of the rigorous method of the generalized
matrices of scattering (matrix operators), and some calculated results
are given for the reflection coefficient and goodness of hollow and filled
by dielectric irises in a rectangular and square waveguides.

This Section represents the problem solution of electromagnetic
waves scattering on the resonant iris of the finite thickness with the
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arbitrary oriented slot in the plane of the cross section of a rectangular
waveguide. The influence of geometric parameters of such a structure
on its electrodynamic characteristics has been analyzed in details on
basis of the obtained approximate analytical problem solution.

4.1. Problem Formulation

Let the resonant iris the slot of which is arbitrary oriented in the plane
of the cross section of a waveguide (Figure 25) be located in the region
0 ≤ z ≤ h of an infinite rectangular waveguide by the section {a× b}.
The impressed sources of harmonic electromagnetic fields set by the
magnetic intensities 
H1

0 (
r ) and 
H2
0 (
r ) (where 
r is the radius-vector

in Cartesian coordinate system (x, y, z)) are situated in the volumes 1
and 2, representing semi-infinite rectangular waveguides. The volume
3 (a slot cavity) is limited by the surfaces S1 and S2 and is free from
the impressed sources.

(a)

(b)

Figure 25. The problem formulation and the symbols used.

Let us formulate the boundary conditions of continuity of
tangential components of full magnetic fields on the apertures S1 and
S2 in order to solve the problem of electromagnetic waves scattering
on the iris in question:



H1

0τ (
r ) + 
H1
τ [
r, 
J1(
r )] = 
H3

τ [
r, 
J1(
r )] + 
H3
τ [
r, 
J2(
r )]

∣∣∣
on S1

,


H3
τ [
r, 
J1(
r )] + 
H3

τ [
r, 
J2(
r )] = 
H2
0τ (
r ) + 
H2

τ [
r, 
J2(
r )]
∣∣∣
on S2

,
(77)
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where 
J1(
r ) and 
J2(
r ) — the unknown equivalent surface magnetic
currents on the holes S1 and S2 at their conditional metallization;

H1
τ , 
H2

τ , 
H3
τ — the tangential (respectively to the iris plane)

components of the scattering magnetic fields in the volumes 1, 2 and
3, correspondingly.

Further we suppose that the slot of the iris is narrow, that is, its
length 2L and its width d satisfy the inequathions

d

2L
� 1,

d

λ
� 1. (78)

Then the surface magnetic fields on S1 and S2 can be represented in
the following form:


J1(s1, ξ1) = 
es1J1(s1)χ(ξ1), 
J2(s2, ξ2) = 
es2J2(s2)χ(ξ2), (79a)
J1(±L) = 0, J2(±L) = 0. (79b)

Here 
es1 and 
es2 are the single orts of the local coordinates (s, ξ)
coupled with the slot (Figure 25(b)), and χ(ξ) is the function, taking
account the electric field behaviour on the edges of the slot cavity [42].

Function χ(ξ), satisfying the normalization condition:

d/2∫
−d/2

χ(ξ)dξ = 1. (80)

Particularly, at h = 0 (the infinite thin iris) χ(ξ) has the form:

χ(ξ) =
1/π√

(d/2)2 − ξ2
. (81)

In the case when h 
= 0 (the iris of the finite thickness iris each of the
edges of slot cavity represented an perfectly conductive rectangular
wedge) χ(ξ) has the form:

χ(ξ) =
Γ(7/6)/Γ(2/3)

√
π(d/2) 3

√
1 − (2ξ/d)2

, (82)

where Γ(x) is the Gamma-function.
It is shown in [22] that if H1

0s1
(s1)+H2

0s2
(s2) 
= 0 (where H1

0s1
(s1)

and H2
0s2

(s2) are the projections of the magnetic fields of the impressed
sources to the longitudinal slot axes) and (h/λ) � 1, one can suggest
that J1(s1) ≈ J2(s2) = J(s) with the accuracy to the values of the
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{(hd)/λ2} order under the condition, that the volume 3 is a rectangular
resonator (the volumes 1 and 2 are arbitrary). Then the problem of
the d slot width in the wall of the h finite thickness is reduced to the
problem of the slot with “the equivalent” width de in the infinite thin
wall after substitution (79a) into the equations system (77), taking into
account (80)–(82):

H1
0s(s) +H1

s [s, J(s)] = H2
0s(s) +H2

s [s, J(s)]
∣∣
z=0

. (83)

For all that, de is coupled with d in the following way [22, 23]:

de = d
K

E(K)
, (84)

where E(K) is the complete elliptic integral of the second kind, K is
the integral modulus. We obtain suitable calculated ratios from (84)
in the extreme cases as it is shown in Section 2.3 (formulas (40) and
(41)).

Taking into account all, mentioned above, and supposing that the
impressed field in the second volume equals null (index “1” is omitted),
we get the integral-differential equation concerning the J(s) magnetic
current in the slot from (83):

(
d2

ds2
+ k2

) L∫
−L

J(s′)[G1
s(de; s, s

′)+G2
s(de; s, s

′)]ds′ = −iωH0s(s). (85)

Here functions G1,2
s (de; s, s′) are the s-components of the quasi-

onedimensional |ξ − ξ′| ≈ de/4 magnetic dyadic Green’s function
Ĝm(
r, 
r ′) for the Hertz’s vector potentials of the first and second
volumes, correspondingly (see Appendix A).

4.2. Solution of the Equation for a Magnetic Current

In Section 2 we have obtained the asymptotic solution of the integral-
differential Equation (85) for the magnetic current in the narrow slot,
coupling two arbitrary electrodynamic volumes with the help of the
averaging method:

Js,a(s) = A(−L) cos ks+B(−L) sin ks

+α

s∫
−L

{
iω

k
Hs,a

0s (s′) + F s,a
N [s′, A,B]

}
sin k(s− s′)ds′. (86)
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Here α = 1
8 ln(de/(8L)) is the natural small parameter of the problem.

Supposing that the wave of the main mode H10 with the H0

amplitude propagates from region z = −∞ in the first waveguide,
we have:

H0s(s) = 2H0 cosϕ
[
sin
πx0

a
cos

π(s cosϕ)
a

+ cos
πx0

a
sin
π(s cosϕ)

a

]
.

(87)

Then the current in the slot has the following form, taking into account
its symmetrical and antisymmetrical components (relatively to the slot
centre s = 0):

J(s) = J0f(s) = −α2H0 cosϕ
2iω/k2

[1 − (k̃/k)2][sin 2kL+ α2W0(kde, 2kL)]

×
{

sin πx0
a sin kL(cos ks cos k̃L− cos kL cos k̃s)

+ cos πx0
a cos kL(sin ks sin k̃L− sin kL sin k̃s)

}
, (88)

where J0 is the amplitude, f(s) is the current distribution function,
k̃ = π

a cosϕ, W0(kde, 2kL) is the slot own field function, defined by the
corresponding components of the magnetic dyadic Green’s function of
a half-infinite rectangular waveguide.

It follows from the analysis of the current expression (88) that
in the case of a resonance slot (kL ≈ π/2) its antisymmetrical
component is always small in comparison with a symmetrical one
because | cos πx0

a cos kL| � | sin πx0
a sin kL| in the frequencies range

of the H10 wave mode of a standard rectangular waveguide. So, to
investigate influence of the angle of rotation ϕ on the iris characteristics
we assume in the formula (88) x0 = a/2, y0 = b/2. Then, taking into
account that the ratio is performed,

W0(kde, 2kL) = 2 sin kLWϕ(kde, kL), (89)

the expressions for the current and the own field functions of the slot
are considerably simplified:

J(s) = −αH0 cosϕ
(

2iω
k2

)
{
cos ks cos π

a (L cosϕ) − cos kL cos π
a (s cosϕ)

}[
1 −

(
π
ka cosϕ

)2
]
[cos kL+ α2Wϕ(kde, kL)]

. (90)

We note, that if x0 = a/2 and y0 
= b/2, and ϕ 
= 0,
then the addendums, proportional to cos kL, will be present in the
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own field function of the slot W0(kde, 2kL); that is, the ratio (89)
not will be performed. And for all that, both “symmetrical” and
“antisymmetrical” components, are not defined by the slot excitation
(in H0s(s) only a symmetrical component is present), but its location
relatively to the waveguide walls, and they influence the near field of
the iris.

The formula for the current (90) fully defines the S11 reflection
coefficient and S12 transmission coefficient of the fundamental wave in
the considered slot iris:

S11 = (1 + S12) e2iγz,

S12 = −α 16πγ cos2 ϕfϕ(k̃L)
iabk3[1 − (k̃/k)2][cos kL+ α2Wϕ(kde, kL)]

.
(91)

Here

fϕ(k̃L) = 2 cos k̃L
sin kL cos k̃L− (k̃/k) cos kL sin k̃L

1 − (k̃/k)2

− cos kL
sin 2k̃L+ 2k̃L

2(k̃/k)
.

The dispersive equation, defining its resonance frequencies, on
which the equality of period average values of electrical and magnetic
energies of the near fields takes place, follows from the null equality
condition of the imaginary part of the reflection coefficient from the
iris ImS11 = 0:

cos(kL)res + α2ReWϕ (kde, (kL)res) = 0, (92)

at the same time the current distribution (90) has the maximum
amplitude and null phase.

Let us define the approximate solution of the Equation (92),
expanding the unknown value (kL)res into the series due to the small
α parameter degrees:

(kL)res = (kL)0 + α(kL)1 + α2(kL)2 + . . . (93)

If we substitute (93) into (92) and make equal the addendums at the
same α degrees with the accuracy to the α2 order terms, we get:

(kL)res ≈
π

2
+ α2ReWϕ

(
πde
2L
,
π

2

)
, (94)

where ReWϕ is the real part of the Wϕ.
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If x0 = a/2, ϕ = 0, and y0 is arbitrary (the coordinate symmetrical
iris), then the expressions for the current and reflection coefficient have
the form:

J(s) = −αH0

(
2iω
γ2

) (
cos ks cos π

aL− cos kL cos π
as

)
cos kL+ α2W (kde, kL)

, (95)

S11 =

{
1 − α

16π f
(
kL, πLa

)
iabkγ[cos kL+ α2W (kde, kL)]

}
e2iγz, (96)

f(kL,
πL

a
) = 2 cos

πL

a

sin kL cos πL
a −

(
π
ka

)
cos kL sin πL

a

1 − (π/ka)2

− cos kL
sin 2πL

a + 2πL
a

(2π/ka)
.

The own field function of the slot W (kde, kL) equals at kL = π/2:

W

(
πde
2L
,
π

2

)
=
π2

abL

×
∞∑

m=1,3...

∞∑
n=0

εn cos2 kxL
kz[(π/(2L))2 − k2

x]
cos kyy0 cos ky

(
y0 +

de
4

)
. (97)

Here εn = 1 at n = 0; εn = 2 at n 
= 0; kx = mπ/a, ky = nπ/b,

kz =
√
k2
x + k2

y − (π/(2L))2 (m,n are integers).
The formula (97) can be resulted in expressions not containing

double series (see Appendix D). Then we get the formula for the
resonance wavelength λres of the symmetrical (x0 = a/2) iris with
the slot length 2L, the width d and the thickness h at its arbitrary
location relatively to the y0 = b/2 line in the waveguide of the {a× b}
crosssection from:

λres
λc

=
2L/a

1 + α
(

2
π

)
ReW

(
πde
2L ,

π
2

) , (98)

where λc is the cut-off H10 wavelength,

ReW
(
πde
2L
,
π

2

)
∼= 2π




4 cos2 πL
a

γ2
10aL




2π cos2 πy0
b

k11b
− 2 cos2

πy0

b

+

(
γ10b

9

)2

cos2
2πy0

b
− ln

(
πde

2b
sin

πy0

b

)


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−
4 cos2 3πL

a

k2
30aL

[
K0

(
k30
de
4

)
+K0(2k30y0)

]
+

(
ln

16L
de

− 1
)

− ln
1 − L/a
1 + L/a

+ ln
1 − 2L/a
1 + 2L/a

+ ln
1 − 2L/(3a)
1 + 2L/(3a)

− a

2L

[
ln

(
1−

(
2L
a

)2
)
−2 ln

(
1−

(
L

a

)2
)

+3 ln

(
1−

(
2L
3a

)2
)
−

(
L

a

)2
]

− 4a
π2L


 K0

(
πde

4a

)
sin2 πL

a
+

1

9
K0

(
3πde

4a

)
sin2 3πL

a

+

∞∑
m=5,7...

K0

(
mπde

4a

)
/m2





 . (99)

In (99) we have the symbols: γ10 =
√

(π/(2L))2 − (π/a)2,
k11 =

√
(π/a)2 + (π/b)2 − (π/(2L))2, k30 =

√
(3π/a)2 − (π/(2L))2,

de = d exp (−πh/(2d)), K0(x) is the McDonald’s function. As K0(x)
decreases rapidly at the x increase, then it is sufficient to take some
first terms when summing up the rest series in (99).

We note, that in the case, when {de/(2L)} → 0, the expression
(98) transits into the classical Slatter’s formula for the symmetrical
resonant “window” in a rectangular waveguide, given, for example, in
[32]. There we have obtained more accurate expression for the λres slot
iris, however, it is just only when the conditions y0 = b/2 and h = 0
are fulfilled.

The expressions for W0(kde, 2kL), Wϕ(kde, kL), W (kde, kL),
functions are represented in Appendix B.

4.3. Numerical Results

Figure 26 represents the dependencies of the reflection coefficient |S11|2
from the wavelength λ of the H10-wave mode, calculated due to the
formula (91) (solid curves), for the iris which has the angle of 30◦
(Figure 26(a)) between the s slot axis and the {0x} waveguide axis,
and for the coordinate iris (Figure 26(b), ϕ = 0o). Here we also marked
the experimental value (the circles) and the numerical results (the
dotted curves) obtained with the use of the “CST Microwave Studio”
programme. The comparison of the curves shows, that the calculations,
made due to the approximate formula (91), give satisfactory results
near the resonance λres wavelength of the iris (the |S11|2 minimal values
region), and they qualitatively describe the characteristics change (the
structure Q-factor increases at the slot turn) in other parts of the
range. It is explained that the asymptotic solution (86) of the integral-
differential Equation (85) was obtained in Section 2 by means of
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Figure 26. The reflection coefficient dependence from the wavelength
for an iris in rectangular waveguide at: a = 23.0 mm, b = 10.0 mm,
d = 1.5 mm, 2L = 16.0 mm, x0 = a/2, y0 = b/2, h = 2.0 mm, (a)
ϕ = 30◦, (b) ϕ = 0◦.

the averaging method in the first approximation along the α small
parameter; that is with the accuracy up to the terms of the α2 order.
To our minds, it is not worth while to define further approximations
for the current by this method because of the inconvenience of the
obtained expressions in the case of non-coordinate irises or some slots
system. However, the obtained expressions for the f(s) distribution
functions of the magnetic current in the formulas (88), (90) and (95)
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Figure 27. The phase of reflection coefficient (normalized on π)
dependence from the wavelength for an iris in rectangular waveguide
at: a = 23.0 mm, b = 10.0 mm, d = 1.5 mm, 2L = 16.0 mm, x0 = a/2,
y0 = b/2, h = 2.0 mm.

can be used as basic ones to solve the Equation (85) by means of the
induced magnetomotive forces method (IMMFM) (Section 3).

As example Figure 26(b) gives the |S11|2 calculated values,
obtained by the IMMFM with the use of the approximating functions
for the current in the coordinate slot of the type (95) (stroke-dotted
curve).

Let us analyse influence of the angle of turn and the slot shift
in the plane of the waveguide cross-section on a wave resonance
length (frequency) of the considered iris. Figure 27 represents the
dependencies of the argS11 reflection coefficient phase (normalized on
π) from the wavelength for different angles of inclination ϕ of the slot.
As it is seen λres (the resonance is defined by the equality argS11 = 0)
shifts firstly to the short-wave part of the H10 range of the wave (slot
“lengthening” in comparison with “adjusted” one, when 2L = λres/2,
where λres = 32 mm) at the angle ϕ increase. Then the resonance
wavelength increases at some values of the angles (ϕ ≈ 30◦). This
conformity is illustrated in Figure 28, where we give the values of
resonance wavelength of the λres/λc angular irises (they are normalized
on the λc) at different slots lengthes and for two values of the iris
thickness: h = 0.1 mm, 1.0 mm, calculated due to the formula (94).

The resonance wavelength increases in the case of the coordinate
iris shift ϕ = 0o from the centre (y0/b=0.5) of waveguide (the
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calculations are made due to the formula (98) for Figure 29. In this
case “lengthening” of the slot transits into its “shortening”, reaching
the 2L = λres/2 value at different values of y0/b for different slot
lengths. We also note that influence of the h iris thickness on λres
turns out to be more sufficient in the case of the slot inclination than
at its shift to the waveguide broad wall.
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Figure 28. The relative resonance wavelength dependence from the
rotation angle for an iris in rectangular waveguide at: a = 23.0 mm,
b = 10.0 mm, d = 1.5 mm, x0 = a/2, y0 = b/2; solid curves —
h = 1.0 mm, dotted curves — h = 0.1 mm, stroke-dotted curves —
2L = λres/2.

Different behavior of the resonant curves in Figure 28 and
Figure 29 can be explained by the following way. The equality
conditions of period average values of electrical and magnetic energies
(resonance) of the iris near fields (defined by the functions W0, Wϕ

and W of the own field of the slot) can be reached by two methods:
slot geometrical sizes change relatively to the wavelength or its location
change relatively to the waveguide walls at the fixed electrical sizes. So,
additional oscillations of the E-mode (Em,2n−1) appear in the near field
(the own field function of the W0 takes this into account) at the slot
rotation to the narrow wall of a waveguide relatively to the normal and
the H-mode (Hm,2n−1) oscillations appears at shift to the waveguide
broad wall; and this is stipulated by the difference in redistribution of
reactive energy and thus in the character of the resonant curves.

In order to estimate the accuracy of the obtained analytical
formulas for (kL)res we have made the comparison with the numerical
and experimental values due to the fres frequencies of symmetrical
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Figure 29. The relative resonance wavelength dependence from the
slot position for an iris in rectangular waveguide at: a = 23.0 mm,
b = 10.0 mm, d = 1.5 mm, x0 = a/2, ϕ = 0◦; solid curves —
h = 1.0 mm, dotted curves — h = 0.1 mm, stroke-dotted curves —
2L = λres/2.

coordinate irises (x0 = a/2, y0 = b/2, ϕ = 0◦) of different slot lengths
and widths, given in [40] and Table 1.

Table 1. The resonance frequencies (in GHz) of a symmetrical
coordinate irises in the rectangular waveguide at: a = 22.86 mm,
b = 10.16 mm, x0 = a/2, y0 = b/2, ϕ = 0◦, h = 0.1 mm.

2L × d, mm
Computation

[40]
Experimental

data [40]
Computation,
formula (98)

16.9×0.9 8.87 8.84 8.84

14.8×0.5 10.22 10.20 10.13

12.9×0.9 11.62 11.65 11.66

5. STEPPED JUNCTION OF THE TWO
RECTANGULAR WAVEGUIDES WITH THE
IMPEDANCE SLOTTED IRIS

In the previous Section we have considered the problem of the
resonance slot iris in the infinite rectangular waveguide in the case,
when all surfaces of waveguide elements were supposed to be perfectly
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conductive ones.
Thin-film coatings of materials with variable electrophysical

properties can be used for expansion of functional capabilities of
waveguide devices and realization of non-mechanical control of their
characteristics by means of external field-effect or other actions. In
particular, the coatings can be applied directly on iris surfaces.

Apparently, that experimental development of waveguide devices
containing elements with thin-film coatings is very laborious process.
In this connection evolution of the mathematical models of devices
and elements of such kind is an important problem for practical
applications. Here modeling is usually based on solutions of boundary-
value problems in which statement the approximation of a distributed
surface impedance is used [44, 45]. On the one hand this simplifies the
problem solution, and on the other hand this allows one to generalize
using of an obtained mathematical model.

The purpose of this Section is the development of an approximate
analytical solution of the diffraction problem of H10-wave by an
impedance slot iris of finite thickness situated in the plane of stepped
rectangular waveguide coupling which differ in dimensions of cross
sections. In this case generally both surfaces of an iris will be assumed
to be impedance.

5.1. Problem Formulation

Let impressed sources of the electromagnetic field 
H in
0 (
rin) (where 
rin

is the radius-vector in the local Cartesian system (xin, yin, zin related
to a waveguide section in that way as is shown in Figure 30) be
situated in internal region (denoted by the index “in”) of a semi-
infinite rectangular waveguide of cross section {ain×bin} with perfectly
conductive side walls.

A narrow rectilinear slot of the length 2L and width d ((d/2L) �
1, (d/λ) � 1) is made in the end wall of the waveguide section of the
thickness h ((h/λ) � 1). The long axis of the slot is parallel to the
axis xin, the center is at the point with coordinates (x0in, y0in, 0in),
and x0in = ain/2, i.e., the slot is situated symmetrically with respect
to the axis line of the broad wall of the waveguide section. There
are no impressed sources in the external region which is denoted by
the index “ext”. This region is semi-infinite rectangular waveguide of
cross section {aext × bext} with perfectly conductive side walls. The
center of coupling aperture with the waveguide section “in” will be
determined by coordinates x0ext, y0ext, 0ext in the Cartesian system
xext, yext, zext which is local for the region “ext”. The region formed
with the slot cavity in the metal end wall of thickness h which is general
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(a)

(b)

Figure 30. The problem formulation and the symbols used.

for the sections “in” and “ext” is denoted by the index “v”. The local
coordinate system xv, yv, zv is introduced in this region.

Let surfaces of waveguide section ends (zin,ext = 0) be generally
characterized by different distributed impedances Zin,ext

s of which
complex values are considered to be constant. Here Z

in,ext
s =

Zin,ext
s /Z0 are the surface impedances normalized to the wave

impedance of free space Z0=120π [Ω].
Immediately we note that the solution of boundary-value problems

with using of the Leontovich-Shchukin impedance boundary conditions
[44], which will be used here, is approximate solution in nature. More
precisely this solution is the first term of asymptotic expansion of
the exact solution of the problem in power of the small parameter
|Zs| (|Zs| � 1). Therefore it should be specified that it is supposed
that |Zin,ext

s | � 1 in the considered case. In this case the boundary
conditions become extraneous, i.e., a value of the surface impedance
does not depend on the pattern of an exciting field. Also it should
be kept in mind that the impedance conditions are inapplicable near
to edges of verges [45]. Really, the thickness of the skin-layer ∆0
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must be small both in comparison with the dimensions of the body
in all directions and in comparison with curvature radii of its surface
[44]. In this connection it is turned out to be impossible to require
the fulfillment of impedance boundary conditions at the ends of
waveguide sections in the neighborhood of edges of the slot of the width
(10÷100)∆0. Formally for the solution of a boundary-value problem
it is necessary to exclude these boundary regions (the edge strip) from
the total area of the impedance surface of the end. Using this approach
in our case, we maintain accuracy of the approximate solution of the
boundary-value problem and we can use the known methods developed
for slots with perfectly conductive verges for studying fields of a slot
aperture.

We note the continuity conditions of tangential components of a
total magnetic field at the apertures of a coupling slot Sin(zin = 0, zv =
0) and Sext(zext = 0, zv = −h):


H in

0τ{
rin}+ 
H in
τ {
rin, 
Ein

sl }= 
Hv
τ {
rv, 
Ein

sl }+ 
Hv
τ {
rv, 
Eext

sl }
∣∣∣
on Sin,


Hv
τ {
rv, 
Ein

sl }+ 
Hv
τ {
rv, 
Eext

sl }= 
Hext
τ {
rext, 
Eext

sl }
∣∣∣
on Sext

(100)

where 
Ein
sl and 
Eext

sl are the electric fields at the corresponding
apertures of the slot, 
H in, 
Hv and 
Hext are the magnetic fields excited
by the fields 
Ein,ext

sl in the space regions under consideration.
It is known [22] that |Ein,ext

slξ
| � |Ein,ext

sls
| (where s and ξ are the

local coordinates related to the slot in the way shown in Figure 1(b))
is universally valid for narrow slots except of the small regions of
{d/λ} approximately on their ends. Therefore we suppose that the
vectors 
Ein,ext

sl in set of Equations (100) have only ξ-components and
the magnetic fields have only s-components. Then according to [22]
the dependences of fields Ein,ext

slξ
on coordinates sin,ext and ξin,ext can

be assumed to be equal to

Ein,ext
slξ

= Ein,ext
0 fin,ext(sin,ext)χin,ext(ξin,ext),

fin,ext(−L) = fin,ext(+L) = 0,
(101)

where Ein,ext
0 are the amplitudes of the fields, fin,ext(sin,ext) are

the functional dependences on longitudinal coordinates at the slot
apertures, χin,ext(ξin,ext) are the functions taking into account
physically justified behavior of an electric field in verges of a slot cavity
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and satisfying the normalization requirement

d/2∫
−d/2

χin,ext(ξin,ext) dξin,ext = 1 . (102)

Using the results of study [22], in the considered boundary-value
problem it is permissible that Ein

0 fin(sin) ≈ Eext
0 fext(sext) = E0f(s) =

Esξ
(s) to an accuracy of the terms of the order of {(hd)/λ2}. Taking

into account the normalization condition (102) after substitution of
(101) in (100) the equation set can be reduced to one equation with
“equivalent” slot width de:

H in
0s{s, ξ} +H in

s {s, ξ;Eslξ} = Hext
s {s, ξ;Eslξ}

∣∣
zin,ext=0.

(103)

In this case the region of the slot cavity v is eliminated from the
consideration, and in Equation (103) de is related to real slot width d
and wall thickness h by the approximate relationships (40) and (41).

To change the unknown electric field in the slot Eslξ to equivalent
currents distributed on its surface in Equation (103) it is formally
necessary to close the slot aperture in such way that homogeneity
of the surface in which the slot is made, should not be violated
from the side of the considered region. So, to obtain a perfectly
conductive plane it is necessary to metallize the slot aperture. In the
considered case of impedance surfaces according to the Leontovich-
Shchukin boundary conditions [
n, 
Ein,ext] = −Zin,ext

s [
n, [
n, 
H in,ext]]
(
n is the normal to the surface, this normal is directed into the
interior of the impedance body) it is necessary to take also into
account “one-way” electric currents 
JEin,ext = 1

Z0
[
n, 
H in,ext

sl ] at that

JM = −Zin,ext

s [
n, 
JEin,ext] besides for the magnetic current 
JM at
the slot aperture. We emphasize that in each of the connected
waveguide sections the equivalent electric current will have different
value because it is determined through values of the surface impedances
Z

in,ext
s , which are generally assumed to be different. It must be said

that “maintenance” of homogeneity of the boundary surfaces and
introduction of the functionally related surface equivalent currents

JM and 
JEin,ext (where only 
JM is unknown) does not contradict
the requirements of assurance of uniqueness of the boundary-value
problem solution. The “pair” assignment of equivalent currents on the
impedance surface allows one to represent the electromagnetic field
in semi-infinite waveguide sections simultaneously as superposition of
waves of both magnetic and electric kinds using the corresponding
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components of the tensor Green’s functions for the Hertz vector
potentials [46].

Thus, Equation (103) can be written in the following form

H in
0s{s, ξ} +H in

s {s, ξ;JMs } +H in
s {s, ξ;JEξin

}
= Hext

s {s, ξ;JMs } +Hext
s {s, ξ;JEξext

}, (104)

where JEξin,ext
= 1

Z
in,ext
s

JMs .

At the solution of Equation (104) one can assume that |ξ −
ξ′| ∼= de

4 (quasi-onedimensional approximation) in the dependences of
field components on transverse coordinates with sufficient degree of
accuracy, as it is accepted in the theory of thin dipole antennas and
can be rightfully used for narrow slot radiators [15]. Then after simple
transformations we finally obtain the integral differential equation in
the unknown magnetic slot current JMs = J(s) in the following form

(
d2

ds2
+ k2

) L∫
−L

J(s′)[Gin
s (s, s′) +Gext

s (s, s′)]ds′ +

+ik

L∫
−L

J(s′)[Zin
s G̃

in
s (s, s′) + Zext

s G̃ext
s (s, s′)]ds′ = −iωH in

0s(s).(105)

Here, H in
0s(s) is the projection of the field of impressed sources

onto the slot axis, Gin,ext
s (s, s′) are the s-components of the quasi-

onedimensional tensor magnetic Green’s functions ĜM (
rin,ext, 
r ′in,ext)
for vector potential of corresponding volumes (see the Appendix A),

G̃in,ext
s (s, s′) = ∂

∂zG
in,ext
s

(
xin,ext(s), y0in,ext, zin,ext;
x′in,ext(s

′), y0in,ext + de
4 , 0

)
at substitution

of zin,ext = 0 after derivation. It is necessary to note that at derivation
of Equation (105) it was taken into account that (in the case when the
impressed sources are situated on the impedance surface of the end of
a semi-infinite rectangular waveguide) the components of the tensor
of the electric Green’s function ĜE(
rin,ext, 
r ′in,ext) are related to the
components ĜM (
rin,ext, 
r ′in,ext) in the following way [46]

GE
x (
rin,ext, 
r ′in,ext) = (Zin,ext

s )2GM
y (
rin,ext, 
r ′in,ext)

and

GE
y (
rin,ext, 
r ′in,ext) = (Zin,ext

s )2GM
x (
rin,ext, 
r ′in,ext).
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In the case when Zin,ext
s = 0 Equation (105) is transformed to the

Equation (85) concerning the magnetic current in a slot coupling two
semi-infinite rectangular waveguides.

5.2. Solution of the Equation for a Magnetic Current

We will apply the induced magnetomotive force method (IMMFM)
[Section 3] for the approximate analytical solution of the Equa-
tion (105). As approximation for the magnetic current we will use the
distribution (95) which has been obtained due to solution (by means of
the averaging method) of the problem of diffraction of a fundamental
mode by a narrow symmetrical slot which is made in the resonance iris
of an infinite rectangular waveguide [Section 4]:

J(s) = J0f(s) = J0

(
cos ks cos

π

ain
L− cos kL cos

π

ain
s

)
, (106)

where J0 is the unknown complex amplitude.
Approximation (106) obeys boundary conditions (101) and is

natural in the considered case of symmetrical arrangement of the slot
with respect to the axial line of the broad wall of the waveguide section
“in”, where impressed sources of the electromagnetic field are placed.

Substituting (106) in Equation (105) and carrying out necessary
transformations according to [Section 3], we obtain the solution for the
sought current in the form

J(s) = −
(
iω

2k

) cos ks cos π
ain
L− cos kL cos π

ain
s

Y in(kL,Zin
s ) + Y ext(kL,Zext

s )
×

L∫
−L

f(s)H in
0s(s)ds,

(107)

where Y in,ext are the corresponding admittances of the slot in the
volumes “in” and “ext” determined by means of the expressions

Y in,ext(kL,Zin,ext
s )=

1
2k

L∫
−L

f(s)




(
d2

ds2 + k2
) L∫
−L

f(s′)Gin,ext
s (s, s′)ds′

+ikZ
in,ext
s

L∫
−L

f(s′)G̃in,ext
s (s, s′)ds′


ds. (108)

Using the expression (A4) for the Green’s function Gin,ext
s (s, s′)

from the Appendix A, we find explicit admittances of the slot in each of
the coupled waveguide sections from relations (108) (see Appendix C).

Taking into account that in the case under consideration the slot
is excited by the fundamental mode H10(xin, zin) = H0 sin πxin

ain
e−iγzin ,



138 Nesterenko et al.

where H0 is its amplitude and γ =
√
k2 − (π/ain)2 is the propagation

constant in the waveguide “in”, it is valid H in
0s(s) = 2H0 cos πs

ain
in

expression (107). After integration in (107) we obtain the final formula
for determination of the magnetic current in the slot aperture

J(s) = − iω
k2
H0

g(kL)

Y in(kL,Zin
s ) + Y ext(kL,Zext

s )

×
(

cos ks cos
π

ain
L− cos kL cos

π

ain
s

)
, (109)

where

g(kL) = 2 cos
πL

ain

sin kL cos πL
ain

−
(

π
kain

)
cos kL sin πL

ain

1 − [π/(kain)]2

− cos kL
sin 2πL

ain
+ 2πL

ain

[2π/(kain)]
.

Thus we have realized the approximate analytical solution (109)
of integral-differential Equation (105) for the magnetic current in the
slot aperture. This enables us to determine coefficients of the scattering
matrix of stepped rectangular waveguides coupling with an impedance
slot iris.

The expression for power reflection coefficient |S11|2 at slot
obstacle in a semi-infinite rectangular waveguide “in” with impedance
end at single-mode operating has the following form:

|S11|2 =

∣∣∣∣∣1 − (γ/k)Zin
s

1 + (γ/k)Zin
s

− 8πγg2(kL)

iainbink3[Y in(kL,Zin
s ) + Y ext(kL,Zext

s )]

× 1 + (Zin
s )2

1 + (γ/k)Zin
s

∣∣∣∣∣
2

(110)

The second item in the formula (110) is determined by the field,
which is excited in a waveguide section by proper magnetic current
(109) of the slot. This item is found by means of the magnetic the
Green’s function (A4). The first addend is the coefficient of H10-wave
reflection at impedance end without a slot. This item is determined
by means of Green’s function of magnetic kind (A5) for a longitudinal
current which excites the semi-infinite rectangular waveguide with
impedance end assuming arrangement of a point source at z′ → ∞.
Note that in the case of perfectly conductive end (Zin

s = 0) the first
item becomes equal to unity (as it must be).
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The number of propagated modes M in the waveguide section
“ext”, certainly, will depend on the dimensions of its cross section
{aext × bext}. In keeping with mentioned above the scattering matrix
of a waveguide coupling will contain definite number of elements, which
are power transmission coefficients of the propagated modes (or power
transformation coefficients of the modes). They are determined as the
ratio of the transmitted power P tr

mn in the waveguide “ext” per each
mode separately to the power P inc

10 of the incident H10-wave in the
waveguide “in”, i.e.,

Pmn =
P tr
mn

P inc
10

, (111)

where P inc
10 = H2

0

(
ainbink

2γ

)
.

In expression (111) the quantity P tr
mn = is the power transferred

in the waveguide section “ext” by the mode with the indexes (m,n).
It is determined by means of the found equivalent currents in the slot
aperture and the dyadic Green’s functions. Since the particular case
of H-plane coupling of waveguides considered as an example below in
the study, here we will write down the explicit expressions for Pm0 of
waveguide modes of a magnetic type

Pm0 =
aextbextγ

ainbinγm0

∣∣∣∣8πγm0 sin πx0ext
aext

g(kL)fm0(kL)
aextbextk3

× F (γm0, Z
ext
s )

[Y in(kL,Zin
s ) + Y ext(kL,Zext

s )]

∣∣∣∣∣
2

, (112)

where

γm0 =
√
k2 − (mπ/aext)2, F (γm0, Z

ext
s ) =

1 + (Zext
s )2

1 + (γm0/k)Z
ext
s

,

fm0(kL) = 2 cos
πL

ain

sin kL cos mπL
aext

−
(

mπ
kaext

)
cos kL sin mπL

aext

1 − [mπ/(kaext)]2

−2 cos kL

(
π

kain

)
sin πL

ain
cos mπL

aext
−

(
mπ
kaext

)
cos πL

ain
sin mπL

aext

[π/(kain)]2 −[mπ/(kaext)]2
.

In the case under consideration the complete scattering matrix
of waveguide coupling, besides the coefficients |S11|2 and Pm0, will
contain also the quantity Pσ. This is the loss power in impedance
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coatings of ends of both coupled waveguide sections. The loss power
can be determined from the condition of energy balance fulfillment:

|S11|2 +
M∑

m=1

Pm0 + Pσ = 1. (113)

In the case of absence of loss (Pσ = 0) it is necessary to
use condition (113) for validation of algorithms of mathematical
simulation.

The expressions for the Y in,ext(kL,Zin,ext
s ) admittances are given

in Appendix C.

5.3. Surface Impedance of the Coating with the ε1 and µ1

Homogeneous Parameters

For some examples of physical realization of impedance surfaces, we
give the formulas determining the quantity Zs since they are necessary
for numerical calculations. For this purpose, we consider the model
problem of a plane electromagnetic wave normally incident on a
dielectric layer of thickness hd with complex dielectric permittivity ε1
and magnetic permeability µ1, and wave number k1 = k

√
ε1µ1. The

layer separates two half-spaces. The upper half-space, from which the
plane wave is incident, is free space (ε = µ = 1), while the second
half-space is described by the material parameters ε2, µ2.

Making use of the boundary conditions for the electric and
magnetic field components on both surfaces of a dielectric layer it is
easy to find the solution of the boundary-value problem. Comparing
this solution with the requirements, that the Leontovich-Shchukin
impedance boundary condition on the upper boundary of the dielectric
layer must be fulfilled, we obtain a rigorous expression for the
distributed surface impedance in the form:

Zs = Z̄1
iZ1tg (k1hd) + Z2

Z1 + iZ2tg(k1hd)
, (114)

where Z1 =
√
µ1/ε1 and Z2 =

√
µ2/ε2.

For a magnetodielectric layer of the thickness hd on a metallic
surface on substituting Z2 = 0 we obtain the formula, which is used
to calculate of the value Zs in [47]:

Zs = i
√
µ1

ε1
tg(

√
ε1µ1khd). (115)
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We note, that in the case of the arbitrary incident field formula
(115) is approximate and it becomes as more accurate as better the
inequality |ε1µ1| � 1 is fulfilled. So, for example, if the incident field
is the wave of the H10 mode, propagating in a rectangular wavequide,
then the formulas (114) and (115) have the form:

Zs = Z1
iZ1tg (γ1hd) + Z2

Z1 + iZ2tg (γ1hd)
, (116)

Zs = i
k1
γ1

√
µ1

ε1
tg(γ1hd), γ1 =

√
k2

1 − k2
c , (117)

and when the condition |ε1µ1| � 1 is performed, they transit into the
expressions (114) and (115), correspondingly.

For the electrically thin layer (|k1hd| � 1, the quasi-stationary
approximation [45]) from (115) and (117) it follows that Zs ≈ ikµ1hd
[45], that is, the normalized surface impedance does not depend on
dielectric permittivity of material.

Supposing that in the expression (114) Z2 = Z1 under the
condition |ε1| � 1 and µ1 = 1, taking into account that ε1 =
Reε1 + 4πσ1

iω , where σ1 is the material conductivity, we can obtain a
known formula to take into account the skin-effect of the conductor:

Zs =
1 + i
Z0σ1∆0

, (118)

where ∆0 = 1
30

√
2πσ1ω

is the depth of penetration of the electromagnetic
field into a conductor.

In the case of a thin conductive film with the thickness hR
((hR/∆0) � 1) which is covered on a magnetodielectric layer, located
on a metallic plane, the surface impedance equals to due to (114):

ZsR =
RsR

1 +RsR/Zs

, RsR =
1

Z0σ1hR
, (119)

where Zs is defined by the formulas (115) and (117).
Further we will use the representations (115) and (119) for Zs.

However, if the analysis of other structures of impedance coverings is
required, the expressions for Zs can be obtained by different methods,
as it is demonstrated in the following Section.
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5.4. Surface Impedance of the Magnetodielectric Layer with
Inhomogeneous Dielectric Permittivity on the Perfectly
Conductive Surface

Modern technology of thin-film coverings allow to obtain both
homogeneous (in the direction perpendicular to the completely
conducting plane of the basis) and inhomogeneous structures [48]. In
this Section we have obtained the approximate analytical expressions
for distributed surface impedance of the magnetodielectric layer with
inhomogeneous dielectric permittivity which is located on the infinite
conductive plane, and they are just at rather small change of the value
of dielectric permittivity within the range of this layer.

Let plane monochromatic electromagnetic wave, for which the
component of the electric field equals to Ex(z) = E0xe

−ikz (E0x is the
amplitude) incident on the magnetodielectric layer with the thickness
2hd (−∞ < x, y < ∞; −hd ≤ z ≤ hd, where {x, y, z} is Cartesian
coordinate system) and with magnetic permeability µ1 and dielectric
permittivity ε1, located on the infinite conductive plane at z = hd,
perpendicular to the surface layer from the region z = −∞ (half-space).
Then for this layer the distributed surface impedance, normalized on
a wave impedance of free space Z0 = 120π [Ω], will be defined by the
expression [45]:

Zs =
E0x(−hd)
H0y(−hd)

. (120)

To obtain E0x(−hd) and H0y(−hd) it is necessary to know the
fields Ex(z) and Hy(z) inside the magnetodielectric layer, where they
satisfy the following differential equations at µ1 = const and ε1 =
ε1(z):

d2Ex(z)
dz2

+ k2µ1ε1(z)Ex(z) = 0, (121a)

Hy(z) =
i

kµ1

dEx(z)
dz

. (121b)

The solution of the equations (121) together with boundary
conditions on the surfaces of the layer at z = ±hd gives opportunity
to define the values E0x(−hd), H0y(−hd) and the value defined
of the surface impedance Z̄s, correspondingly. We note, that the
Equations (121) are just at the arbitrary functional dependence ε1(z)
and ratio (120) is rigorous at a normal incident of a plane wave on a
flat boundary of magnetodielectric.

For a limited number of laws of change ε1(z) we can obtain
exact solutions of the Equations (121) [49]. However, they are very
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complicated and in every concrete case are obtained through a definite
class of special functions. At relatively small changes of the dielectric
permittivity ε1(z) values within the layer we can obtain approximate
solutions in the class of elementary functions, which have sufficient
accuracy and simplicity. Let us consider some of them which allow to
obtain expressions for the surface impedance Zs in an analytical form.

5.4.1. Power Law of the ε1(z) Change

In this case it is possible to represent ε1(z) in the following form:

ε1(z) = ε1(0)[1 − εrf(z)], (122)

where εr = ε1(0)−ε(−hd)
ε1(0) is the value of relative change of dielectric

permittivity within the layer (|εr| � 1) and f(z) =
(
− z

hd

)n
, (n =

1, 2, 3 . . . ) is the fixed function. Then the Equation (121a) transforms
into the non-uniform differential equation with constant coefficients:

d2Ex(z)
dz2

+ k2
1Ex(z) = εrk2

1f(z)Ex(z), (123)

where k2
1 = k2µ1ε1(0).

Further, due to the method of variation of arbitrary constants we
have, considering the right part of the Equation (123) fixed:

Ex(z)=C1e
−ik1z+C2e

ik1z+εrk1

z∫
−hd

f(z′)Ex(z′) sin k1(z−z′)dz′. (124)

We will search the solution of the integral Equation (124) in the
form of expansion Ex(z) on the εr small parameter:

Ex(z) = Ex0(z) + εrEx1(z) + ε2rEx2(z) + . . .+ εmr Exm(z) + . . .
(125)

Then, substituting (125) into the Equation (124) and being limited
by components of the null and first order of smallness, we obtain the
following expressions for the electric and magnetic fields inside the
layer:

Ex(z) = C1e
−ik1z[1 + εrfE(k1z)] + C2e

ik1z[1 + εrf∗E(k1z)],

Hy(z) =
1
Z1

{
C1e

−ik1z[1+fH(k1z)]−C2e
ik1z[1+f∗H(k1z)]

}
.

(126)
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Here “∗” is the sign of complex conjugation, Z1 =
√
µ1/ε1(0), and

the functions fE(k1z) and fH(k1z) are defined by the law of change
ε1(z). Particularly, they are equal for the linear and square laws,
correspondingly:

a) the linear law: ε1(z) = ε1(0)
(
1 + εr z

hd

)
;

fE(k1z) = − 1
4k1hd

[(k1z) + i(k1z)2 − i/2],

fH(k1z) = − 1
4k1hd

[−(k1z) + i(k1z)2 + i/2].
(127)

b) the square law: ε1(z) = ε1(0)
(
1 − εr z2

h2
d

)
;

fE(k1z) =
1

(2k1hd)2

[
(k1z)2 −

1
2

+ i
2(k1z)3

3
− i(k1z)

]
,

fH(k1z) =
1

(2k1hd)2

[
−(k1z)2 +

1
2

+ i
2(k1z)3

3
+ i(k1z)

]
.

(128)

We obtain searched expressions for the surface impedance defining
unknown constants C1 and C2 from the boundary conditions of the
components continuity at z = −hd and the null equality of the electrical
component at z = hd in (126):

Zs = Z1

{
[1 + εrfE(−k1hd)][1 + εrf∗E(k1hd)]ei4k1hd

−[1 + εrf∗E(−k1hd)][1 + εrfE(k1hd)]

}
{

[1 + εrf∗H(−k1hd)][1 + εrfE(k1hd)]
+[1 + εrfH(−k1hd)][1 + εrf∗E(k1hd)]ei4k1hd

} . (129)

At εr = 0 and the change 2hd → hd the formula (129) transits into
the ratio (115) obtained before, for impedance of the homogeneous
magnetodielectric layer of the thickness hd on the perfectly conductive
surface.

Neglecting the components of the ε2r-order in the formula (129)
and making change 2hd → hd, finally, we have:

a) for the linear law of change ε1(z):

Zs = iZ1
tg(k1hd)

1 + εrfLin(k1hd)tg(k1hd)
,

fLin(k1hd) =
(

1
2k1hd

+
i

2

)
.

(130)
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b) for the square law of change ε1(z):

Zs = iZ1
tg(k1hd) + εrfSq1(k1hd)
1 + εrfSq2(k1hd)tg(k1hd)

,

fSq1(k1hd) =
1
k1hd

− tg(k1hd)
(k1hd)2

, fSq2(k1hd) =
k1hd

6
.

(131)

One must note, that the obtained approximate solution (126)
of the Equation (123) (and the expression for impedance (129),
correspondingly), is just not only for the power law of change ε1(z),
because representation of dielectric permittivity in the form (122) is
possible for another functions f(z), e.g., trigonometric ones: f(z) =(
1 − cos πz

2hd

)
, f(z) = − sin πz

2hd
.

5.4.2. Exponential Law of the ε1(z) Change

Let us consider that dielectric permittivity of magnetodielectric layer
of the hd (0 ≤ z ≤ hd) thickness varies due to the exponential law

ε1(z) = ε1(0)ekz. (132)

In this case transformation (122), made in order to separate the εr
small parameter, does not already take place, though some other
representations ε1(z) are possible, which allow to reduce the initial
Equation (121a) to the integral equation with a small parameter and
to apply the method, described above, for its solution. To our minds,
at this functional dependence ε1(z) it is more convenient to use the
approximate solution of the Equation (121a) in a form of the so-called
WKB-approach [49, 50]:

Ex(z)=
1

4
√
ε1(z)


C1e

−ik
√
µ1

z∫
0

√
ε1(z)dz

+C2e
ik
√
µ1

z∫
0

√
ε1(z)dz


 . (133)

Let us note, that the expression (133) is just if the ε1(z) function
does not have nulls or poles on the [0, z] interval. The criteria to apply
the WKB-approach is the following inequality [50]:∣∣∣∣ dε1(z)/dz

k
√
µ1[ε1(z)]3/2

∣∣∣∣
max

� 1, (134)

which has form
∣∣∣∣ 1√

µ1ε1(0)

∣∣∣∣ � 1 in our case.
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Substituting (132) into (133) and impose a restriction (hd/λ)2 � 1
after transformations we get:

Ex(z)= e−kz/4

4
√

ε1(0)

(
C1e

−ik1z + C2e
ik1z

)
,

Hy(z)= 1
Z1

e−kz/4

4
√

ε1(0)

{
C1e

−ik1zfH [ε1(0)µ1]−C2e
ik1zf∗H [ε1(0)µ1]

}
,

(135)

where fH [ε1(0)µ1] = 1 − i

4
√

ε1(0)µ1
. Due to the requirements of

boundary conditions performance at z = 0 and z = hd we define
the arbitrary constants C1 and C2 and later on the expression for
the normalized surface impedance at the exponential law of change of
dielectric permittivity inside the magnetodielectric layer:

Zs = iZ1
tg(k1hd)

1 + fExp[ε1(0)µ1]tg(k1hd)
,

fExp[ε1(0)µ1] = 1

4
√

ε1(0)µ1
,

(136)

transiting to the already known ratio Z̄s ≈ ikµ1hd at |k1hd| � 1.
We must emphasize the fact, that the formulas (130), (131) and

(136) for the distributed surface impedance of the magnetodielectric
layer with inhomogeneous dielectric permittivity, located on infinite
conductive plane, are just at different laws of change of dielectric
permeability inside the layer and obtained by different methods, have
similar structure and are reduced to the same ratios in the restricted
case ε1 = const and |k1hd| � 1. Using this methods, the obtained
results permit to generalize them for the case, when a metallic film
of the thickness less than skin-layer thickness, is covered on the
magnetodielectric layer located on the metallic surface. Then the
surface impedance of such a structure will be defined by the expression
(119), and Zs is calculated due to the formulas (130), (131), and (136)
according to the law of distribution of dielectric permittivity of the
layer.

5.4.3. Numerical Examples

We give some results of numerical calculations of the value of the
distributed surface impedance, which illustrate effect of that or
other law of dielectric permittivity change, on the values of active
and reactive parts of the impedance of the magnetodielectric layer
located on the infinite metallic plane. Because of dependence of
magnetodielectric parameters from the frequency we limit ourselves
by the corresponding single-mode standard rectangular waveguide of
a centimetre band to define waves lengths.
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Figure 31. The real and imaginary parts of surface impedance
dependence from the layer thickness for a magnetodielectric layer on a
metallic plane at λ = 30.0 mm.

Figure 31 represents the curves of a real and imaginary parts
of the complex surface impedance Z̄s = R̄s + iX̄s depending from
the thickness of the magnetodielectric layer made from the TDK IR-
E110 material, for which due to [47] ε1 = 8.84 − i0.084 and µ1 =
2, 42− 0.0825f − i0.994, where f is the frequency [GHz] corresponding
to the band of the H10-mode of the rectangular waveguide by cross-
section 22.86 × 10.16 mm2. As it is seen, a real impedance R̄s has
explicitly marked maximum for all considered laws of change ε1(z)
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(here and further ε2r = 0.04 for the linear and square laws) at a
definite layer thickness which is equal to a quarter of wavelength in
the magnetodielectric (hd ≈ 1.8 mm for λ = 30 mm), and it aspires
to a constant value, which equals ReZ1 at losses presence, when the
layer thickness increases further. At the same time the dependence
of the imaginary part X̄s of the impedance from the layer thickness
has alternating-sign character, more over, for the fixed ε1, µ1 and
λ at hd ≈ 1.8 mm for all dependences ε1(z) they have Xs = 0,
and Rs = Rsmax , and coefficient of plane wave reflection from such
a structure will be minimal: the layer becomes the so-called “anti-
reflecting coating”. We note that the largest difference of the Z̄s value
from the case of a homogeneous magnetodielectric takes place at the
linear law of distribution ε1(z).

Figure 32 gives the curves of the dependences of the surface
impedance from a wavelength due to different laws of change of
dielectric permittivity of a magnetodielectric TDK IR-E110 and the
layer thickness hd ≈ 1.6 mm, that corresponds to the value in [47],
where the problem of radiation from a longitudinal slot in the broad
wall of a rectangular waveguide (a = 22.86 mm; b = 10.16 mm) into
half-space over the impedance plane has been solved. From the plots
it follows that inhomogeneous layer leads to the R̄s decrease in a whole
band of the H10-mode of a waveguide, meanwhile, the imaginary part
of impedance can be of both larger and smaller values, corresponding
to the case of a homogeneous material. Let us note, that the values
of the surface impedance Z̄s, practically coincide for the square and
exponential laws of change ε1(z) at the given layer thickness.

When solving the problem of an impedance slotted iris we used
the Leontovich-Shchukin approximate impedance boundary condition
which assumes performance of the inequality |Zs| � 1. Such values of
impedance take place for small thicknesses of the layer, as it is shown,
for example, in Figure 33 (the same material, hd = 0.3 mm). In this
case both the real and imaginary parts of impedance independent from
the law of change of dielectric permittivity decrease monotonously at a
wave length increase, more over, the Xs value is always positive, that
is, it has an inductive character.

At it is seen in Figure 34 if a resistive film of a definite
thickness with low conductivity (e.g., Nichrome) is covered on the
magnetodielectric surface, then the real part ReZsR of the surface
impedance of such a structure has the same value and changes,
practically, as in the previous case (Figure 33(a)). The imaginary part
of the ImZsR impedance becomes sufficiently less, and it has maximum
in a short wave part of waveguide single-mode band.

The made analysis shows that effect of inhomogeneity of
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Figure 32. The real and imaginary parts of surface impedance
dependence from the wavelength for a magnetodielectric layer on a
metallic plane at hd = 1.6 mm.

magnetodielectric in the considered cases is relatively small — not more
than 25% in comparison with a homogeneous layer, and it is sufficient
for the linear law of distribution (in comparison with the square and
exponential laws). The layer inhomogeneity characterized by one or
another law of change of dielectric permittivity is an additional method
to range extension of conducting of management of electrodynamic
parameters of microwave wave-slotted devices.
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Figure 33. The real and imaginary parts of surface impedance
dependence from the wavelength for a magnetodielectric layer on a
metallic plane at hd = 0.3 mm.

5.5. Numerical Results

Based on the obtained problem solution the numerical analysis of
coefficients of the scattering matrix of an impedance slot iris for a
number of cases of realization of stepped joint of two rectangular
waveguides are carried out. All calculations are carried out under
the assumption that the excited region “in” is a hollow semi-infinite
rectangular waveguide of standard cross section ain × bin=23×10 mm2

with thickness of end wall h = 2 mm and geometrical parameters of
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Figure 34. The real and imaginary parts of surface impedance
dependence from the wavelength for a magnetodielectric layer on a
metallic plane covered by resistive film at: RsR = 0.3, hd = 0.3 mm.

a slot: d = 1.5 mm, x0in = ain/2 and y0in = bin/4; the waveguide is
used in single-mode operating. The other parameters of the diffraction
problem are varied during calculations.

Figures 35 and 36 represents the range dependences of coefficients
of the scattering matrix and loss power of a slot iris in a regular
rectangular waveguide (aext = ain = 23 mm, bext = bin = 10 mm)
for 2L = 16 mm as the matter for convenience and completeness of
the analysis of the numerical results. Curves 1 show the results of
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Figure 35. The coefficients of the scattering matrix dependence
from the wavelength for a slot impedance iris in a regular waveguide
at: ain = aext = 23.0 mm, bin = bext = 10.0 mm, d = 1.5 mm,
2L = 16.0 mm, x0in = ain/2, y0in = bin/4.

calculation of the characteristics at Zin,ext
s = 0. Certainly there is

no curve 1 in Figure 36 because the loss power is Pσ = 0 in the
case of a perfectly conductive iris. As one can see from Figure 35(b)
the satisfactory agreement of theoretical (curve 1) and experimental
(curve 5) results confirms both validity of the used procedure and the
accepted approximations and validity of construction of algorithms of
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Figure 36. The loss power dependence from the wavelength for a
slot impedance iris in a regular waveguide at: ain = aext = 23.0 mm,
bin = bext = 10.0 mm, d = 1.5 mm, 2L = 16.0 mm, x0in = ain/2,
y0in = bin/4.

mathematical simulation.
Figure 35 also represents the calculation dependences of energy

characteristics of a slot iris over working range of wavelengths of a
rectangular waveguide at various values of complex impedances Zin,ext

s
with imaginary part of inductive type for a layer situated on metal of
the magnetodielectric TDK IR-E110. In this case the values Zin,ext

s
are determined by the formula (115). In Figure 35 curves 2 correspond
to the case of coating of iris surface from the side of the region “in”
with the material TDK (in this case Zext

s = 0), curves 3 correspond to
the case of coating of the iris surface from the side of the region “ext”
with the material TDK (Zin

s = 0), curves 4 correspond to the case of
two-sided coating of the iris. Here it is assumed that the thickness of
layers of the material TDK is hd = 0.2 mm everywhere.

Naturally that the two-sided impedance iris exerts more essential
influence upon behavior of the energy dependences than one-sided ones.
Also is observed nonequivalence of the cases of one-sided impedance
coating of an iris (Zin

s → (115), Z
ext
s = 0) and (Zin

s = 0, Zext
s →

(115)). It follows from formula (110) which is asymmetrical with
respect to the parameters Zin

s and Z
ext
s . Note that in the cases

under consideration the displacement of the resonance wavelength
of the iris λres (corresponds to minimum in dependences of power
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reflection coefficient |S11|2 in Figure 35(b)) in the long-wave region
of the working band of the waveguide is characterized by considerable
level of the loss power Pσ in impedance surfaces (Figure 36). Thus for
λres = 41 mm (curve 4 in Figure 35(b)) Pσ ≈0.52 (curve 4 in Figure 36).
We emphasize that though the dependences Pσ(λ) (Figure 36) have
resonant character, in no way it can be treated as resonance absorption
by an impedance surface of a waveguide iris. It is bound up first
of all with range change of emissivity of a slot element, namely the
more active a slot excites diffraction fields in jointed electrodynamic
volumes the greater amplitudes of these fields and accordingly the
greater amplitude of currents induced on boundary surfaces. Therefore
the curves Pσ(λ) “iterate” resonant features of the range dependences
of the power transmission coefficient P10 (Figures 35(a) and 36)).

The similar physical regularities are also observed for joint of semi-
infinite rectangular waveguides different in dimensions of cross sections.
For substantiation of such assertion Figures 37 and 38 represents
as an example the results of calculations of range characteristics of
asymmetrical H-plane waveguide coupling for which aext = 46 mm,
bext = bin = 10 mm and x0ext = aext/4, y0ext = bext/4. The other
parameters of the problem and numeration of the curves are chosen
in the same way as for the previous series of calculations. The
waveguide device geometry under consideration determines possibility
of propagation of two modes, namely, H10 and H20 (the onset of
the H30-wave is excluded by requirements of the excitation) in the
waveguide section “ext”. As one can see from Figures 37 and 38, the
two-mode operation of the waveguide section “ext” really has not effect
inherently upon the regularities mentioned above.

A thin layer of a concrete magnetodielectric applied in practice
in radiating devices for special purposes [47] has been used in the
considered examples as realization of an impedance surface at the iris.
The analysis of these examples confirms the evident assumption that
other materials in which there is no, practically, microwave loss should
be used for control functions in waveguide devices under investigation.
In this connection it is expedient to analyze possibility of influence
of a surface impedance of an iris upon redistribution of transmitted
power between propagated modes in a waveguide “ext” in the case of
hypothetically pure imaginary value of an inductive impedance.

Figure 39 represents the results of calculations of asymmetrical H-
plane of waveguide coupling of the same geometry (Figure 37) in the
similar form for various values of inductive impedances Zin

s and Zext
s .

In the given example curves 1 correspond to values of impedances
Z

in,ext
s = 0, curves 2 correspond to Zin

s = 0 and Zext
s = i0.05, curves

3 correspond to Zin
s = i0.02 and Zext

s = i0.05, curves 4 correspond
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Figure 37. The coefficients of the scattering matrix dependence from
the wavelength for an asymmetrical H-plane waveguide coupling at:
ain = 23.0 mm, aext = 46.0 mm, bin = bext = 10.0 mm, d = 1.5 mm,
2L = 16.0 mm, x0in = ain/2, x0ext = aext/4, y0in = bin/4, y0ext =
bext/4.

to equal values of impedances Zin,ext
s = i0.05. As can be seen from

Figure 39 that by means of variation of corresponding values of Zin,ext
s

it is possible to ensure wide-band equal of division of the power
transmitted in a waveguide section “ext” between the H10- and H20-
modes being in it.

As a number of propagated modes in the waveguide “ext” grows,
the analysis of division of transmitted power between them becomes
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Figure 38. The loss power dependence from the wavelength for
an asymmetrical H-plane waveguide coupling at: ain = 23.0 mm,
aext = 46.0 mm, bin = bext = 10.0 mm, d = 1.5 mm, 2L = 16.0 mm,
x0in = ain/2, x0ext = aext/4, y0in = bin/4, y0ext = bext/4.

rather complicated. However, one can show, that in these cases it is
possible also to realize wide-band retuning of a resonance frequency of
the waveguide device by means of variation of values of the impedances
Z

in,ext
s . Figure 40 represents the dependences of the scattering matrix

coefficients Pm0(λ) (Figure 40(a)) and |S11|2(λ) (Figure 40(b)) of
asymmetrical H-plane waveguide coupling for which x0ext = aext/6
and 2L = 12 mm (the other geometrical parameters are chosen as well
as for the previous series of the calculations). Curves 1 in Figure 40
correspond to the case of perfectly conductive iris surfaces Zin,ext

s = 0,
curves 2 correspond to the surface impedance values Zin

s = 0 and
Z

ext
s = i0.05, curves 3 correspond to the equal values of the impedances
Z

in,ext
s = i0.05. One can see from Figure 40 that at change in the

corresponding values of surface impedances it is possible to maintain
amplitude relations between the modes which are propagated in the
waveguide “ext” and between which the transmitted power is divided.
This maintenance is possible over wide range of wavelengths.

Thus, based on the numerical investigations of characteristics
of asymmetrical H-plane waveguide coupling (the particular cases of
realization of a stepped joint) the regularities of diffraction excitation
of a slot element which is made in an impedance iris has been
analyzed. The possibility of essential change of a operating (resonance)
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Figure 39. The coefficients of the scattering matrix dependence from
the wavelength for an asymmetrical H-plane waveguide coupling at:
ain = 23.0 mm, aext = 46.0 mm, bin = bext = 10.0 mm, d = 1.5 mm,
2L = 16.0 mm, x0in = ain/2, x0ext = aext/4, y0in = bin/4, y0ext =
bext/4.

wavelength of the waveguide device under consideration at variation of
the corresponding values of the distributed impedances on iris surfaces
has been shown.
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Figure 40. The coefficients of the scattering matrix dependence from
the wavelength for an asymmetrical H-plane waveguide coupling at:
ain = 23.0 mm, aext = 46.0 mm, bin = bext = 10.0 mm, d = 1.5 mm,
2L = 12.0 mm, x0in = ain/2, x0ext = aext/6, y0in = bin/4, y0ext =
bext/4.
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6. CONCLUSION

Impetuous development of technical opportunities of PC for the last
twenty years and a powerful set of numerical methods available in
arsenal of investigators somehow forced out the working-outs connected
with search of analytical solutions of radiophysical problems backward.
However, at present the fact is left evident, that optimal use of
computer calculations should be based on application of analytical
methods of boundary problems solution. These methods allow to
increase PC use efficiency and also expand their calculation abilities
to solve complex electrodynamic problems. Hence the results in the
development of analytical methods to solve the problems of diffraction
of waveguide electromagnetic waves on slot coupling holes, represented
in this paper, will be useful for the investigators, interested both in the
field of theoretical electrodynamics and in the field of practical working-
outs of multi-functional waveguide devices and the systems with slot
coupling elements.

APPENDIX A. MAGNETIC DYADIC GREEN’S
FUNCTIONS OF THE CONSIDERED
ELECTRODYNAMIC VOLUMES

1. Infinite rectangular waveguide with perfectly conducting walls:

Ĝm(
r, 
r ′) =
2π
ab

∑
m,n

εmεn
kz

{
(
ex ⊗ 
e′x)Φm

x (x, y;x′, y′) e−kz |z−z′|

+(
ey ⊗ 
e′y)Φm
y (x, y;x′, y′) e−kz |z−z′|

+ (
ez ⊗ 
e′z)Φm
z (x, y;x′, y′) e−kz |z−z′|

}
.

(A1)

2. Semi-infinite rectangular waveguide with perfectly conducting walls:

Ĝm(
r, 
r ′) =
2π
ab

∑
m,n

εmεn
kz

×
{

(
ex ⊗ 
e′x)Φm
x (x, y;x′, y′)

[
e−kz |z−z′| + e−kz(z+z′)

]
+(
ey ⊗ 
e′y)Φm

y (x, y;x′, y′)
[
e−kz |z−z′| + e−kz(z+z′)

]
+ (
ez ⊗ 
e′z)Φm

z (x, y;x′, y′)
[
e−kz |z−z′|−e−kz(z+z′)

]}
. (A2)
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3. Rectangular resonator with perfectly conducting walls:

Ĝm(
r, 
r ′) =
2π
aRbR

∑
m,n

εmεn
kz

×
{

(
ex ⊗ 
e′x)Φm
x (x, y;x′, y′)

[
chkz(h−|z−z′|)+chkz(h−|z+z′|)

shkzh

]

+(
ey ⊗ 
e′y)Φm
y (x, y;x′, y′)

[
chkz(h−|z−z′|)+chkz(h−|z+z′|)

shkzh

]

+ (
ez ⊗ 
e′z)Φm
z (x, y;x′, y′)

[
chkz(h−|zv −z′|)−chkz(h−|z+z′|)

shkzh

]}
.

(A3)

4. Semi-infinite rectangular waveguide with impedance end in the case
where impressed sources are located on the end-wall surface:

ĜM (
r, 
r ′) =
2π
ab

∑
m,n

εmεn
kz

×
{

(
ex ⊗ 
e′x)Φm
x (x, y;x′, y′)fII(kz, Zs)2e−kzz

+(
ey ⊗ 
e′y)Φm
y (x, y;x′, y′)fII(kz, Zs)2e−kzz

}
, (A4)

where

fII(kz, Zs) =
kkz(1 + Z2

s)
(ik + kzZs)(kZs − ik)

.

5. Semi-infinite rectangular waveguide with impedance end excited by
longitudinal impressed currents:

ĜM (
r, 
r ′) =
2π
ab

∑
m,n

εmεn
kz

×
{
(
ez ⊗ 
e′z)Φm

z (x, y;x′, y′)
[

e−kz |z−z′|

−f⊥(kz, Zs)e−kz(z+z′)

]}
, (A5)

where

f⊥(kz, Zs) =
ik − kzZs

ik + kzZs

.

The following notations are adopted in the expressions (A1)–(A5):

Φm
x (x, y;x′, y′) = sin kxx sin kxx′ cos kyy cos kyy′,

Φm
y (x, y;x′, y′) = cos kxx cos kxx′ sin kyy sin kyy′,

Φm
z (x, y;x′, y′) = cos kxx cos kxx′ cos kyy cos kyy′,
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εm,n =
{

1,m, n = 0
2, , n 
= 0 ,

kx =
mπ

a(aR)
, ky =

nπ

b(bR)
, kz =

√
k2
x + k2

y − k2,

m and n are the integers, Zs is the normalized surface impedance, 
ex,

ey, and 
ez are the unit vectors of the Cartesian coordinate system fixed
to the waveguide, and “⊗” stands for dyadic product.

APPENDIX B. FUNCTIONS OF THE OWN FIELD OF
SINGLE SLOTS

The functions of the slot own field for the case of coupling of two
infinite rectangular waveguides are given below:

W s
t (kd, kL) =

8π
ab

∑
m,n

εne
−kzd/4

kz(k2 − k2
x)

sin2 mπ

2

× cos kxL(k sin kLcos kxL−kx cos kLsin kxL) (B1)

W a
t (kd, kL) =−8π

ab

∑
m,n

εne
−kzd/4

kz(k2 − k2
x)

cos2
mπ

2

× sin kxL(k cos kLsin kxL−kx sin kLcos kxL) (B2)

W s
lb (kd, kL) =

4π
ab

∑
m,n

εmεn cos kxx0 cos kx (x0 + d/4)
kz(k2

x + k2
y)

×e−kzL [kz cos kLshkzL+ k sin kLchkzL] (B3)

W a
lb (kd, kL) =

4π
ab

∑
m,n

εmεn cos kxx0 cos kx (x0 + d/4)
kz(k2

x + k2
y)

×e−kzL [kz sin kLchkzL− k cos kLshkzL] (B4)

W s
ln (kd, kL) =

4π
ab

∑
m,n

εmεn cos kyy0 cos ky (y0 + d/4)
kz

(
k2
x + k2

y

)
×e−kzL [kz cos kLshkzL+ k sin kLchkzL] (B5)

W a
ln (kd, kL) =

4π
ab

∑
m,n

εmεn cos kyy0 cos ky (y0 + d/4)
kz(k2

x + k2
y)

×e−kzL [kz sin kLchkzL− k cos kLshkzL] (B6)
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In the (B1)–(B6) expressions there are the following symbols:
kx = mπ

a , ky = nπ
b , kz =

√
k2
x + k2

y − k2, (m,n = 0, 1, 2 . . . ); εm,n = 1
at m,n = 0, εm,n = 2 at m,n 
= 0; x0 and y0 are the slots axes
coordinates.

The functions of the slot own field for the case of resonant iris
with the slot arbitrary oriented in a rectangular waveguide are given
below:

W0(kde, 2kL) =
4π
ab

∞∑
m=0

∞∑
n=0

εmεn
kz

×〈cos2 ϕ{sin kL[Φs(kxx0)Φc(kyy0)(cos k1L+ cos k2L)I+1 (k1,2L)
+Φc(kxx0)Φs(kyy0)(cos k1L− cos k2L)I−1 (k1,2L)]

+
1
2

cos kL sin 2kxx0[Φs(kyy0)(cos k1L− cos k2L)I−2 (k1,2L)

−Φc(kyy0)(cos k1L+ cos k2L)I+2 (k1,2L)]

+
1
2

cos kL sin 2kyy0[Φs(kxx0)(cos k1L+ cos k2L)I−2 (k1,2L)

−Φc(kxx0)(cos k1L− cos k2L)I+2 (k1,2L)]}
+ sin2 ϕ{sin kL[Φs(kxx0)Φc(kyy0)(cos k1L− cos k2L)I−1 (k1,2L)
+Φc(kxx0)Φs(kyy0)(cos k1L+ cos k2L)I+1 (k1,2L)]

+
1
2

cos kL sin 2kxx0[Φs(kyy0)(cos k1L+ cos k2L)I+2 (k1,2L)

−Φc(kyy0)(cos k1L− cos k2L)I−2 (k1,2L)]

+
1
2

cos kL sin 2kyy0[Φs(kxx0)(cos k1L− cos k2L)I+2 (k1,2L)

−Φc(kxx0)(cos k1L+ cos k2L)I−2 (k1,2L)]}

+
1
2

sinkL sin2kxx0 sin2kyy0[cosk1LI1(k1L)−cos k2LI1(k2L)]〉, (B7)

Wϕ(kde, kL) =
2π
ab

∞∑
m=0

∞∑
n=0

εmεn
kz

×{[Φs(kxx0)Φc(kyy0)[(cos k1L+ cos 2ϕ cos k2L)I1(k1L)
+(cos k2L+ cos 2ϕ cos k1L)I1(k2L)]
−Φc(kxx0)Φs(kyy0)[(cos k1L− cos 2ϕ cos k2L)I1(k1L)
+(cos k2L− cos 2ϕ cos k1L)I1(k2L)]}, (B8)
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W (kde, kL) =
16π
ab

∞∑
m=1,3...

∞∑
n=0

εn
kz

cos kyy0 cos ky

(
y0+

de
4

)
cos kxL

×
[
k sin kL cos kxL− kx cos kL sin kxL

k2 − k2
x

]
. (B9)

In the (B7)–(B9) expressions there are the following symbols:

I1(k1,2L) =
k sin kL cos k1,2L− k1,2 cos kL sin k1,2L

k2 − k2
1,2

,

I2(k1,2L) =
k1,2 sin kL cos k1,2L− k cos kL sin k1,2L

k2 − k2
1,2

,

Φs(kxx0)=sin(kxx
ϕ
0 )sin(kxx0), Φc(kxx0)=cos(kxx

ϕ
0 )cos(kxx0),

Φs(kyy0)=sin(kyy
ϕ
0 )sin(kyy0), Φc (kyy0)=cos(kyy

ϕ
0 )cos(kyy0),

k1,2 =kx cosϕ± ky sinϕ, xϕ0 =x0−
de
4

sinϕ, yϕ0 =y0+
de
4

cosϕ,

I±1,2(k1,2L) = I1,2(k1L) ± I1,2(k2L).

The rest symbols are the same as in the (B1)–(B6) formulas.

APPENDIX C. EIGEN AND MUTUAL SLOT
ADMITTANCES

The eigen longitudinal slots admittances:

Y s(kd, kL) =
2π
ab

∞∑
m=0

∞∑
n=0

εmεn
k

cos kxx0 cos kx

(
x0 +

d

4

)

×
{[

cos γL
(
k

kz
sin kL− cos kL

)]
F s(kzL) − cos kL

k2
z + γ2[

(k2
z + k2)

(
γ

kz
sin γL−cos γL

)
F s(kzL)+

(π
a

)2
F s(kL)

]}
, (C1)

F s(kL) = 2 cos γL
k sin kL cos γL− γ cos kL sin γL

(π/a)2

− cos kL
sin 2γL+ 2γL

2γ
, (C2)
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F s(kzL) =
cos γL
k2
z + k2

[
kz cos kL

(
1 − e−2kzL

)
+ k sin kL

(
1 + e−2kzL

)]

− cos kL
k2
z + γ2

[
kz cos γL

(
1−e−2kzL

)
+γ sin γL

(
1+e−2kzL

)]
. (C3)

Y a(kd, kL) =
2π
ab

∞∑
m=0

∞∑
n=0

εmεn
k

cos kxx0 cos kx

(
x0 +

d

4

)

×
{[

− sin γL
(
k

kz
cos kL+ sin kL

)]
F a(kzL) +

sin kL
k2
z + γ2[

(k2
z + k2)

(
γ

kz
cos γL+sin γL

)
F a(kzL)+

(π
a

)2
F a(kL)

]}
, (C4)

F a(kL) = 2 sin γL
k cos kL sin γL− γ sin kL cos γL

(π/a)2

− sin kL
sin 2γL− 2γL

2γ
, (C5)

F a(kzL) =
sin kgL
k2
z + k2

[
kz sin kL

(
1+e−2kzL

)
−k cos kL

(
1−e−2kzL

)]

− sin kL
k2
z + γ2

[
kz sin γL

(
1+e−2kzL

)
−γ cos γL

(
1−e−2kzL

)]
(C6)

The mutual longitudinal slots admittances:

Y ss{
12
21

}(kLm, kLn) =

2π
ab

∞∑
m=0

∞∑
n=0

εmεn
kkz

chkzz0 cos kxx0m cos kx

(
x0n +

dn
4

)

×{cos γLn(k sin kLn − kz cos kLn)F s(kzLm)

−cos kLn

k2
z + γ2

[kzk2
cF

s(kLm)
{

1
cos γz0
chkzz0

}
+(k2

z + k2)(γ sin γLn − kz cos γLn)F s(kzLm)]}, (C7)
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Y as{
12
21

}(kLm, kLn) =

2π
ab

∞∑
m=0

∞∑
n=0

εmεn
kkz

shkzz0 cos kxx0m cos kx

(
x0n +

dn
4

)

×{∓ cos γLn(k sin kLn − kz cos kLn)F a(kzLm)

+
cos kLn

k2
z + γ2

[kzk2
cF

a(kLm)
{
γ/kz
− sin γz0

shkzz0

}
±(k2

z + k2)(γ sin γLn − kz cos γLn)F a(kzLm)]}, (C8)

Y aa{
12
21

}(kLm, kLn) =

2π
ab

∞∑
m=0

∞∑
n=0

εmεn
kkz

chkzz0 cos kxx0m cos kx

(
x0n +

dn
4

)

×{− sin γLn(k cos kLn + kz sin kLn)F a(kzLm)

+
sin kLn

k2
z + γ2

[kzk2
cF

a(kLm)
{

1
cos γz0
chkzz0

}
+(k2

z + k2)(γ cos γLn + kz sin γLn)F a(kzLm)]}, (C9)

Y sa{
12
21

}(kLm, kLn) =

2π
ab

∞∑
m=0

∞∑
n=0

εmεn
kkz

shkzz0 cos kxx0m cos kx

(
x0n +

dn
4

)

×{± sin γLn(k cos kLn + kz sin kLn)F s(kzLm)

− sin kLn

k2
z + γ2

[kzk2
cF

s(kLm)
{ −γ/kz

sin γz0
shkzz0

}
±(k2

z + k2)(γ cos γLn + kz sin γLn)F s(kzLm)]}, (C10)

Y s
mn(kL) =

2π
ab

∞∑
m=0

∞∑
n=0

εmεn
kkz

cos kxx0m cos kx

(
x0n +

dn
4

)

×{cos γL(k sin kL− kz cos kL)F s(kzL) − cos kL
k2
z + γ2

[(kz/k)k2
cf

s(kL)+(k2
z+k2)(γ sin γL−kzcosγL)F s(kzL)]}, (C11)
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Y a
mn(kL) =

2π
ab

∞∑
m=0

∞∑
n=0

εmεn
kkz

cos kxx0m cos kx

(
x0n +

dn
4

)

×{− sin γL(k cos kL+ kz sin kL)F a(kzL)

+
sin kL
k2
z + γ2

[(kz/k)k2
cf

a(kL)

−(k2
z + k2)(γ cos γL+ kz sin γL)F a(kzL)]

}
, (C12)

fs(kLm) = 2 cos γLm
sin kLm cos γLm − (γ/k) cos kLm sin γLm

1 − (γ/k)2

− cos kLm
sin 2γLm + 2γLm

2(γ/k)
, (C13)

fa(kLm) = 2 sin γLm
cos kLm sin γLm − (γ/k) sin kLm cos γLm

1 − (γ/k)2

− sin kLm
sin 2γLm − 2γLm

2(γ/k)
. (C14)

The eigen (m = n) and mutual (m 
= n) slot admittances of the
transverse slots system:

Y Wg
mm (kLm, kLm)=

2π
ab

∞∑
m=1,3...

∞∑
n=0

εn(k2−k2
x)

kkz
e−kz

dm
4 I2Wg(kLm), (C15)

Y Wg
mn (kLm, kLn) =

2π
ab

∞∑
m=1,3...

∞∑
n=0

εn(k2 − k2
x)

kkz
e−kz |zm−zn|IWg(kLm)IWg(kLn), (C16)

Y R{
mm
mn

}(kLm) =
2π
Lmdm

∞∑
m=1,3...

∞∑
n=0

εn(k2 − k2
xR)

kkzR

{
coth(kzRh)
1/sh(kzRh)

}

× cos
nπ

2
cos

(
kyR

3dm
4

)
I2R(kLm), (C17)

IWg(R)(kLm) =

2

{
k sin kLm cos kx(xR)Lm−kx(xR) cos kLm sin kx(xR)Lm

k2−k2
x(xR)

cos kcLm

−
kcsinkcLmcoskx(xR)Lm−kx(xR)coskcLmsinkx(xR)Lm

k2
c−k2

x(xR)

coskLm

}
.(C18)
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In the (C1)–(C18) expressions are the following symbols: kxR =
mπ
2Lm

, kyR = nπ
dm

, kzR =
√
k2
xR + k2

yR − k2. The rest symbols are the
same as in the (B1)–(B6) formulas.

The slot admittances for the case of impedance slotted iris:

Y in,ext(kL,Zin,ext
s ) =

4π
ain,extbin,ext

×
∞∑

m=1

∞∑
n=0

εn(k2 − k2
xin,ext

)

kkzin,ext

sin2(kxin,extx0in,ext)

× cos(kyin,exty0in,ext) cos
(
kyin,ext(y0in,ext +

de
4

)
)
F (kzin,extZ

in,ext
s )

×
[
Iin,ext (kL) cos

πL

ain
− Iin,ext

(
πL

ain

)
cos kL

]2

, (C19)

F (kzin,ext , Z
in,ext
s ) =

kkzin,ext(1 + (Zin,ext
s )2)

(ik + kzin,extZ
in,ext
s )(kZin,ext

s − ikzin,ext)

×
(

1 − i
kkzin,extZ

in,ext
s

k2 − k2
xin,ext

)
, (C20)

Iin,ext (kL) =

2
k sin kL cos kxin,extL−kxin,ext cos kL sin kxin,extL

k2−k2
xin,ext

, (C21)

Iin,ext

(
πL

ain

)
=

2
π
ain

sin πL
ain

cos kxin,extL− kxin,ext cos πL
ain

sin kxin,extL

(π/ain)2 − k2
xin,ext

. (C22)

In the (C19)–(C22) expressions there are the following symbols:
kxin,ext = mπ

ain,ext
, kyin,ext = nπ

bin,ext
, kzin,ext =

√
k2
x + k2

y − k2, (m,n =
0, 1, 2 . . . ); εn = 1 at n = 0, εn = 2 at n 
= 0; x0in,ext and y0in,ext are
the slots axes coordinates.
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APPENDIX D. SERIES SUMMING UP IN THE
FUNCTION OF THE IRIS OWN FIELD

The real part of the own field function W
(
πde
2L ,

π
2

)
of the slot has the

form:

ReW
(
πde
2L
,
π

2

)
=

4π2

abL




∞∑
m=3,5...

1 + cos 2kxL
km0
z [(π/(2L))2 − k2

x]

+
2 cos2(πL/a)

γ2
10

∞∑
n=1

cos(kyde/4) + cos 2kyy0√
k2
y − γ2

10

+
∞∑

m=3,5...

1 + cos 2kxL
(π/(2L))2 − k2

x

∞∑
n=1

cos(kyde/4) + cos 2kyy0
kmn
z


 . (D1)

The following symbols are accepted in (D1): km0
z =√

k2
x − (π/(2L))2; kmn

z =
√
k2
x + k2

y − (π/(2L))2; γ2
10 = (π/(2L))2 −

(π/a)2; kx = mπ/a; ky = nπ/b.
The second series over n in (D1) can be summed up with the help

of the relation reduced in [39]:

∞∑
n=1

cos(kyde/4) + cos 2kyy0
kmn
z

∼= − 1
km0
z

+
b

π

[
K0(km0

z

de
4

) +K0(2km0
z y0)

]
, (D2)

where K0(x) is the McDonald’s function. Then (D1) grades into the
expression which does not contain double series:

ReW
(
πde
2L
,
π

2

)
∼=

4π2

abL

{
2 cos2(πL/a)

γ2
10

∞∑
n=1

cos nπde
4b + cos 2nπy0

b√
(nπ/b)2 − γ2

10

− b
π




2 cos2 3πL
a

k2
30

[
K0

(
k30

de
4

)
+K0 (2k30y0)

]
+

(
a
π

)2
∞∑

m=5
[1 − (−1)m]1+cos 2mπL

a
m2 K0

(
mπde

4a

)




 . (D3)

The term series (D3) is separated out in the explicit form (k30 =√
(3π/a)2 − (π/(2L))2) at m = 3 in (D3), and in the rest sum along m

we take into account, that while increases, theK0(x) function decreases
rapidly.



Progress In Electromagnetics Research, PIER 70, 2007 169

Let us sum up the first series in (D3), expanded the square

root into series
(√

(nπ/b)2 − γ2
10

)−1
≈ b

π

[
1
n +

(
γ10b√

2π

)2
1
n3

]
and using

the formula 1.441.2 from [43]:
∞∑
n=1

cosnx
n = − ln

(
2 sin x

2

)
, valid under

condition of 0 < x < 2π, and which in our case (x = πde
4b , x = 2πy0

b ) is
performed. As the result after some transformations we get:

∞∑
n=1

cosnπde
4b + cosn2πy0

b√
(nπ/b)2 − γ2

10

∼=
2 cos2 πy0

b

k11

− b
π

[
2 cos2

πy0
b

−
(
γ10b

9

)2

cos2
2πy0
b

+ ln
(
πde
2b

sin
πy0
b

)]
, (D4)

where k11 =
√

(π/a)2 + (π/b)2 − (π/(2L))2.
We can sum up the rest series along m in (D3) with the help of

the expressions 8.526.1,2 from [43]:
∞∑

m=1

[1 − (−1)m]K0(mx) cosmxt ∼=
π

2x
√

1 + t2

+
1
2

[
1

1 − (xt/(2π))2
− 2

1 − (xt/π)2
− 2/3

1 − (xt/(3π))2
+

1
2

]
, (D5)

which are valid while performing the following conditions: x > 0,
{x/π} � 1, {xt/π} < 1 (here and further x and t — are non-
dimensional parameters, m is the integers). Making double integration
along t in (D5), we have:

∞∑
m=1

[1 − (−1)m]K0(mx)
1 + cosmxt

m2

∼=−πx
2

{
t ln(t+

√
1+t2)−

√
1+t2+1+t ln

π−xt
π+xt

−π
x

ln

[
1−

(
xt

π

)2
]
−t ln 2π−xt

2π+xt
+

2π
x

ln

[
1−

(
xt

2π

)2
]
+t ln

3π−xt
3π+xt

−3π
x

ln

[
1−

(
xt

3π

)2
]
+
xt2

4π

}
+ 2

∞∑
m=1

[1 − (−1)m
K0(mx)
m2

. (D6)

Then substituting the values x = πde
4a ({de/(4a)} � 1), t = 8L

d ,
xt = 2πL

a ({2L/a} < 1) in (D6), we get:
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∞∑
m=5

[1 − (−1)m]
1 + cosm2πL

a

m2
K0

(
m
πde
4a

)

∼=
π2L

a

(
1−ln

16L
de

+ln
1−L/a
1+L/a

−ln
1−2L/a
1+2L/a

−ln
1−2L/(3a)
1+2L/(3a)

)

+
π2

2

{
ln

[
1−

(
2L
a

)2
]
−2 ln

[
1−

(
L

a

)2
]
+3 ln

[
1−

(
2L
3a

)2
]
−

(
L

a

)2
}

+4
[
K0

(
πde
4a

)
sin2πL

a
+

1
9
K0

(
3πde
4a

)
sin2 3πL

a

+
∞∑

m=5,7...

K0

(
m
πde
4a

)/
m2


 . (D7)

The expressions (D4) and (D7) give the final formula (99) after
substitution in (D3).
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