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Abstract—The scattering of a plane electromagnetic wave by
a perfectly conducting prolate or oblate spheroid is considered
analytically by a shape perturbation method. The electromagnetic
field is expressed in terms of spherical eigenvectors only, while the
equation of the spheroidal boundary is given in spherical coordinates.
There is no need for using any spheroidal eigenvectors in our solution.
Analytical expressions are obtained for the scattered field and the
scattering cross-sections, when the solution is specialized to small
values of the eccentricity h = d/(2a), (h < 1), where d is the interfocal
distance of the spheroid and 2a the length of its rotation axis. In
this case exact, closed-form expressions, valid for each small h, are
obtained for the expansion coefficients ¢®) and ¢ in the relation
S(h) = SO)[1 4+ g®h% + gWh* 4 O(hS)] expressing the scattering
cross-sections. Numerical results are given for various values of the
parameters.

1. INTRODUCTION

Study of electromagnetic scattering by a metallic spheroid is an old
problem with numerous applications. Many researchers have been
involved with its solution in the past in a great number of papers,
applying various methods. Among these papers are the ones included
in our reference list [1-6].

In the present paper the scattering of a plane electromagnetic wave
by a perfectly conducting prolate or oblate spheroid is considered. In
Fig. 1 the geometry of the prolate spheroid is shown. Its interfocal
distance is d, while a and b are the lengths of its major and minor
semiaxes, respectively. The prolate spheroid is the only one to be
considered explicitly, but corresponding formulas for the oblate one
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Figure 1. Geometry of the prolate spheroid.

are obtained immediately. Without loss of generality the direction of
propagation of the incident wave is assumed to be in the xz plane,
as shown in Fig. 1, making an angle 6y with respect to the positive z-
semiaxis. The polarized incident wave is resolved into two components:
the TE wave, for which the electric field vector is normal to the xzz
plane and the TM wave, for which the electric field vector lies in the
xz plane. At an axial incidence (fp = 0, 7) there is no need to consider
TE and TM waves, due to the symmetry.

The problem is solved by a shape perturbation method. The
electromagnetic field is expressed in terms of spherical eigenvectors
only, while the equation of the spheroidal boundary is given in spherical
coordinates. There is no need for using any spheroidal eigenvectors
in our solution. When the solution is specialized to small values of
the eccentricity h = d/2a (h < 1) analytical expressions of the form
S(h) = S(0)[1 + gPh? + g®h* + O(hS)] are obtained for the various
scattering cross-sections. The expansion coefficients ¢(?) and g(*) are
given by exact, closed form expressions, independent of h, while S(0)
corresponds to a sphere with radius a (h = 0).

Although general exact solutions to this same problem have
already been developed [6, 7] the main advantage of such an analytical
solution lies in its general validity for each small value of h, free of
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spheroidal eigenvectors. Practically this means that once ¢(?) and ¢(*
are known, S(h) can be immediately evaluated by quick “back-of-the-
envelope” calculations, for each small h, while all numerical techniques
require repetition, from the beginning, of the complicated evaluation
for each different h, independently of its size small or large. This was
achieved after a great analytical effort which, made once, apparently
reduces dramatically the otherwise necessary computer time for the
numerical evaluation of the many spheroidal eigenvectors in the case
of small h. So we can say that the present solution is much useful
for a “fat” spheroid, where the use of the general solution seems to be
superfluous. As far as the terms omitted in our solution are of the order
h8, or higher, it is evident that the restriction for use of small values of
h is less severe than it may appear at first. Comparison with existing
results found in [1,5-7] shows that even for h = 0.866 (maximum
possible h = 1.0, corresponding to a rod) our method gives a very
good approximation. Moreover our analytical solution can provide a
benchmark, against which the more complex spheroidal function codes
may be checked.

The problem is solved in Section 2, while in Section 3 numerical
results are given for various values of the parameters.

2. SOLUTION OF THE PROBLEM

The prolate spheroid is examined explicitly, while corresponding
formulas for the oblate one are obtained immediately.

2.1. TE Incident Wave

We start with the incident TE plane electromagnetic wave with plane
of incidence the zz plane and its electric field normal to the plane of
incidence (see Fig. 1). The expression for this electric field is [§]

—

E = yejk(msin%—&—zcos@o)
S

= i i [Cmn(ﬂo)rﬁz,(%(r,@,@ +dmn(00)ﬁgg)¥z(raev¢):| (1)

n=1m=0

where the time factor exp(—jwt) is suppressed, 6y is the angle of
incidence with respect to the positive z-semiaxis, k is the wavenumber,
r,0, ¢ are the spherical coordinates with respect to O, while

com(00) = _J"em(2n+1) (n —m)! dP}" (cos bp)
m nn+1) (n+m)! dby ’
2mj"1(2n 4+ 1) (n — m)! P (cos )
n(n+1) (n+m)!  sinfp
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dmn (90) -
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and

2 (7,6,6) = -+ 1ju(kr)Cin (6,0) @

d _e
7 (10,6) = nnt )2 B 0,6) 4l )T B0, 0)

are the spherical eigenvectors of the first kind [8, 9].
The subscripts or superscripts e and o stand for even and odd
functions, respectively. In (3), (4), the spherical surface eigenvectors

C, P and B are given by the relations [9]

_e 1 .~ dP"™ cos N
70nn - Pm L .
+ n(n +1) [sm@ " cos df sin md)d)] (5)
Bon = P mi (6)
sin
e 1 dP"" cos A m sin A
i = n- 0 F —P™ 7
n(n+1) { df smm¢ + sing " cosmgbgb} (™)

In (2)(7) o = 1, €, =2 (m > 1) is the Neumann factor, P/ is the
associated Legendre function, j, is the spherical Bessel function of the
first kind j%(z) = d[xjn(x)/dz], while 7,6, ¢ are the unit vectors.

The scattered wave is expressed as

B> (A3, (7,0, 0) + Dyt (r,0,0)]  (8)
n=1m=0
where T?LZS;% and ﬁgg% are the spherical eigenvectors of the third kind
with expressions similar to those in (3),(4), but with the spherical
Bessel functions of the first kind replaced by the spherical Hankel
functions of the first kind h,(kr), with the superscript (1) omitted
for simplicity.
In order to satisfy the boundary condition 7 x (El +E,) =0 at
the spheroidal surface (7 is the normal unit vector there), we express
the equation of this surface in terms of r and 6 [1, 10]

a a
e ——— v=1—-— 9
1 —wvsin?6 ©)

Using the expansions of (9) into a power series of h = d/(2a) and
keeping terms up to the order h*, where

v=—h?—ht+0(%, v*=hn'+0(h% (10)



Progress In Electromagnetics Research, PIER 67, 2007 117

we obtain
r=a ll - h;SiHQH— h; (Sinze— zsin4 9) +O(h6)] (11)
2

Jn(kr) = jn(z) — %1’],’1(93) sin” 0
+ht {—%jn( )sin? @ + - {3x]n( )+ x%yi{(:c)] sin49}
+0O(h%), z=ka (12)

. . 9 .

]nIE:]:T) — jnﬂ(::) + % {@ _];L(:U):| Sin29

4 x

—I—}; {[]n; ) _ j;(:v)] sin? 0
-3 [‘% ~ o) — @) sint o} + O (13

and similar expressions for h,(kr) and h,(kr)/kr. The first derivative
Jr(kr) is given from (12) with one more prime in each of the Bessel
functions. A similar expression is obtained for Al (kr). Finally
§e(kr)/kr = jn(kr)/kr + 4! (kr) and hﬁ(kr)/kr = hy(kr)/kr + hl (kr)
are obtained easily from the former expansions.
Substituting in (3),(4) and using mzﬁ,ﬁ%, ﬁgg% in (1) and
mgﬁ%, nog% in (8) we satisfy the boundary condition 7 x (EZ + Es) =
(Ez + Es) = 0 at the spheroidal surface, where [10, 11]
R T SVRVRE o 2 200 6
=(1- g sin 20|10/, n :r+751n20(1+h cos“6)0 + O(h°)
(14)
In the resulting equatlon we use the orthogonal properties of the
surface eigenvectors B C and P [9] by making dot products first
with Bf,mdQ and next with C’fmdQ, where df) = sin 8dfd¢, and then
integrating for 6 = 0 — 7 and ¢ = 0 — 2wr. Thus we finally obtain,
respectively, the following two infinite sets of linear inhomogeneous
equations for the expansion coefficients A,,, and D,,,, up to the order
Rt (v € >m' = max{m,1}, £=0—4):
av,v—4Av—4 + av,v—ZAv—Z + app Ay + av,v+2Av+2 + av,v+4Av+4
+dv,v73Dv73 + dv,vlevfl + dv,erleJrl + dv,v+3Dv+3 = Nv (15)
d;;,v—4DU*4 + d;;,fu—2DU*2 + d;wD’U + dg},v+2D’U+2 + d;,v+4DU+4

+a{u,v73AU—3 + a:),'uflAU—l + ai},’u+1A’U+1 + ai},v+3AU+3 = Nzl) (16)
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The subscript m is omitted from the various symbols in (15), (16), for
simplicity. As it is evident from (8) the subscripts of A’s and D’s are
always non-negative and the second subscript is equal or greater than
the first one, i.e., than m. In the opposite case A’s and D’s are equal
to zero and so disappear. The same is valid also for the corresponding
a’s(a”s) and d’s(d’’s)

For small values of h one can set up to the order h*

ave = alQ 4+ alh? + aM)h* + O(n%),
auotr = all)yoh? 4+ all) L oht + O(RO),
Qu,vtd aq(j,%ﬂhél +0(h°%) (17)

dypiy = alh? + al b+ O(hd),

v,oEl

a{u,v:i:3 = v(il}):|:3h4 + O(h6) (18)

doorr = d) g h? +dS) W+ O(RO),
dyois = do)sh* + O(hF) (19)

d,=d9+dPn?+dDpt+ O,

21,11:‘:2 = dv(,v):I:Zh2 + dv(,v):tQh4 + O(h6)7
Lesa = b+ O(K) (20)

N, = N2+ NPh2 + NOnt 4 o(nd),

/ / / 21
N, = NSO+ NPR2 4 NIt 4 o) 2y
Exact expressions for a(®’s, d©’s, N(Og (¢ = 0,2,4) as well as for
the corresponding primed ones are given in eqs. (A1)—(A6) of the
Appendix.

A’s and D’s are obtained from the solution of the sets (15) and
(16) by Cramer’s rule, following steps similar to the ones in [12,13].
The determinant A of a’s, a”’s, d’s and d’s is [10, 12]

[e'e] a/ d a/ d
A = P(QSS)P(d/SS){l_ Z { w,w+1%w+1,w n w+1,ww,w+1

! /
— w141 Cwwly 141

_l’_

Gy w+2Aw+2,w dw w+2dw+2 w‘| } (22)

7
Qw Cw+2,w+2 dwwdw+2,w+2
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where
P(ags) = am/ m/ Am/+1,m/+10m/+2,m/+2 - - +
P(d, ) —d d’ d' (23)
ss) T Um/ m'Ym/+1m/+1%m +2m/+2 -

The determinant A4, originating from A after the substitution of the
column of the coefficients a,, and agp of A, by the column of N,’s and

N’ is [13]

N,
_ / p
AAP - P(GSS)P(dSS)a
pp
00 / 00 ’
1— aw,w—‘rldw""law . Z aw+1,wdw7w+1
/ /
— oy Qwt1,w0+1 ! awwdw+1,w+1
w#p—1 w#p
00 co gt '
_ Z Aw,w+20w2,w Z dw,w+2dw+2,w
T
= Gwwluwi2wr2 T Dy o 0o
wF#p—2,p

!
S aptNe 5 dpt Ny
!
aNp 4T s Gt
/
Ap+2 p+40p p+2Npt4 " i1 prodp,pt1 Npt2

+ /
Upt4,p+40p+2,p+2Np apﬂ,pﬂdpil,pilN P

/ / /
apapiQdPi27Pi3Np:|:3 dp:l:l,p:l:3dp,p:|:1Npi3

/ / !
apinpi2dp:|:3,p:|:3Np dp:l:3,p:|:3dp:t1,p:|:1Np

/ ! /
appr2dpx2pr1Nps1 | dppr pr1dppr1 Ny
! ! l
api?,pi?dpil,pilNP pfl,pfldpﬂ,pHNp

(24)

where the pairs of signs mean summations of two terms in each case,
one with the upper signs and the other with the lower signs.

The determinant A p,, originating from A after the substitution of
the column of the coefficients d,, and dfup of Dy, by the column of N,’s
and N/’s is obtained from (24) by simply making the substitutions
a—d,d<a and N — N’

Using the expansions (17)—(21) into (22)-(24) A, is obtained from
an expression of the form

A
Ap= =22 = AD 1 AP R + AP B + O(RS) (25)
where

40 =20 (26)
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(2) — 7@ _ (0 a d
AP = 2 - 20 3 (ve+ ) (27)
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@ _ 7@ _ 52 ay yd
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0 0 0 0
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! 0 0 0 0 0
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(28)

with Z, = Ny/apy, = Z,g ) 4 ZI(, In2 4 ZI(,4)h4 + O(h%). The various
symbols appearing in (26)—(28) are defined in eqs (A18)-(A22) of the
Appendix.

Results analogous to (25)—(28) are obtained for the evaluation of
D, = Apy/A = DY) + DIPh2 + DSV + O(kS) by simply making the
substitutions a < d’, d +» @’ and N < N’ in these equations, as well
as in egs. (A18)—(A22) of the Appendix.

Using now the asymptotic expansions for the Hankel functions in
(8) the scattered far electric field is obtained, given by the expression

ejk?"
kr
where f(0,¢) is the scattering amplitude and

kr
By= " f(0.0)= 10,00+ 50,08 (29)

10.6) = X 32 (=) [~ A TP D S sinmo (30)
n=1m=0
ol0.6) = 32 3 ()" [~ A T 4 D P cos s (31)
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The backscattering (o) and the forward (o) scattering cross-sections
are defined as follows:

% - % Ufe(ﬂ—eo,ﬂ)|2+|f¢(7r_90’7r)|2] (32)
% — % {\f9(90,0)|2 + |f¢(90,0)\2}

Egs. (30) and (31) can be set in the form

Fg(0.0) = 1(0.0)+ £ 0.0+ 1) 0. 0h* + O (33)
where fée) and f g) are given by (30) and (31), respectively, by replacing
Ay with A, and Dy, with D, £ = 0,2, 4. Using (33), egs. for o,
and o in (32) can be set in the form

g

5 = = fofi + 1ot

1

™

% {‘fQ(O)‘2 + ‘fémf + 2Re [f(o)*f@) 4 féo)*ff)} h2

+ Ufe(2)’2 n ’ff)‘z 4 9Re (f( 49 f(o)*f(4)>}h4}+ O’
(34)

where Re represents the real part and the asterisk denotes the complex
conjugate.
The total scattering cross-section is defined as

Qi F
- /0 0 /¢ 176, 6)|? sin 0d6de
= /9 § /¢ s+ 56 f;] sin 0d0de (35)

Substituting from (30), (31) into (35) and using the orthogonal
properties of the Legendre and the trigonometric functions we finally
obtain

Qe _
SV

- ) (n+m)!
Z: 2n+1)( ~m)! ; (14l + Do)

1
@ .
- ( o h ) +O(h°) (36)

ouM8
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where |Ayn|? + |Dinl? = Apn AL, + Dmn Dl
is found by steps similar to the ones in (34).
Eq. (36) can be set in the form

so the last expansion

Q=" [1+d502 +gnt +0(h%)], g5 = Q" /Q°, t=2,4
(37)
The same is valid also for o/A? in (34) and consequently for o}, and o
n (32) which can be written as

o =0 [14¢@n?+ gnt + O(h9))] (38)

Evidently ng) and () correspond to a sphere with radius a(h = 0).
A check for the correctness of the results is by the fulfillment of
the forward scattering theorem [14] which in the present case has the

form
Qi/A\? = Tm[f4(60,0)] /7 (39)

where Im represents the imaginary part. Its validity was verified
numerically for various values of the parameters.

For the oblate spheroid simply h? is replaced with —h? in each
case.

2.2. TM Incident Wave

In this case the plane of incidence is again the zz plane, while the
electric field lying on this plane has the expression [15]

=iy 2 [ (007551, (7, 0, 6) + Can (B0)TZ (7, 0, 8)|  (40)
The scattered wave is expressed as

Es = i zn: [ mnmomn Ty 0 (b) + Dmnnemn(r 0 (b)} (41)

where A, and D,,, are different from the corresponding coefficients
in (8).

Satisfying the boundary condition 7 x (E; + Es) = 0 at the
spheroidal surface and following the same procedure as for the TE wave
we obtain again the sets of egs. (15) and (16), with the only differences
that d’s and d”’s simply change their signs, while N’s and N”’s are
obtained from the corresponding ones for the TE wave by simply
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replacing ¢, and dp,y, by jdmn and —jemn, respectively. Egs. (17)-
(38) are again valid with the former changes, while eq. (39) is replaced

by
Qi/X* = Im[fs(00. 0)] /7 (42)
For the oblate spheroid h? is replaced by —h? in each case.

3. NUMERICAL RESULTS AND DISCUSSION

In Table 1 the values of ¢ and ¢(* appearing in eqs. (37), (38) are
given, for various values of 0y and for a/\ = 0.7. The results are
symmetric about 6y = 90°, as it is imposed by the geometry of the
scatterer.

In Figs. 2—4 the scattering cross-sections are plotted versus 6y, for
h = 0.2,0.4, for a TE and a TM incident wave and for a prolate or
an oblate spheroid if a/A = 0.7, where A = 27 /k is the wavelength of
the electromagnetic field. In each figure the corresponding scattering
cross-section for h = 0 (sphere with radius a) is also plotted. The
results are symmetric about 6y = 90°.

From Figs. 2—4 it is seen that, for the values of the parameters
used, the deviation of the spheroid from the corresponding sphere

4 T T

sphere, h=0

TE, prolate, h=0.2
—— TE, prolate, h=0.4

35 TE, oblate, h=0.2 | 7|
—6— TE, oblate, h=0.4
—-—TM, prolate, h=0.2
—x—-TM, prolate, h=0.4
sr ~0— TM, oblate, h=0.4 | |
—+—TM, oblate, h=0.2

15r 1.3898 ]
1k i
_ N X TR T e X = _
XS = T L e T e e
05 I I I I I I I I
0 20 40 60 80 100 120 140 160 180
6,(%)

Figure 2. Backscattering cross-section for a/A = 0.7.
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—+—TM, oblate, h=0.2
—O— - TM, oblate, h=0.4

20
0

T e e L e e T T 33.765 -
X X X— e . _ 4
—x %
X7 S xe
P X

~ |

I I I I I I I I
20 40 60 80 100 120 140 160 180

0,()

Figure 3. Forward scattering cross-section for a/\ = 0.7.
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Figure 4. Total scattering cross-section for a/A = 0.7.
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Table 1. Values of ¢’s for a/\ = 0.7.
TE wave
6,(°) gy 8y o gy g g
0 -3.5771 -1.9316 -0.9731 3.0362 0.9243 -0.0129
10 -3.6036 -1.9121 -0.9635 3.0613 0.9057 -0.0131
20 -3.6800 -1.8558 -0.9356 3.1806 0.8523 -0.0139
30 -3.7969 -1.7695 -0.8929 3.4988 0.7712 -0.0165
40 -3.9403 -1.6637 -0.8406 4.1128 0.6730 -0.0216
50 -4.0929 -1.5510 -0.7848 5.0371 0.5699 -0.0296
60 -4.2363 -1.4452 -0.7325 6.1601 0.4745 -0.0395
70 -4.3532 -1.3589 -0.6898 7.2579 0.3976 -0.0492
80 -4.4295 -1.3026 -0.6620 8.0629 0.3479 -0.0563
90 -4.4560 -1.2830 -0.6523 8.3588 0.3308 -0.0590
TM wave
0 -3.5771 -1.9316 -0.9731 3.0362 0.9243 -0.0129
10 -3.5733 -1.8918 -0.9526 3.0249 0.8994 -0.0052
20 -3.5623 -1.7770 -0.8935 3.0285 0.8260 0.0134
30 -3.5454 -1.6011 -0.8030 3.1375 0.7089 0.0318
40 -3.5246 -1.3854 -0.6919 3.4426 0.5575 0.0377
50 -3.5025 -1.1558 -0.5737 3.9745 0.3871 0.0238
60 -3.4818 -0.9401 -0.4627 4.6690 0.2181 -0.0081
70 -3.4648 -0.7642 -0.3721 5.3749 0.0741 -0.0478
80 -3.4538 -0.6495 -0.3130 5.9033 -0.0230 -0.0803
90 -3.4500 -0.6096 -0.2925 6.0993 -0.0573 -0.0927

decreases/increases the scattering cross-sections, with respect to those
of the sphere, in the case of a prolate/oblate spheroid.

In Figs. 5 the backscattering cross-section is plotted versus ka (=
2ma/N) for 6y = 0° in (a) (in this case there is no need to consider TE
and TM waves) and for 8y = 7/3, 7/2 in (b), while in Figs. 6-8 the
scattering cross-sections are plotted versus ka for various values of 6
and h.

A further check for the correctness of our method has been
made by comparison of our results with existing ones found in [1,5-
7]. So in Figs. 8a and 8b we reproduce, with very good agreement,
the normalized backscattering cross-sections op/ma? and opa?/mb?,
respectively, versus ka for 8y = 0°, shown in Figs. 6 and 7, respectively
of [1]. The values of h vary from 0.31 (b/a = 0.95) up to 0.66 (b/a =
1.2). It should be noticed here that for b/a < 1, corresponding to a
prolate spheroid, h = \/1 — (b/a)?, while for b/a > 1, corresponding to
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6, /22

Figure 5. Backscattering cross-section (a) for §y = 0 (axial incidence).
(b) for 6y = w/3,7/2.

an oblate spheroid, h = /(b/a)? — 1. Moreover, we have reproduced
exactly the backscattering cross-sections for TE and TM waves incident
on a prolate spheroid, given in Figs. 4.7a, b of [7], where a/b =
1.01 (b = 0.14) and ka = 1,2, respectively. In Fig. 9 we give
the backscattering cross-section for a TE wave incident on a prolate
spheroid with a/b =2 (h = 0.866) and ka = 1. Finally in Figs. 10 we
give the bistatic cross-sections wa(6,0)/\? for a TE wave incident on
a prolate spheroid with a/b =2, ka =1 and 6y = 0°,20°,40° and 80°.
Comparison of Fig. 9 with Fig. 4.5b of [7] (see also Fig. 2 of [6]) and of
Figs. 10a, b, c and d, with Figs. 4.2b (see also Fig. 3a of [5]), 4.3a, 4.3b
and 4.4b of [7] shows that our method gives very good results even for
such a great value of h (maximum possible h = 1.0, corresponding to
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Figure 6. Forward scattering cross-section.
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Figure 7. Total scattering cross-section.
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Figure 9. Backscattering cross section for a TE wave incident on a
prolate spheroid with a/b =2 (h = 0.866) and ka = 1.
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Figure 10. Bistatic cross sections for a TE wave incident on a prolate
spheroid with ¢ =0, a/b =2 (h = 0.866) and ka = 1. (a) 6y = 0°, (b)
0o = 20°, (c) Oy = 40°, (d) 6y = 80°.

a rod), in the case of a TE wave. The same is not valid for a TM wave
and for h = 0.866, used in Figs. 9 and 10. The values of h = 0.2 — 0.5
used in our Figs. 2-7 are much lower than A = 0.866 used in Figs. 9,
10, thus keeping the errors low enough in each case.

APPENDIX A.

The expressions for the various symbols appearing in egs. (17)—(21)
are the following:

aly) = hy(x)I1 (v, v), al? :H§2)(m)[m2l(v, s)+1z(v,8)], s=v,v+£2,
al¥ = al? + H§4)(x) [(m2I3(v, s) + Iy(v,s)], s=v,u+£2, v+4
(A1)

d?) = mIs(v, s) {2 [H;(Q)(a;)—i—Af)(x)} —i—s(s—l—l)hs(x)/m} , s=vxl,

vSs
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d2+mIg(v, s) {4 HD (2) +A0(@) |+ 5(s+ DAD @) — s (2)/ 2]}

s=vxl,vt3 (A2)
_Cmvjv(fE)Il(Uu U),

— Z ems P (2) [mQI(v,s) + Ig(v,s)}

s=v,0£2

—m Y dsls (v, 9){2[ 1P @)+ KD ()| +5(s+1)js(2) /2],
s=vtl

N® — Z ems I (2) {mQI;»,(v, s) + Is(v, s)}

s=v,vt2v+4

-m Z dmsls(v, s) {4 [J;M) (z) + K® (x)}
s=v+t1l,v+3

+s(s + 1) [KP (@) = jio(a) /2] } (A3)

ad) = 2mIs(v, s)HS(Q)(x), s=v+1,

(A4)

ad) = a@ + 4m16(v,s)H§4)(x), s=v+t1l,o+3

= [h;(x) + hv(.%')/l'] Il(?}, U),
@ _

[m (0, 5) + Io(v, s)] [ @) + A8 ()]
+s(s+ 1)I7(v,s)hs(x)/x, s=v,v+2,
4 [P (v,5) + (v, 9)] [H (@) + AL ()]

+s(s+1) {Ag)(w) — hs(m)/a:} Is(v,s), s=v,v+2,0+4
(A5)

= —dmo [jo(@ )+jv( )/@] 11 (v, v),
= — Z 2mems P (2)I5(v, s)

s=v+l
Z dpms { [J @A)+ KP (w)} {m2I(v, s) + I(v, 3)}

s=v,vE2
+5(s + DIr(v, 5)js () /2,

N~ S eI
s=v+1l,0£3

- Z dpms { [J;(4)(x)+K§4)(m)} [mng(U, s)+I4(v,s)}
s=v,v+2,v+t4

+s(s +1) |[KP (@) - js(@) /2| Is(v,9) | (A6)
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In (A1)—(A6) we have made the substitutions

I (x) = —xjl(x)/2, I (@) = [Bujl(x) + 225 (2)] /8,

, , (A7)
TP (z) = —ajl(@)/2, TV (z) = [Bajl () + 22" (x)] /8
D(z) = [ju(z)/z — i (x
K7 (x) = [js(x)/z — ji(2)]/2, (48)

(@) = [sl@)/z + ji(x) + 22 ()] /8

while H{? (x), j21% (z), RS (), A8 () and AP (), AW (x) are given
by (A7) and (A8) respectively, if js(x),jl(x),j7(x) and j”(z) are
replaced by hs(z), h)(z), h(x) and h)'(z), respectively.

The integrals I(v,s) and I;(v,s), ¢ = 1 — 8, appearing in (Al)-
(A6) are evaluated by using the recurrence relations and the orthogonal
properties of Legendre functions [9,16]. Their expressions are:

1 2 (v+m)! e
I(v,s) = /IPJ”PSmdn: 20+ 1(v—m)” =~ (A9)
B 0, s#w

-1 dn dn 1-—
= v(v+1)I(v,s) (A10)

1 dP™ dP™ 2
s = [ [(1—772) vy "”nngpgﬂ dn

1 m m
L(v,s) = /_1(1_772)2%615:; i
(1@ —m?)  o’[(v+1)*—m?]

2v—-1 2043
_ ] D=2 -—m)v-—m-1) _
- (2v—3)(2v—1) I(v,v), s=v—-2
_v(v+3)(v+m+1)(v+m+2)
(20 + 3)(2v 4 5)
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I3(v, s)

Iy(v, s)

I5(v, s)

Is(v, s)

I7(v, s)

Ig(v, s)
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1
| =P pray

v +m?+v—1
(2v —1)(2v + 3)
- (U(Q_Unz Iﬁ;i“__!)n) o), s=v=2 (A1)

I(v,v), s=w

1
(2v+1)(2s+1)
+ov(v—m+1)s(s —m+1)I3(v+1,s +1)
—(v+1)(v+m)s(s—m+1)I3(v—1,s+1)

[(v+1)(v+m)(s+1)(s+m)I3(v—1,s—1)

—v(v—m+1)(s+1)(s+m)I3(v+1,s —1)] (A13)
o ;U__W;I(U,U), s=v—1
[1an by = v+m+ll(v ). s—utl (Al4)
20+ 3 T
[ oy prpran
1

v+1[(v—i—m)lg(v—l,3)+(v—m+1)13(v+1,s)] (A15)

2
1 de
1—n?)—2Pmd
/_177( n)dn 5 dn

[(v+1)(v+m)I5(v—1,s)—v(v—m+1)I5(v+1,s)]
(A16)

20+1

/1177(1 —nQ)Q%Psmdn
1

(2v4+1)(2s+1)

—v(v—m+1)(s—m+1)I3(v+1,s+1)

+v+1)(v+m)(s—m+1)I3(v—1,s+1)

—v(v—m+1)(s+m)ls(v+1,s —1)] (A17)

[(v+ D) (v+m)(s+m)lz(v—1,s—1)
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Finally, the symbols appearing in eqs. (26)—(28) have the expressions

2
0 0 0 2) 0 2 2 0 0
7 = N /aff), 72 = [a@) N — a@NO| /],

p pp
4 _ 012 nr@) _(0) (4) Ar(0) _(0), (2) Ar(2 212 Ar(0 013
240 = L[] N NSO N o3 N )]
(A18)
(2) A7(0) 4@ N'©
Aps LVs t 4Vt
Y.Sa:p77szpj:27 Yd:%)77t:p:t1 (Alg)
RO "=
a 0) n7(0) [ (2) (2 4) A7(0
x¢ = {aONO [(@N® + ONO]
2
— al()i)Né(O) [agg)NIEZ) + ag)NISO)} }/ [agg)NIEO)] , s=pE2,

P pt
_ dﬁ)Nt/(O) [d;EO)Nf) n d;§2)Ng§0)] }/ {d;go)N(O)r, f=pt1

X¢ = {dONO [dDND + DN,

p
(A20)
(2) (2) '(2) 4(2)
Wg:_%73:pi27 Wtd:_%vt:pil <A21)
Qpp Gss app dy
(4) A7(0) A4 N ©
Ve = S s = VIR ipxs (A
ass' Np dy ' Np
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