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Abstract—The Unified Spectral Technique (UST) is a rigorous
analytical approach for calculating power fluxes of any type of source
and losses in multilayered dielectric structures of canonical geometries.
This method is a reasonable addition to the eigenfunctions technique.
An important advantage of the method is that the power fluxes are
represented in an explicit form via their spectra, avoiding cumbersome
calculations via field components. In this paper, this approach is
specified for a case of planar multilayered structures, including those
made of composite materials. Results of computations for the simplest
types of radiators (electric and magnetic dipoles) in proximity of
parallel-plane composite layers, comprised of a dielectric base and
conducting inclusions with concentrations below and above percolation
threshold, are analyzed.

1. INTRODUCTION

Practical interest for studying electromagnetic interaction of different
radiators with composite layered structures both in far- and near-field
zones has increased in recent years. In particular, these problems arise
at the development of radomes to protect antenna systems, as well as
shielding enclosures of different electronic devices to solve problems
related to electromagnetic immunity.
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It is important that frequency characteristics of material for
radomes or shields would satisfy requirements, depending on particular
application. In [1], the concept of engineering composites with the
desired frequency response based on a genetic algorithm and effective
medium theory, in particular, Maxwell Garnett formulation, has been
developed for microwave shielding applications. The genetic algorithm
optimization applied to combinations of composite layers with periodic
2D metafilm structures is considered in [2]. Sources of radiation acting
upon layered structures are not necessarily in the far-field zone. In
fact, they might be close to a structure under consideration, while
the concepts of reflection and transmission coefficients, as well as of
polarization and angles of incidence, are applicable only to the far-
field region.

In the past decades, the effects of a presence of a dielectric
layer on the radiation characteristics of antenna systems for various
configurations have been intensively studied analytically and/or
numerically, e.g., [3–10]. Modern full-wave numerical electromagnetic
codes and specialized systems of computer-aided antenna and
microwave/RF design allow for solving many complex problems.
However, they require tremendous computer resources even when
analyzing operation of relatively simple configurations of radiators in
presence of dielectric structures in near and intermediate field regions.
For this reason, it is still important to develop adequate analytical
models to describe interaction of radiators with layered structures,
since it may substantially reduce computer resources needed for the
design of systems and structures of interest.

In the 1990’s, the Unified Spectral Technique (UST) was proposed
[11–14]. The UST is a generalized analytical method for arbitrary
sources of radiation and any canonical geometry of dielectric layers —
planar, cylindrical, and spherical. Spectra of electric and magnetic
fields are calculated rigorously through scalar potentials using the
known solutions of corresponding boundary problems. This approach
for finding scalar potentials combines the known classical methods and
includes the following stages:

• The scalar potentials for the geometry under consideration are
derived using the approach in [4].

• The radiated fields are expanded as a Fourier series using a
complete set of eigenfunctions of every structure along the
coordinate axis parallel to the boundary.

• The source-like Cauchy representation of the radiated field along
the coordinate axis normal to the boundary is applied.

• The analogy with circuit theory is used to reduce the complicated
boundary problem to a single boundary condition.
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The advantage of using the UST is that the power fluxes are
represented in an explicit form via field spectra, rather than their
field components, and this makes calculations less cumbersome. The
standard approach developed in many publications, e.g., [3–10], is
based on calculating components of the electric and the magnetic
fields in layered structures. Calculation through fields demands the
double integration of the E-component, double integration of the H-
component, and double integral of the Poynting vector [4, 5]. Overall,
it is necessary to calculate six integrals. It becomes especially
cumbersome when the geometry of the radiator is complex. Using
the UST, the order of integration is reduced only to a double integral
for the plane case [11]; to a single integral and series for the cylindrical
case [12]; and to a double series for the spherical case [13]. This is
done by applying the Plancherel theorem [15]. Besides, the integrals
are taken of the slowly varying functions of field spectra, but not of
the fields containing rapidly varying exponents. This is important for
assuring computational stability.

The UST is favorable for explicit calculation of the power fluxes in
multilayered structures, when each layer is characterized by its effective
electromagnetic parameters — permittivity and/or permeability. In
the near-field zone, it is not always possible to separate contributions
of reflected and transmitted fields or wave modes, and, hence it is
reasonable to consider power fluxes instead of fields. The power fluxes
will take into account energy of propagating waves, both backscattered
and transmitted through layered structures, as well as electromagnetic
energy loss due to such effects as excitation of evanescent waves, whose
mode structure is not sustained by the geometry under consideration,
scattering, and different mechanisms of ohmic or polarization loss and
energy transformation. As for surface waves, they are also taken into
account, since the UST is a rigorous full-wave formulation. However,
surface waves appear only over a limited range of angles.

The objective of this paper is to apply the UST for calculating
power characteristics of radiators (in particular, the radiation and
absorption efficiencies) for analysis of planar layered structures that
may contain composites. According to this formulation, the radiators
may be of any type and complexity. For simplicity, in this paper
only the cases of elementary electric and magnetic dipoles placed
parallel to the boundary plane are considered. Multilayered structures
can be treated using the cascading of classical transmission, or
ABCD, matrices [16]. Recently, a paper on power absorption
phenomena in near-field regions treated using a modal-based equivalent
junction/circuit model [17] was published. In our paper, spectral
densities of the introduced scalar electric and magnetic potentials also
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resemble voltages and currents, similar to the equivalent circuit model.
The algorithm presented herein allows for calculating power

fluxes in any media-lossless or lossy, including composite materials,
both dielectrics and poor conductors. When media are lossless, the
calculations are simplified. Since the fluxes through lossless media
are independent of the coordinate normal to the boundaries, the
corresponding power fluxes through any cross-section can be calculated
as fluxes through the boundary, where the field spectra can be found
in the simplest way.

The approach and analysis presented in this paper may be useful
for the design of electromagnetic shields, and for taking into account
parasitic electromagnetic coupling inside an electronic module, where
there are many chips and other active elements as sources of radiation.
The technique also can be generalized for the case of a two-dimensional
array of radiators, which would be useful for the design of frequency-
selective surfaces.

The structure of the paper is the following. Section 2 contains
the mathematical background, where the UST is specified for a planar
case. Some computational results in a planar layered geometry and
for the simplest types of radiators, elementary electric and magnetic
dipoles, are represented in Section 3. This section contains examples
of computations for dielectric and conducting composite media. The
effect of conductivity of inclusions, their geometry, and concentration
on the absorption and radiation efficiency of a radiator near composite
layers is studied. Some of the obtained results are compared with
full-wave FDTD simulations. A discussion of the results and main
conclusions are represented in Section 4. Appendices A and B
contain the formulations of the problem for cylindrical and spherical
geometries, respectively, and Appendix C contains the formulations
for mixing rules for calculating effective permittivity of dielectric and
conducting composites comprised of a dielectric base and conducting
inclusions.

2. ELECTROMAGNETIC MODEL FOR CALCULATING
POWER FLUXES

One of the objectives of this paper is to develop a model that allows for
studying the behavior of radiators in proximity of shielding structures
and giving a tool to engineer shielding materials with desirable
electromagnetic parameters. As is known, the most important
characteristic of any shielding enclosure is its shielding effectiveness
(S.E.), associated with the level of attenuation of the electromagnetic
field produced by the enclosure [18]. When near fields are taken into
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account, it is reasonable to characterize shielding effectiveness in terms
of power rather than fields, and to introduce the notions of absorption
and radiation efficiencies in terms of electromagnetic power fluxes, as
is done in [14].

Taking into account the power balance law, the absorption and
radiation efficiencies calculated in the dimensionless form are related
as

ηrad + ηabs = 1. (1)

The absorption efficiency is defined as a ratio of the power flux lost in
the structure to the power flux produced by the source.

ηabs =
Ploss

Psource
. (2)

Then the radiation efficiency is found from (2),

ηrad =
Psource − Ploss

Psource
. (3)

If the source is placed in a lossless medium, then Ploss = Pabs,
the power flux absorbed by the material of the shielding enclosure,
and Psource = Prad, the total radiated power flux. Defined as (3),
the radiation efficiency is associated with the total contribution of the
“reflected” and “transmitted” power fluxes that might be difficult to
separate when considering the near fields of radiators.

It should be mentioned that in practical electromagnetic
engineering applications it may be reasonable to calculate the
absorption and radiation efficiencies in decibels,

ηrad[dB] = 10 log10

Psource − Ploss

Psource
;

ηabs[dB] = 10 log10

Ploss

Psource
. (4)

To calculate the efficiencies ηrad and ηabs, it is necessary to
calculate the power flux loss Ploss and the radiated power Prad.

The geometries under consideration are shown in Figures 1–3.
An impressed source having a volume current density �Je,m is placed
arbitrarily under the dielectric layers of plane, cylindrical and spherical
shapes, respectively. Power fluxes through the cross-sections zi, ri, or
Ri, respectively, are

Pα =
∫∫
s

�pαd�S, (5)
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where �pα are the components of Poynting vector, and the coefficient
α denotes z, r, or R. For the planar case, shown in Figure 1, the loss
and radiated power fluxes are

Ploss = P+
rad − P+

tr = PZ1 − PZ3;

Prad = P+
rad + P−

rad = PZ1 + PZ2. (6)
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Figure 1. Parallel-plane layered dielectric structure.
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Figure 2. Cylindrical layered dielectric structure.

For the cylindrical case, shown in Figure 2, the power fluxes are

Ploss = Pr1 − Pr2;
Prad = Pr2. (7)



Progress In Electromagnetics Research, PIER 66, 2006 323

meJ ,

1R

2R

1RP
→

Figure 3. Spherical layered dielectric structure.

and for the spherical case, shown in Figure 3, the power fluxes are

Ploss = PR1 − PR2;
Prad = PR2. (8)

The z-component of the Poynting vector in the parallel-plane
geometry shown in Figure 1 is

pz =
1
2
Re(ExH

∗
y − EyH

∗
x). (9)

The tangential components of electromagnetic field, can be written in
terms of the auxiliary functions Φe,m and ψe,m, analogous to the Debye
scalar potentials in [4]:

Ex =
∂ψe

∂x
+

∂ψm

∂y
; Hx =

∂Φm

∂x
− ∂Φe

∂y
;

Ey =
∂ψe

∂y
− ∂ψm

∂x
; Hy =

∂Φm

∂y
+

∂Φe

∂x
. (10)

The superscripts “e” and “m” stand for the waves of electric and
magnetic types, respectively. It is convenient to represent these
auxiliary scalar potentials Φe,m and ψe,m as the Fourier integrals,
according to the method of eigenfunctions,

Φe,m =
∫ ∫
χ1,χ2

Ie,me−iχ1x−iχ2ydχ1dχ2;

ψe,m =
∫ ∫
χ1,χ2

U e,me−iχ1x−iχ2ydχ1dχ2,
(11)
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where Ie,m and U e,m are the spectral densities of the scalar potentials
Φe,m and ψe,m, respectively. Then (10) can be represented as

�Eτ =
∫∫
χ1χ2

(
U e�t + Um �f

)
dχ1dχ2; �Hτ =

∫∫
χ1χ2

(
Ie�t + Im �f

)
dχ1dχ2,

(12)

where (�t; �f) is the complete system of vector eigenfunctions

�t = (−iχ1�x0 − iχ2�y0) e−iχ1x−iχ2y;
�f = (−iχ2�x0 + iχ1�y0) e−iχ1x−iχ2y, (13)

expressed via the unit vectors in the Cartesian coordinate system �x0

and �y0.
The expression for the power flux is obtained by substituting (12)

and (13) in (9):

Pz = 2π2Re


∫∫
χ1χ2

χ2(U eIe∗+UmIm∗)dχ1dχ2


 , (14)

where χ2 = χ2
1 + χ2

2.
It is important that the spectral densities of the scalar potentials

Ie,m and U e,m, used instead of the field components, play the part
of the generalized “currents” and “voltages”. The first term of (14)
represents the power flux due to the electric field, and the second term
is the flux due to the magnetic field. At this point, assume that the
values Ie,m and U e,m are known. However, it is necessary first to
obtain them from the rigorous solution of the corresponding boundary
problem, taking into account physical effects of diffraction, absorption,
refraction, and numerous reflections. Substitution of the Fourier
representation for the field components (12) in Maxwell’s equations
leads to the differential equations of the 2nd order with respect to Ie,m

and U e,m. In the areas of the existence of the reflected waves, that
is, in the cross-sections z1 and z2, and within the dielectric layers (see
Figure 1), the solution for Ie,m and U e,m is the following

U e,m = U e,m
in + U e,m

r ,

Ie,m = (U e,m
in − U e,m

r ) /Ze,m, (15)

where U e,m
in and U e,m

r are in the form of propagating waves with the
exponential terms e−γz and e+γz, respectively. The values γ and
Ze,m are the propagation constant and the characteristic impedance



Progress In Electromagnetics Research, PIER 66, 2006 325

in the cross-section z under consideration, respectively, as shown in
Figure 4. The amplitudes U e,m

in and U e,m
r in (15) are the coefficients of

two linearly independent solutions for the one-dimensional Helmholtz
equation with the appropriate boundary conditions; the index “in”
corresponds to the “incident” waves propagating in the positive
direction of the axis z, and the index “r” stands for the “reflected”
waves propagating in the negative direction of the axis z. In the cross-
section z3, where the reflected waves are absent, the values U e,m

r and
Je,m
r are equal to zero.
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Figure 4. Power fluxes in a parallel-plane layered structure.

Let the impressed source be placed in any medium with, in the
general case, complex absolute permittivity and permeability (εa, µa).
Then, the corresponding propagation constant is γ2

a = χ2 − k2
a, where

χ2 = χ2
1+χ2

2, and ka = ω
√
εaµa. The values Ze,m

a are the characteristic
impedances of the medium for the waves of electric (e) or magnetic (m)
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types, respectively,

Ze
a =

γa
iωεa

; Zm
a =

iωµa

γa
. (16)

Suppose, for simplicity, that the medium with the parameters (εa,
µa) is lossless. Then the wave number ka is real and positive. The
power flux through the cross-section z1 will be considered for two cases:
(a) |χ| < ka and (b) |χ| ≥ ka, corresponding to the contributions of
propagating and evanescent waves, respectively.

(a) When |χ| < ka, the propagation constant γa = iβa is
imaginary, and the characteristic impedance Ze,m

a is real. Then the
power flux is found as

Pz prop = 2π2

∫∫
χ1χ2

χ2

[
|U e

in|
2 − |U e

r |2

Ze
a

+
|Um

in |
2 − |Um

r |2

Zm
a

]
dχ1dχ2. (17)

(b) When |χ| ≥ ka, the propagation constant γa is real, the
characteristic impedance Ze,m

a = iXe,m
a is imaginary, and the power

flux is

Pz evan = 4π2

∫∫
χ1χ2

χ2

[
Im(U e

inU
e∗
r )

Xe
a

+
Im(Um

inU
m∗
r )

Xm
a

]
dχ1dχ2. (18)

As mentioned above, the exact expressions for the coefficients U e,m
in

and U e,m
r should be known for the given boundary conditions and the

given sources.
At this point, two important conclusions can be derived.
The first conclusion is the independence of the coefficients U e,m

in
and U e,m

r on the z-coordinate for a lossless medium. Therefore, the
power flux through the surface that crosses a medium without loss is
also independent of the z-coordinate. Hence, a power flux through any
cross-section can be calculated as a flux through the boundary, where
the field spectra can be found in the simplest way.

The second conclusion is that any calculated power flux can
be comprised of two terms: the first term (17) is determined by
the propagating waves when γa = iβa, and the second term (18)
is determined by evanescent, or non-propagating waves when γa is
real. Only for the regions where there are no reflected fields, that
is, U e,m

r = 0 and Je,m
r = 0, the power flux is determined only by

propagating waves.
Consider power fluxes through three cross-sections shown in

Figure 4.
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1) Cross-section z1. There are both incident and reflected waves,
so that

U e,m
in (z1) = U e,m+e−γaz1 ;

U e,m
r (z1) = U e,m−e+γaz1 = ρe,m · U e,m+ · eγa(h+z1), (19)

where ρe,m is the reflection coefficient at the boundary z = h given
below in (34). The total power flux that includes powers of all
propagating and evanescent waves is

Pz (z1) = P e
z prop (z1) + Pm

z prop (z1) + P e
z evan (z1) + Pm

z evan (z1) . (20)

The power flux of propagating waves in a lossless medium (εa, µa) is

P e,m
z prop(z1) = 2π2

∫∫
χ1χ2

χ2

[
|U e,m+e−γaz1 |2−

∣∣ρe,mU e,m+eγa(h+z1)
∣∣2

Ze,m
a

]
dχ1dχ2;

|χ| < ka (21)

The power flux of evanescent waves is

P e,m
zevan(z1) = 4π2

∫∫
χ1χ2

χ2 |U e,m+|2·Im
(
ρe,me−γaz1e(−jβa+αa)(h+z1))

)
Xe,m

a
dχ1dχ2;

|χ| ≥ ka. (22)

If the medium (εa, µa) is lossy, then the propagation constant is
complex, γa = αa + jβa.

2) Cross-section z2: There is only one wave propagating in the
negative direction of the z axis,

U e,m
in (z2) = 0;

U e,m
r (z2) = U e,m−e+γaz2 + U e,m+ · ρe,m · eγa(2h+z2). (23)

The power flux in this cross-section is calculated using the formula

P e.m
z prop(z2) = 2π2

∫∫
χ1χ2

χ2

[∣∣U e,m−e+γaz2 +ρe,mU e,m+eγa(2h+z2)
∣∣2

Ze,m
a

]
dχ1dχ2;

|χ| < ka (24)

3) Cross-section z3: There is only the propagating wave in the
positive direction of the axis z

U e,m
in (z3) = τ e,m · U e,m+ · e−γahe−γLLe−γa1z3 ; U e,m

r (z3) = 0, (25)
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where γL is the propagation constant within the dielectric layer of
thickness L. If this is a multilayer structure, then γL is an equivalent
propagation constant calculated through cascading of the layers. In
(25), τ e,m is the transmission coefficient. It is calculated as is given
below in (32).

Then the flux of propagating waves in this cross-section (z3) can
be calculated as

P e,m
zprop (z3) = 2π2

∫∫
χ1χ2

χ2 |U e,m+|2 ·
∣∣τ e,me−γahe−γLLe−γa1z3

∣∣2
Ze,m

a1

dχ1dχ2;

|χ| < ka. (26)

Using the relations (15), one can relate “voltages” and “currents”
(U e,m

n , Ie,mn ) on the upper boundary of a layer number n with
“voltages” and “currents” (U e,m

n−1, I
e,m
n−1) on the lower boundary of the

layer, using the transmission matrix [A]e,mn =
[
ae,mn be,mn

ce,mn de,mn

]
,

[
U e,m

n−1

Ie,mn−1

]
= [A]e,mn ·

[
U e,m

n

Ie,mn

]
. (27)

The elements of the transmission matrix for any dielectric layer of
thickness ln are

ae,mn = de,mn = cosh(γnln);
be,mn = Ze,m

n sinh(γnln);

ce,mn =
1

Ze,m
n

sinh(γnln). (28)

where the complex propagation constant γn and characteristic
impedance Ze,m

n are determined by the constitutive parameters of the
layer εn and µn. Then, the relation between the values (U e,m

N , Ie,mN ) at
the final boundary and (U e,m

0 , Ie,m0 ) at the very first boundary is the
cascading of the transmission matrices,[

U e,m
0

Ie,m0

]
= [A]e,m1 · [A]e,m2 · . . . · [A]e,mN ·

[
U e,m

N

Ie,mN

]
. (29)

From the theory of 2-port devices [16], one can calculate the input
impedance at the lower (initial) cross-section as

Ze,m
in0 =

ae,mZe,m
a + be,m

ce,mZe,m
a + de,m

, (30)
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where ae,m, be,m, ce,m, and de,m are the parameters of the resultant

transmission matrix [A]e,m =
N∏

n=1
[A]e,mn .

If the upper half-space has the characteristic impedance Ze,m
a1 �=

Ze,m
a , then the reflection and transmission coefficients are

ρe,m=
Ze,m

in0 −Ze,m
a1

Ze,m
in0 +Ze,m

a1

=
(ae,mZe,m

a +be,m)−Ze,m
a1 (ce,mZe,m

a +de,m)
(ae,mZe,m

a +be,m)+Ze,m
a1 (ce,mZe,m

a +de,m)
, (31)

and

τ e,m=
2Ze,m

a1

Ze,m
in0 +Ze,m

a1

=
2Ze,m

a1

(ae,mZe,m
a +be,m)+Ze,m

a1 (ce,mZe,m
a +de,m)

. (32)

In the particular case, when the upper half-space is the same
as below the multilayered structure, Ze,m

a = Ze,m
a1 , the reflection

coefficient is calculated as

ρe,m =
ae,m − de,m + be,m/Ze,m

a − ce,mZe,m
a

ae,m + de,m + be,m/Ze,m
a + ce,mZe,m

a
, (33)

and the transmission coefficient is

τ e,m =
2

ae,m + be,m/Ze,m
a + ce,mZa + de,m

. (34)

Amplitudes U e,m± depend on the type and orientation of the
radiator under consideration. If this is an elementary electric or
magnetic dipole, the impressed currents are

Je,m
x,y,z = je,mx,y,z · δ (x− x0) · δ (y − y0) · δ (z − z0) , (35)

where je,mx,y,z is the corresponding dipole moment of the radiator, and δ
is the Dirac delta-function. According to Figure 4, the source is placed
in the plane z0 = 0.

The closed-form expressions for U e,m± for any cross-section z
(with corresponding complex propagation constant γa in the medium,
where the source is placed) can be obtained taking into account
symmetry of the dielectric structure along the x and y axes. The
dipoles oriented along x produce the same power fluxes as those
oriented along y, and the corresponding expressions simplify.

U e± =
ie±γaz

8π2χ2
·
[
−Ze

a (χ1a
e
x) ±

(
aezχ

2

ωε0
+ χ2a

m
x

)]
(36)
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and

Um± =
ie±γaz

8π2χ2
·
[
Ze

a ·
(
amz χ2

ωµ0
− χ2a

e
x

)
∓ χ1a

m
x

]
. (37)

From the above rigorous solution it is seen that the power flux
contains the contribution of higher-order modes that transfer energy,
when the reflection coefficient is non-zero. If the source is close to the
surface, this contribution can be substantial.

Below there are given the explicit formulas for the calculation
of power fluxes through the cross-sections z1, z2, and z3, shown in
Figures 1 and 4, when the source under consideration is an elementary
electric dipole oriented along the x axis. It is assumed that the
dielectric slab is surrounded by air.

The power flux Pz(z1) can be calculated using (21) and (22) as a
double Fourier transform. To calculate these integrals, it is convenient
to use the following substitutions:

χ1 = χ cosα;
χ2 = χ sinα;

dχ1dχ2 = χdχdα, (38)

and then the integral with respect to α is calculated in an explicit form.
For real χ, it is convenient to introduce the notation χ = ka cos θ.

Then the integral with respect to |χ| < ka, corresponding to the power
fluxes of the propagating waves, should be calculated in the limits for
θ ∈ (0; 2π). When |χ| ≥ ka, the angles θ are imaginary, and the
corresponding integral with respect to the imaginary angles describes
the evanescent waves (i. e., γa is real).

This means that the power fluxes (21) and (22) are calculated as

P e,m
z =

∞∫
χ=0

. . . dχ =

2π∫
θ=0

. . . dθ +

∞∫
χ=ka

. . . dχ. (39)

To calculate evanescent power fluxes with respect to the imaginary
angles, it is convenient to use the normalized propagation constant
γn = γL/ka =

√
y2 + 1 − n2 expressed through the newly introduced

parameter y and the parameter n2 = εL/εa, which is a ratio of
permittivities of the dielectric layer and the surrounding space. When
the dielectric layer is surrounded by air, n =

√
εr is just the refractive
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index of the dielectric layer. Then (39) transforms to

P e,m
z =

2π∫
θ=0

. . . dθ +

∞∫
y=0

. . . dy. (40)

The corresponding power fluxes for propagating and evanescent
waves through the cross-section z1 are calculated as follows:

Pm
zprop(z1) =

π/2∫
θ=0

(
1 −

∣∣ρmprop

∣∣2) sin θ · dθ;

P e
zprop(z1) =

π/2∫
θ=0

cos2 θ
(
1 −

∣∣ρeprop

∣∣2) sin θ · dθ;

Pm
zevan(z1) =

∞∫
y=0

(−2) · Im(ρmevan) · e−4πhydy;

P e
zevan(z1) =

∞∫
y=0

2y2 · Im(ρeevan) · e−4πhydy. (41)

In (41), ρe,mprop is the reflection coefficient for the propagating waves,
and the notation ρe,mevan corresponds to the evanecsent waves, though in
the prior formulation the notation ρe,m was used for any kind of waves.

As is shown above, for the cross-sections z2 and z3, the resultant
power flux Pz is comprised only of the contributions by the propagating
waves. For the cross-section z2 ,the power flux Pz(z2) is found as

Pzprop(z2) = P e
zprop + Pm

zprop

=

π/2∫
θ=0

{
cos2 θ

∣∣1 + ρeprop · e−i4π·h cos θ
∣∣2 +∣∣1 + ρmprop · e−i4π·h cos θ

∣∣2
}

sin θdθ. (42)

For the cross-section z3, the total power flux Pz(z3) can be written
as

Pzprop(z3)=P e
zprop+Pm

zprop =

π/2∫
θ=0

{
cos2 θ · |τ e|2+|τm|2

}
sin θdθ. (43)
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When considering an elementary magnetic dipole oriented
along the axis x, the power flux Pz(z1) is calculated using (20),

P e
zprop(z1) =

π/2∫
θ=0

(
1 −

∣∣ρeprop

∣∣2) sin θdθ;

Pm
zprop(z1) =

π/2∫
θ=0

cos2 θ
(
1 −

∣∣ρmprop

∣∣2) sin θdθ;

P e
zevan(z1) =

∞∫
y=0

2Im(ρeevan)e
−4πhydy;

Pm
zevan(z1) =

∞∫
y=0

−2y2 · Im(ρmevan)e
−4πhydy. (44)

The power flux Pz(z2) in the cross-section z2 is found as

Pzprop(z2) = P e
zprop + Pm

zprop

=

π/2∫
θ=0

{∣∣∣1−ρeprop ·e−i4π·h cos θ
∣∣∣2+ cos2 θ ·

∣∣∣1−ρmprop ·e−i4π·h cos θ
∣∣∣2}sin θ ·dθ(45)

In the cross-section z3, the total power flux Pz(z3) can be written as

Pzprop(z3) = P e
zprop + Pm

zprop =

π/2∫
θ=0

{
|τ e|2 + cos2 θ · |τm|2

}
sin θ · dθ

(46)

To simplify the expressions for finding reflection and transmission
coefficients in the formulas (41)–(46), it is convenient to introduce the
notations

G =
√
n2 − sin2 θ;

φ = 2π · L ·G;

Qy = 2πLγn = 2πL
√
y2 + 1 − n2, (47)

where L is the thickness of the layer, and n =
√
εL/εa is the

relative refractive index. When the dielectric layer with the realtive
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permittivity εr is surrounded by air, the refractive index equals to
n =

√
εr.

Then the transmission coefficients for propagating waves,
characterized by real angles, can be found using the formulas

τm(θ) =
2G · cos θ

2G · cos θ · cosφ + i · sinφ · (G2 + cos2 θ)
;

τ e(θ) =
2G · n2 · cos θ

2G · n2 · cos θ · cosφ + i · sinφ · (G2 + n4 · cos2 θ)
. (48)

The reflection coefficients for the propagating waves are

ρmprop(θ) =
i · sinφ ·

(
cos2 θ −G2

)
2G · cos θ · cosφ + i · sinφ · (G2 + cos2 θ)

;

ρeprop(θ) =
i · sinφ ·

(
G2 − n4 · cos2 θ

)
2G · n2 · cos θ · cosφ + i · sinφ · (G2 + n4 · cos2 θ)

. (49)

The reflection coefficients for evanescent waves, characterized by
imaginary angles, can be found using the formulas

ρmevan(θ) =
y − γn
y + γn

· 1 − exp(−2Qy)

1 − exp(−2Qy) ·
(
y − γn
y + γn

)2 ;

ρeevan(θ) =
−n2y + γn
n2y + γn

· 1 − exp(−2Qy)

1 − exp(−2Qy) ·
(
n2y − γn
n2y + γn

)2 . (50)

3. RESULTS OF COMPUTATIONS FOR A
PARALLEL-PLANE CASE

Mere study of power fluxes in the proximity of a layer (or layers) of
absorbing dielectric materials is not of special interest, because it is
difficult to practically measure power fluxes, and especially to separate
contributions of propagating and evanescent modes. It is much more
practical and useful to study the radiation and absorption efficiencies
of radiators near dielectric layers, including those used for shielding
purposes. The algorithm represented in Section 2 allows for calculating
these efficiencies for the elementary electric and magnetic dipoles near
dielectric layers. In the present Section, some computational results are
represented for composite absorbing materials, containing conductive
inclusions. The materials considered herein are of two types: (1)
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composite dielectrics (when concentration of conducting inclusions in
the dielectric base is below the percolation threshold), and (2) poor
conductors (when concentration of inclusions is high enough to form a
conducting path).

Example 1. The horizontal magnetic and electric dipoles are
placed at the height h above the boundary of two lossy dielectric media,
as shown in Figure 5.

Figure 5. Two-layered parallel-plane structure.

The dielectric layer having the relative dielectric constant ε
and finite thickness L (upper layer) is placed upon the semi-infinite
layer with the relative dielectric constant ε1 (lower medium). The
surrounding medium (above the dielectric media) is air. The total
radiated power is determined by two fluxes Pz1 and Pz2, calculated
according to the formulas in Section 2. The power flowing through the
cross-section Z1 contains two components: (1) the power transmitted
by the propagating waves at |χ| < k0 (17), and (2) the power
transmitted by the evanescent (inhomogeneous) waves determined by
the near fields at |χ| ≥ k0 (18). The effect of evanescent waves becomes
noticeable, when the source is placed closer to the boundary, or when
the ratio of the height to the wavelength (h/λ) decreases. This is
related to the effect of an increase of the near-field penetration into
a lossy dielectric. The dependence of the normalized power flux as a
function of the parameter h/λ, is shown in Figure 6. The power flux
of the propagating wave is independent on h, and is normalized to be
a unity.

Radiation efficiency ηrad (in dimensionless units) of the electric
or magnetic elementary dipoles versus h/λ for various parameters
of the dielectric layers is shown in Figures 7(a), (b) and 8(a), (b).
Dielectrics in this example are lossy, but their permittivity is assumed
to be frequency-independent in the frequency range of interest. The
lower medium is moist soil (Figures 7) or dry wood (Figures 8), and
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Propagating waves

E vanescent waves,
Pze/Pzp

h/

Figure 6. Normalized power of propagating and evanescent waves.
The lower dielectric layer is the moist soil, ε1 = 8.0 − i0.5. The upper
layer is of the thickness L = 0.35λ, ε = 1.6 − i0.1 (porous material).

the dielectric parameters of the upper finite-thickness layer are taken
different — for a porous material, for dry wood, and for concrete or
brick. As seen from the graphs in Figures 7 and 8, the radiation
efficiency of a dipole abruptly decreases, when the source is placed
close to the absorbing layer. This can be explained by the increase of
power flux due to the evanescent waves.

Example 2. Figures 9(a), (b) and 10(a), (b) show the
dependences of the absorption efficiency (in dimensionless units) for
electric and magnetic dipoles placed parallel to the layer of the
thickness L versus relative height h/λ. The layer in this example is
surrounded by air (ε1 = 1). The graphs are calculated for different
values of complex permittivity of the layer in Figures 9, and for
different values of relative thickness L/λ in Figure 10. As seen from the
graphs, the absorption efficiency increases as the near-field interaction
with the dielectric increases. The near fields are determined by the
evanescent waves, and the latter are more intense at the shorter
distances from the radiator. Thus, when the radiator is placed closer
to the absorbing medium (h/λ → 0), loss increases because of the
substantial increase of near fields. However, the behavior of the graphs
in Figures 9 and 10 depend on the particular values of permittivity and
the thickness of the dielectric layer. Since at some values of (h/λ) and
permittivity ε a layer might have a resonance thickness (∼ λ

2
√
ε
), the

behavior of the curves for different permittivities with respect to (h/λ)
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might differ.
Example 3. Consider the behavior of the near-field of an

elementary electric dipole close to a planar composite dielectric layer
with a frequency-dispersive permittivity. A composite material is an

Electric dipole

1.04.2 i-=ε

1.06.1 i-=ε

1.01.4 i-=ε

λ/h

radη  

Magnetic dipole 

1.04.2 i-=ε 1.06.1 i-=ε

1.01.4 i-=ε

λ/h

radη  

(a)

(b)

Figure 7. Radiation efficiency of (a) an electric dipole; (b) a magnetic
dipole. The geometry is as in Figure 5 (radiation of an antenna above
the surface). The lower dielectric layer is the moist soil, ε1 = 8.0−i0.5.
The upper layer is of the thickness L = 0.35λ. The solid line
corresponds to the porous material; the dash-dot line corresponds to
dry wood, and the dotted line is for brick or concrete.
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inhomogeneous medium. However, its electromagnetic parameters may
be homogenized using an effective medium theory (EMT). There are
many effective media theories (EMT) allowing for homogenization of
composite media [19–23]. This layer contains conductive fibers in

Electric dipole 

1.04.2 i-=ε

1.06.1 i-=ε

1.01.4 i-=ε

radη  

λ/h

(a)

Magnetic dipole 

1.04.2 i-=ε1.06.1 i-=ε

1.01.4 i-=ε

radη

λ/h

(b)

Figure 8. Radiation efficiency of (a) an electric dipole; (b) a magnetic
dipole. The geometry is as in Figure 5 (radiation of an antenna above
the surface). The lower dielectric layer is the dry wood, ε1 = 2.4−i0.5.
The upper layer is of the thickness L = 0.35λ. The solid line
corresponds to the porous material; the dash-dot line corresponds to
dry wood, and the dotted line is for brick or concrete.
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the dielectric base. The frequency characteristics for the permittivity
of the composite are calculated using the Maxwell Garnett effective
medium formulation [24–31], described in Appendix C, and they
are shown in Figures 11(a), (b). The base dielectric is assumed
to be non-dispersive (εb = 2.2). Aspect ratio for fibers (ratio of
their length to their diameter) is a = 1500, and their volumetric
fraction in the base material is 0.15%. The dependences of the
absorption coefficient versus distance of the electric dipole from the

λ/h

ε =2.4-i0.1

ε =4.1-i0.1

ε =1.6-i0.1

loss
η Electric Dipole 

a bs
η

λ/h

ε =2.4-i0.1

ε =1.6-i0.1

ε =4.1-i0.1

Magnetic Dipole 

a)

b)

abs 

abs 

Figure 9. Absorption efficiency for (a) an electric dipole; (b) a
magnetic dipole. The geometry is as in Figure 1 (heating of a dielectric
layer of a finite thickness). The dielectric layer is of the thickness
L = 0.35λ. The solid line is for porous material; the dash-dot line is
for dry wood, and the dotted line is for brick or concrete.
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composite layer for different frequencies are shown in Figures 12(a)–
(e). Conductivity of inclusions is a varying parameter. When the
point of observation is in the far-field region (see graphs for 9 GHz),
the absorption increases (the calculated value ηabs,dB = 10 log10(ηabs)
becomes closer to 0 dB) with the increase of conductivity of inclusions.
This result is obvious: the higher conductivity of fibers leads to
the increase of polarizability of inclusions, and to the increase of
static dielectric susceptibility, and, according to the Kramers-Kronig
causality relations, increase of the imaginary part of the permittivity at

/h

loss

10.L =

50.L =

01.L =

Electric Dipole

/h

abs

10.L =

50.L =

01.L =

Magnetic Dipole

a)

b)

abs

abs

Figure 10. Absorption efficiency of (a) an electric dipole; (b) a
magnetic dipole. The geometry is as in Figure 1 (heating of a dielectric
layer of a finite thickness). The dielectric layer is the dry wood,
ε = 2.4 − i0.1. The solid line corresponds to the layer thickness 0.1λ;
the dash-dot line is for 0.5λ, and the dotted line is for 1.0λ.
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Figure 11. Complex permittivity of the composite (a) real part; (b)
imaginary part of permittivity. Permittivity of the base material is
εb = 2.2; parameters of fibers: aspect ratio a = 1500, volumetric
fraction is fi = 0.15%, and conductivity is a varying parameter.
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Figure 12. Absorption efficiency (dB) versus distance between the
electric dipole and the composite layer (L = 1 mm); frequency is (a)
0.1 GHz, (b) 0.5 GHz, (c) 1 GHz, (d) 3 GHz, (e) 9 GHz, and (f) 80 GHz.
Aspect ratio of fibers is 1500. Conductivity σ of fibers is a parameter.
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Figure 13. Absorption efficiency (dB) versus frequency for the electric
dipole and the composite layer of thickness L=1 mm for different
distances from the source (a) h = 9µm; (b) h = 1 mm, (c) h = 5 mm;
(d) h = 55 mm. Aspect ratio is 1500. Conductivity of fibers is a
parameter.

the frequency of maximum loss. However, in the near-field region the
higher conductivity does not necessarily lead to the higher absorption.
When the electric source is close to the composite layer (near-fields
at 0.1 and 0.5 GHz), the situation is the opposite: the higher the
conductivity of inclusions, the lower the absorption efficiency becomes.
This might be explained by the fact that the concept of effective
permittivity is valid only for the far-field region in principle, and
for the near-field region local interactions through inhomogeneous
fields, including evanescent modes, should be taken into account when
estimating effective permittivity.

Figures 13(a), (b) show the absorption efficiency (dB) versus
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Figure 14. Complex permittivity of the composite: (a) real part; (b)
imaginary part. Base material is Teflon (ε′ = 2.2); volumetric fraction
of carbon inclusions is 0.7/a < pc; conductivity is σ = 40000 S/m2;
aspect ratio is a varying parameter.
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frequency for the electric dipole and the composite layer (L = 1 mm)
at different distances from the source: h = 1 mm and h = 5 mm, when
the conductivity of inclusions is different. As seen from the graphs, at
higher conductivity and smaller distance of the layer from the source,
the “resonance” behavior of the absorption efficiency versus frequency
is more pronounced. At some frequencies (in a comparatively low
frequency range) the layer becomes less absorbing with the increase of
conductivity. The “resonance” frequency of minimal absorption shifts
to the higher frequencies with the increase of conductivity, as shown
in Figures 11(a), (b).

Example 4. Another set of graphs is obtained for the similar
composite as in Example 3, but the aspect ratio of inclusions (ratio of
the length to the diameter) is a varying parameter. The composite
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Figure 15. Absorption coefficient versus distance h between the
elementary electric dipole and the composite layer (thickness L =
1 mm); frequency is (a) 0.1 GHz, (b) 1 GHz, (c) 3 GHz, and (d) 9 GHz.
Aspect ratio a of inclusions is a parameter.
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Figure 16. Absorption coefficient versus distance h between
the composite layer and (a) elementary magnetic dipole, and (b)
elementary electric dipole. Thickness of the layer is L = 1 mm.
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Figure 18. Absorption efficiency as a function of height for an
elementary electric dipole placed near the conducting composite layer
with frequency characteristic shown in Figure 17. Thickness of the
layer is L = 1 mm.

is still a dielectric with concentration of conducting fibers much
smaller than the percolation threshold. The frequency dependences
of the real and imaginary parts of effective permittivity are shown
in Figure 14(a), (b). Figures 15(a)–(d) contain the graphs for the
absorption efficiency ηabs versus distance h between the elementary
electric dipole and the composite layer (thickness L = 1 mm) for
different frequencies. As seen from Figures 15, the absorption
efficiency of near fields does not necessarily increase with the increase
of the fiber aspect ratio. Figures 16(a), (b) show the absorption
efficiency as a function of the distance h between the composite layer
and the elementary magnetic dipole, and the composite layer and
the elementary electric dipole. Absorption efficiency in a dielectric
composite for an elementary magnetic dipole is smaller than that for
an elementary electric dipole.

The results of computations for near-field of an elementary electric
dipole close to a plane composite layer show that the behavior of
absorption of near fields in the composite layer with respect to the
conductivity and aspect ratio of inclusions is different from the far-
field behavior. Near-field absorption in a layer depends on the distance
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Figure 19. Absorption efficiency for an elementary electric dipole
close to the composite conducting layer with frequency characteristic
shown in Figure 17. Thickness of the layer is 1 mm.

of the radiator from the composite layer and the particular effective
permittivity of the composite layer at the particular frequency.

Example 5. The behavior of elementary radiators has been
also studied in proximity of a composite layer with a concentration
of conducting fibers above the percolation threshold, so that this
composite is a poor dielectric and a poor conductor. This composite
contains conducting inclusions at a concentration above the percolation
threshold. The composites with high concentration of inclusions
are described, for example, by McLachlan [32] or Ghosh-Fuchs
approximations [33]. The complex permittivity of the composite was
calculated using McLachlan’s approximation [32, 34], represented also
in Appendix C. Since this is a conducting composite, the imaginary
part of its permittivity increases with the decrease of frequency as 1/ω,
and is much greater than the real part. The frequency dependence
for permittivity of the composite is shown in Figure 17. Figure 18
represents the absorption efficiency as a function of height for an
elementary electric dipole placed near the conducting composite layer
with the frequency characteristic shown in Figure 17.

Different curves in Figure 18 correspond to different frequencies
(0.1–9 GHz). Figure 19 shows the frequency behavior of absorption
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efficiency, when the electric dipole is placed at the heights 200 and
300 mm above the conducting layer. The absorption efficiency of
a radiator close to the composite conducting layer depends on the
distance between the radiator and frequency behavior of the imaginary
part of the permittivity of the layer.

These examples show that the near-field and far-field behavior of
radiators in the proximity of dielectric and conducting composite layers
might be substantially different. One of the possible explanations
of this phenomenon is that the effective medium theories used for
homogenization to obtain effective constitutive parameters of media
are suitable only for far-field considerations, since they do not take into
account near-field interactions. Anyway, physical reasons still need to
be studied, and the presented method is a convenient tool for this.

4. CONCLUSIONS

In this paper, it is shown that the behavior of electric and magnetic
radiators in proximity of planar layered dielectric structures containing
layers of composite dielectrics with engineered frequency responses can
be modeled using the rigorous analytical Unified Spectral Approach
(UST). Herein, the UST, which is a general formulation valid for any
canonical geometry, has been specified for a particular case - planar
layered dielectric structures. The formulation allows for calculating
power fluxes of sources of any type and complexity. An important
advantage of the method is that the power fluxes are represented in
an explicit form via their spectra, avoiding cumbersome calculations
via field components. The formulation is useful for evaluating power
loss in multilayered structures, when they are in the near-field region
of the source.

The formulas obtained for the power fluxes are original and take
into account the influence of dielectric layers of different geometry on
the field structure. The presented approach is a reasonable addition to
the eigenfunctions technique, and it is useful for the solution of a wide
range of theoretical and applied electromagnetic problems.

The represented rigorous analytical approach has been used to
characterize the near-field behavior of elementary electric and magnetic
dipoles close to a plane layer (or layers) of engineered composite
materials. Some computational results are obtained for composite
media containing conductive inclusions. These composites provide
shielding mainly due to absorption of electromagnetic energy. The
effect of conductivity of inclusions and their geometry (through their
aspect ratio) on the absorption and radiation efficiency of a radiator
near composite layers is analyzed. The computational results for the
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near-field of an elementary electric dipole close to a plane composite
layer show that the behavior of the absorption of the near fields in the
composite layer with respect to the conductivity and aspect ratio of
inclusions is different from the far-field behavior. Near-field absorption
in a layer depends on the distance of the radiator from the composite
layer and the particular effective permittivity of the composite layer at
the particular frequency.

APPENDIX A. CALCULATION OF THE POWER FLUX
IN THE CYLINDRICAL LAYERED STRUCTURE

In the cylindrical case shown in Figure 2, the radial component of the
Poynting vector is

pr = 0.5 · Re
(
EϕH

∗
z − EzH

∗
ϕ

)
. (A1)

The E- and H-field components in (A1) can be represented as the
Fourier integral along the z-coordinate, and expanded as the Fourier
series along the ϕ-coordinate, as proposed in [11]. Then the application
of the Plancherel’s theorem yields simplification, since a product of two
complex-conjugated functions in the integrand is substituted as the
product of their Fourier transforms [12]. The power flux Pr is found
from (5) as

Pr = 2π2Re
∑
n

∫
χ

(
eϕnh

∗
zn − eznh

∗
ϕn

)
rdχ, (A2)

the electric spectrum densities eϕn and ezn, as well as the magnetic
field spectrum densities hϕn and hzn are used. Similar to (11) for
a parallel-plane case, the spectrum densities eϕn, ezn, hϕn, and hzn

appear to be the scalar potentials.
Substitution of the Fourier representations for all the field

and current components into Maxwell’s equations results in the
Bessel differential equations for ezn and hzn spectrum densities
[11, 12]. Taking into account the relation between the field spectrum
components [11, 12], the spectrum densities eϕn and hϕn can be
expressed in terms of the spectrum densities ezn and hzn:

eϕn =
1
γ2

(
−χn

r
ezn + iωµ

∂hzn

∂r

)
;

hϕn =
1
γ2

(
−χn

r
hzn − iωε

∂ezn
∂r

)
. (A3)
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Then (A2) can be represented as

Pr = 2π2
∑
n

∫
χ

ik

γ

(
Z
dhzn

dr
h∗zn − 1

Z

dezn
dr

e∗zn

)
rdχ, (A4)

where the propagation constant is γ2 = k2 −χ2, and Z =
√
µ/ε is the

characteristic impedance of the medium, and k = ω
√
εµ.

The solution of the mentioned above Bessel differential equation
for ezn and hzn inside the cylindrical structure is the following [11]

hzn = JinH
(2)
n (γ · r) + JrH

(1)
n (γ · r);

ezn = UinH
(2)
n (γ · r) + UrH

(1)
n (γ · r). (A5)

It should be mentioned that the coefficients Jin,r and Uin,r in (A5)
are known from the solution of the boundary problem, and they are
independent of the coordinate r. These coefficients are analogous to
the generalized “currents” and “voltages” in (15). H

(1),(2)
n (γ · r) are

the I and II type Hankel functions, respectively.
Two cases should be considered: (1) |χ| < k, and (2) |χ| ≥ k.
(1) When |χ| < k, the propagation constant γ is real. Then,

substituting (A5) in (14), the power flux can be obtained,

Pr = 4π2k
∑
n

∫
χ

1
γ2

(
Z

(
|Jin|2−|Jr|2

)
+

1
Z

(
|Uin|2−|Ur|2

))
dχ. (A6)

(2) When |χ| > k, the propagation constant γ = −iβ is imaginary.
Since the argument of the Hankel functions becomes imaginary, they
transform into the modified Bessel functions Kn and In. Then the
solutions of the differential equation for the spectra ezn and hzn are

hzn = 2(i)n
(
i

π
(Jin − Jr)Kn(γ · r) + (−1)nJrIn(γ · r)

)
;

ezn = 2(i)n
(
i

π
(Uin − Ur)Kn(γ · r) + (−1)nUrIn(γ · r)

)
. (A7)

Substituting the solutions (A7) in (A2) and using some algebraic
manipulations, one can get

Pr = 8π
∑
n

∫
χ

(−1)n
k

γ2

(
ZRHn +

1
Z
REn

)
dχ, (A8)
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where

REn = Re [U∗
r (Uin − Ur)] ;

RHn = Re [J∗
r (Jin − Jr)] . (A9)

The coefficients (A9) have the physical meaning of the radiation
resistance for the fields of E- and H-types, respectively. The power
flux (A8) through the surface crossing the medium without losses is
independent of the coordinate r. Similarly to the case of a parallel-
plane layered structure, the power flux in the semi-infinite region is
determined by the propagating and evanescent waves.

APPENDIX B. CALCULATION OF THE POWER FLUX
IN A SPHERICAL LAYERED STRUCTURE

An electromagnetic power flux through the sphere of the radius R
shown in Figure 3, can be found from (5), taking into account the
R-component of the Poynting vector,

pR = 0.5 · Re
(
EθH

∗
ϕ − EϕH

∗
θ

)
. (B1)

The scalar potentials of electric and magnetic types can be introduced
analogously to the scalar potential Φe,m and Ψe,m for the parallel-plane
layered structure [13]. These scalar potentials can be expanded as a
series of eigenfunctions for the Laplace operator, and the tangential
field components can be represented as

�Eτ =
1
R

(∑
n,m

U e
nm

�tnm +
∑
n,m

Um
nm�τnm

)
;

�Hτ =
1
R

(∑
n,m

Imnm�tnm −
∑
n,m

Ienm�τnm

)
, (B2)

where Ie,mnm are the spectra of the potential Φe,m, and U e,m
nm are the

spectra of the potential Ψe,m. Vectors �tnm and �τnm in (B2) represent
the complete orthogonal system of vector functions, so that

�tnm =
dTnm

dθ
�θo +

1
sin θ

dTnm

dϕ
�ϕo;

�τnm =
1

sin θ
dTnm

dϕ
�θo −

dTnm

dθ
�ϕo, (B3)

where Tnm = Pm
n (cos θ) · ejmϕ is the I type Legendre function [15],

and �θo and �ϕo are the unit orthogonal vectors in spherical coordinate
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system. Orthogonality of the vector functions �tnm and �τnm is proved
using the formula (20) in [15, Section 7.12]. Substitution of the
orthogonal vector functions (B3) in (B2) and then in (B1), yields the
following expression for the power flux,

PR = 2πRe
∑
nm

iQnm

(
Z
dJe

nm

dρ
Je∗
nm − 1

Z

dUm∗
nm

dρ
Um

nm

)
, (B4)

where the distance ρ = kR, k is a wave number, Z is the characteristic
impedance of the medium, and the coefficients Qnm are

Qnm =
n(n− 1)(n + m)!
(2n + 1)(n−m)!

. (B5)

Consider the area where the reflected wave exists in the spherical
case shown in Figure 3. The solution of the differential equation for
the generalized currents and voltages in this case can be represented
as

Um
nm = Ũinξn(ρ) + Ũrη(ρ);

Je
nm = J̃inξn(ρ) + J̃rη(ρ), (B6)

where

ξn(ρ) =
√

π · ρ
2

·H(2)
n+1/2(ρ);

ηn(ρ) =
√

π · ρ
2

·H(1)
n+1/2(ρ). (B7)

In (B7), H(1)
n+1/2(ρ), H

(2)
n+1/2(ρ) are the type I and II Hankel functions,

respectively. The amplitudes Ũin,r and J̃in,r are found from the solution
of the corresponding boundary problem for the fields Eτ , Hτ . If there
are no reflected waves in a region, the amplitudes Ũr and J̃r are zero.

Substituting (B6) in (B1), one can get

PR = 2π
∑
nm

Qnm

(
Z

∣∣∣J̃in

∣∣∣2 +
1
Z

∣∣∣Ũin

∣∣∣2 − Z
∣∣∣J̃r

∣∣∣2 − 1
Z

∣∣∣Ũr

∣∣∣2), (B8)

As follows from (B8), the transferred energy is independent of the
distance R in the medium without losses, similar to the parallel-plane
and cylindrical layered geometries. However, in the spherical case, in
contrast to the parallel-plane and cylindrical cases, all the eigenwaves
are propagating. The reason for this is that in the structure of the
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solution for the spherical geometry there are no evanescent waves.
The functions ξn(ρ) and ηn(ρ) at large ρ have an asymptotic e−iρ,
eiρ at any n, and they describe propagating waves. In the planar and
cylindrical geometries, in contrast with the spherical case, at large
spectral parameters the corresponding functions describe evanescent
waves. This is a mathematical fact, and its physical interpretation is
not quite evident.

APPENDIX C. MODELS OF DIELECTRIC AND
CONDUCTING COMPOSITE MEDIA

There are many effective media theories (EMT) allowing for
homogenization of composite media [19–23], that is, characterization of
composites by effective permittivity and permeability. To find effective
electromagnetic properties of composite media, it is important to know
the electromagnetic parameters of a base (host matrix) material and
inclusions. A composite material containing conducting inclusions in
a dielectric base has frequency-dependent effective permittivity.

The base material might be quite transparent over the frequency
range of interest. However, if there are conducting inclusions, the
electromagnetic energy may be absorbed due to conductivity loss and
to the dimensional resonance in the inclusions. Presence of conductive
particles will also increase reflection from the composite layer. If a
composite contains a dilute phase of conducting inclusions, it remains
a dielectric material. If the concentration of conducting inclusions is
high, above the percolation threshold, the material is a conductor.
Percolation threshold in the conductor-insulator composite materials
is defined as the concentration of the conductive filaments, where the
electrical properties of the composite changes drastically from insulator
to conductor. The mechanism of interaction with electromagnetic
waves incident on a conducting composite is mainly reflection.

The Maxwell Garnett (MG) model [24–27] is the simplest and the
most widely used for description of composite media at comparatively
low concentrations of inclusions. Its important feature is linearity with
respect to frequency and applicability for a multiphase mixture. The
generalized MG mixing formula for multiphase mixtures with randomly
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oriented ellipsoidal inclusions is [1, 28],

εeff = εb +

1
3

n∑
i=1

fi (εi − εb)
3∑

k=1

εb
εb + Nik(εi − εb)

1 − 1
3

n∑
i=1

fi (εi − εb)
3∑

k=1

Nik

εb + Nik(εi − εb)

(C1)

where εb,i = εi,b∞ + χi,b(ω) are the relative permittivities of the base
material and of the i-th type of inclusions, respectively. In the general
case, they are complex and depend on frequency. In (C1), fi is the
volume fraction occupied by the inclusions of the i-th type; Nik are
the depolarization factors [25, 29] of the i-th type of inclusions, where
indices k = 1, 2, 3 corresponds to x, y, and z coordinates. If the
inclusions are thin cylinders, their two depolarization factors are close
to 1/2, and the third can be calculated as in [30], N ≈ (a)−2 ln(a),
where a = l/d is a cylinder’s aspect ratio (length/diameter). The
sum of all three depolarization factors is always unity. Since the MG
formula is linear, the resultant effective permittivity of the mixture can
be also represented through effective high-frequency permittivity and
susceptibility function [29],

εeff = εeff∞ + χeff (ω). (C2)

If inclusions are conducting (metallic), their frequency-dependent
relative permittivity is

εi(jω) = ε′ − jε′′ = ε′ − iσ/ωε0. (C3)

The MG mixing rule is applicable when the concentration of
the conducting particles in the mixture is below the percolation
threshold. The percolation concentration can be evaluated as pC =
C/a, where a is an aspect ratio for the inclusions, and C is the
experimental coefficient depending on the technology of the composite
manufacturing (typically, 1 ≤ C ≤ 10) [31].

When concentration of inclusions is higher than the percolation
threshold, the different approximations from the general effective
medium theories should be used, for example, McLachlan [32] or
Ghosh-Fuchs approximations [33]. The McLachlan’s equation is used
to describe effective parameters of the mixture close to or above the
percolation threshold is [32, 34].

(1 − fi)
(
ε
1/s
b − ε

1/s
eff

)
ε
1/s
b +

(
1 − pc
pc

)
ε
1/s
i

+
fi

(
ε
1/t
i − ε

1/t
eff

)
ε
1/t
i +

(
1 − pc
pc

)
ε
1/t
eff

= 0. (C4)
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In (C4), the values s and t are the process exponents [34]. Their
ratio s/t determines the symmetry of the real and imaginary part of
the permittivity around the percolation threshold.
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