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Abstract—The complete set of dyadic Green’s functions (DGFs)
for an electrically gyrotropic medium is obtained using a new
formulation technique, which consists of a matrix method with dyadic
decomposition in the k-domain. The analytic expressions for DGF's
are represented in a unique form in terms of characteristic field vectors
that exist in an electrically gyrotropic medium. It is shown that the
dyadic decomposition greatly facilitates the calculation of an inverse
operation, which is crucial in derivation of Green’s functions. The
DGFs found here can be used to solve electromagnetic problems
involving the ionosphere and new types of anisotropic materials such
as ceramics and advanced composites.

1. INTRODUCTION

In numerous electromagnetic applications such as remote sensing, wave
propagation and scattering, monolithic integrated circuits and optics,
it is necessary to compute the electromagnetic field inside the medium.
When the dyadic Green’s function (DGF) of the medium is known, it
is relatively easy to find the electromagnetic field in that environment.

The DGFs for isotropic media [1-3] and anisotropic media [4-7]
have been formulated by numerous researchers for over a few decades.
Because of the Hermitian structure of the permittivity or permeability
tensors, the calculation of the dyadic Green’s function for an
electrically gyrotropic medium, such as cold plasma or a magnetically
gyrotropic medium, such as ferrite in the presence of an external dc
magnetic field By is more involved than other media. W. S. Weiglhofer
[8, 9] represented DGF for an electrically and magnetically gyrotropic
media in terms of a single scalar Green’s function which is a solution of
a fourth order partial differential equation. Electromagnetic DGF for
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multilayered symmetric electrically gyrotropic media was derived by
S. Barkleshli [10] using the plane wave spectral, vector wave function
expansion which was first introduced by L. B. Felsen and N. Marcuvitz
[11]. L. W. Li et al., [12] obtained DGFs in gyrotropic media using
cylindrical vector wave functions.

In this paper, the complete set of DGFs for an electrically
gyrotropic medium is derived using a new formulation technique, which
consists of a matrix method with dyadic decomposition in the k-
domain. First, the vector wave equation for dyadic Green’s function is
Fourier transformed and the problem is transformed into the k-domain.
Since the equation in this domain becomes algebraic, representation of
the DGF is reduced to finding the inverse of an electric wave matrix.
Inverse operation is accomplished by decomposing the electric wave
matrix into its dyadics. Once the inverse operation is completed, the
DGF is constructed by expressing the adjoint of the wave matrix in
terms of its eigenvectors or the characteristic field vectors using the
matrix method. It is shown that the method that we introduce greatly
simplifies the derivation of the DGFs for an electrically gyrotropic
medium as compared to the existing methods.

2. FORMULATION AND SOLUTIONS

We would like to find the complete set of the DGFs for an unbounded
electrically gyrotropic or a gyroelectric medium, which can be used
to find the electromagnetic fields in the presence of current source
distributions J(7) and M (T) as illustrated in Figure 1.
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Figure 1. Imaginary S plane, parallel to xzy plane, passing through
the source at z = 2’ in an unbounded electrically gyrotropic medium.



Progress In Electromagnetics Research, PIER 58, 2006 225

For an electrically gyrotropic medium such as cold plasma,
the relative permittivity and relative permeability tensors with the
presence of an external dc magnetic field By = BOBO are defined in
dyadic form as

|

= €1 (? — 6060) + ieo ((;0 X ?) + 83?)0?30 (1)
5= AT 2)

Also note that u = 1 for a cold plasma. When bo = Z, the permittivity
tensor given in Eq. (1) can be represented in matrix form as

€1 —iEQ 0
€9 €1 0 (3)
0 0 £3

ol
I

Maxwell’s equations for the problem illustrated in Figure 1 in the
presence of impressed magnetic current density M (7) and the electric

current density J(7) can be written as
VxE = iwup-H— M (4)
VxH = —iweg-E+J (5)
The linearity of Maxwell’s equations implies linear dependence of E

and E on the excitations J and M. Then in Figure 1 at any point, F
and H can be represented as

E(F) = / ,5; (77 - T () d°F + g G, (7.7 M (7)d*  (6)
H(T) = / lﬁfne (7,7 - T (F) &*F + / lﬁfnm (7, 7) - M (7)d*F (7)
J and M can be written as
J(F) = //5(?—?’)7-7(?’) &> (8)
M(F) = //5(?—?’)7-M(%’) 437 (9)

where T is a unit dyad.
—e )
The dyadic Green’s functions G (T, 7), G,,,,(T, 7) are called
—y i
electric type and magnetic type, respectively, and G, (T, ),

—_—e
G,,, (T, 7') are called magnetic-electric type and electric-magnetic type
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DGFs, respectively, for an electrically gyrotropic medium. The
superscript of the DGF refers to the type of the gyrotropic medium
and the first and the second subscripts show the type of the dyadic
Green’s function. The subscript ‘e’ refers to an electric type and
‘m’ refers to a magnetic type DGF. The superscript ‘e’ stands for
an electrically gyrotropic medium. When Egs. (6)—(9) are substituted
into Egs. (4)-(5), we obtain following vector wave equations for an
electrically gyrotropic medium.
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2.1. Electric Type DGF ise(ﬁ 7) for an Electrically
Gyrotropic Medium

The electric type DGF for an electrically gyrotropic medium with g = 1
satisfies the second order dyadic differential equation given by (10a)

V %V x T = kgz| - Geo(r, 7) = iwproT6(r — ) (11)

where k3 = w?ppeo and w 1s the angular frequency. To facilitate the

construction of the DGF G . (7, 7), which is a solution of the second
order differential equation given in Eq. (11), we transform the problem
to one in the k-domain. This 1s accomplished by introducing the

Fourier transform pair of DGF G (T, ™) as follows.

Eee(F? F,) = (27T)3 oo 6ee(Ea F/)eiE.Fd:%E (123“)
ol r) = [ Gl e (120)
After substituting Eq. (12) into Eq. (11) and using the identity
_ 1 X k) 3T
S(r—7)= K /_Ooe =) 3% (13)

we obtain the Fourier-transformed DGF

o

e — — = _ —1 T —
o(k, 7') = —iwpo [KE+ K§E| e (14)
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where k and E are defined as

k = &ky + 9k, + 2k, (15a)
0 —k. Kk

F= 1k 0 —k (15b)
~ky ke O

The DGF 5:6 (k, ™) given in Eq. (14) can be expressed in terms
of the electric wave matrix W g as

— :—1 27, =
ek, ) = —iwpoW g e~ ™*7 (16)

Q

where we introduce

Wp = [kE+ kiE] (17)

as an electric wave matriz for an electrically gyrotropic medium. When
we substitute Eq. (16) into Eq. (12a), we obtain

e _ —iwpg [
a 2m)? Jowo

——1 7= —
Wi ezk-(r—r )d3k‘

or

As a result, the problem of finding the DGF @(F, 7') is simplified to
finding the inverse of an electric wave matrix W g which is equal to

Wg = ‘:7 (19)

Using Maxwell’s Eqgs. (4)—(5) in the source free region, i.e., J =0
and M = 0, it can be shown that the dispersion equation for a
gyroelectric medium is given by

‘?E—i—kﬁ?):O or ’WE’:O

The determinant of the electric wave matrix for a gyroelectric medium
can be written as

W| = kies (K2 = k2;) (k2 — 211) (20)
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Note that ‘WE =0 when k2 = k?; or k? = k?;;. k?; and k?;; are the
wavenumbers squared and defined as

ke _
kg
1
2 4 2 2
[28163 — :—(S)(El + €3>:| + [:—g (61 — 83)2 + 4&?%53 <€3 — :_§> :| ’
253
(21a)
k21 _
kg
1
2 4 2 2
[25153 - :—2(61 + 53)} - [:—g (51 — 53)2 + de3es (53 — :—(‘2:) } ’
253
(21b)
where
ky =k +ky (22)
The adjoint of WE or adj (WE) can be written as
adiWp = (kjadjE — K*kiesT) + kk [k* (k* - Ker )|
+ 6060 [k‘Qk?g(Eg — 81)}
+ (l% X 80) (l% X 80) [k2k3(83 — 81)}
+ ieok?kd [/% (k: X Bo) - (k: X 30> k:} (23)
where
2 _ 12 2 _ 12 2 2
k= = k,+k =k +k,+k; (24)
. k
g
We can now represent adj (WE> in matrix form as
o A Az A
adjiWg = | Ay Az A (26)

Azr Aszz Ass



Progress In Electromagnetics Research, PIER 58, 2006 229

where the elements of the matrix in Eq. (26) are given in Appendix A
by Egs. (A1)-(A9).

We perform the integration over k, after substituting Eqgs. (20),
(26) into (18). The poles of the integrand occur at the zeros of |[W

denoted by k, = *+k,;r and k, = £k,;;7. Assuming the medium to be
slightly lossy, i.e., Imk, < Rek,, Imk, > 0 and performing the contour
integration over k,, we obtain the following result for z > 2’

=e  _ _, —wio 1
dk,dk,
Cee™ T) = 5 / / {k: s (K2, — k2,,)

i (ber) iy vy _ 9TV er) ||
kot k.rr

(27)
Similarly, when 2 < 2/, Ee (T, 7) can be obtained by assuming
Im(—k,;) < 0 and Im(—k‘zu) <0 as

—e —wpo [ [ 1
Gee(T, T) = 87:; /m/mdkxdky{kgfi% (k2 = kZpp)
[adJWEW e W <—kzn>emn~<f—w] } e
k. korr 7
(28)
where
kr = kp+ 2kyr (29a)
Fir = K+ Sk (20b)
R = Ep—ékzl (29C)
Rir = kp— 2kar (29d)

k1, k11 represent the wave vectors for the upward (+z) traveling waves
of type I and type II. Ky, Rrr represent those for the downward (—z)
traveling waves.

Since the matrix adj (WE> is a Hermitian matrix, accordingly it
satisfies the following relation

adj (WE) - (adj (WE))Jf (30)
It can be shown that adj (WE) can be written as a single dyad in terms

of its eigenvectors by solving the eigenvalue problem adjWE.ﬂ = \u.
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The details of the derivation to represent adj <WE) as a single dyad is
given in Appendix B.

We can then represent the DGF ﬁ:e(?, 7') given by Eq. (27) in
dyadic form when z > 2’ as

—_—e — 1
Co(F, 7) = “’“O/ / dkdk,
(T T) 82 K2es (K2, — k2,,)
|:I?—Iénf < kz[) é;[ ( k‘z[) €ikl.(F_F)
zl
_ o enlr ( /<72H> enrt ( sz) eig”'(r_rl)} } . 2>
k.rr

(31a)

Similarly, the DGF 5;@, 7) given by Eq. (28) is written in dyadic
form when z < 2/ as

e —_ 0 S 1
Gy = _Who / / dkepdk
el 7) 82 J oot —o0 Y\ ke (k2 — k2pp)
|:ﬂénl (_sz> é;l;]( _ kz[) eiEI.(F—F/)
kz]
- ﬂénn( kzn> nII( kzn)em”ﬁy/)] }7 z<z
k.rr

(31b)

In Eq. (31la)—(31b), ay and «j; are the eigenvalues, é,7(%k,r)
and é,r7(£k,r) are the orthonormal eigenvectors, which physically
represent two characteristic electric fields for the type I and type IT
waves that exist in a gyroelectric medium and they are defined as

E[(:l:kzj)

enr(Ekz1) norm (&1 (ko) (32a)
. err(Ekrr)
énrr(tkerr) = norm @11 (EkaD)) (32b)
where
1
A13A01 + Aggay — Agz Ay
er(k.r) = arAiz — AxppAiz + AzzArs

—Aqp [A13A91 + Agzar — Agz Ay I A
A1z LogAiz — A Az + A1zAin A1z

(33a)
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1
A13A91 + Aggagr — Az An
err(£k.rr) = arrAiz — Az Az + Az Aro
—Aq2 [A13A21 + Agzagr — Axz Ay arr — A
A1z lagrAiz — A Az + Ar3As A3

(33b)
where the elements of A;j, (i,7) = 1,2,3 are defined in Appendix A
by Eqgs. (A1)—-(A9). The forms of €7, €;; given by Eq. (33a)—(33b) are
valid when the x component of the electric field is not zero. The forms
should be adjusted when the x component of the electric field is zero.
For each eigenvector, the corresponding eigenvalues are given by

ap = k:}1 - k‘%kg {51 (3 — cos? 9) + €3 (1 + cos? 0)}

+ ki (5% —e2+ 26163) (34a)
arr = ki — k¥ kd [51 (3 — cos? 9) +e3 (1 + cos? 9)]
+ k§ (5% — &2+ 25153> (34b)

where 6 is an angle between the wave vector (EI, k1 1) and the direction

of applied dc magnetic field (l;o). kr, kr; are the wavenumbers for the
type I and type II waves, and they are given by

ko= kl+kZ

2 2, 1.2
kir = k;+kr,

2.2. Magnetic Type DGF E;m (7, 7) for an Electrically
Gyrotropic Medium

The second order dyadic differential equation for the magnetic type
DGF is given by Eq. (10b) as

VxeE ' VxI-— k%ﬂ G (7, 7) = iweoIs (7 — ) (35)

To find the DGF E;m (7, 7), which is a solution of the dyadic
differential equation given by equation (35), we transform the problem
into k-domain. For this purpose, we introduce the Fourier transform

pair of the DGF @;m (7, 7) as follows.

€
mm(

v, ) = (2;)3 | Gk, ) (362)

—0o0
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and

0 —e

CrnlB ™) = [~ Gl ) 'y (36b)
Substituting Eq. (36a) into (35) and using the identity given by
Eq. (13), we obtain the Fourier-transformed DGF as

= - =__1= =-—1 Ty

G (b, ) = —iweg [KE 'k + K3T| e 7*T (37)
The DGF E;m(%, 7') given in Eq. (37) can be expressed in terms of
the magnetic wave matrix Wy as

— -1 =
k, 7)) = —iwegWy e *T (38)

o
where we introduce
Wp = [Ez—lﬁ 1 kgﬂ (39)

as a magnetic wave matrix for an electrically gyrotropic medium. When
we substitute Eq. (38) into Eq. (36a), we obtain

_—e —1 o :—1 7 = =/ —
G (7, 7) = (;w)ggo Wy =) g%
m —o0
or L
—e 4 00 adj WH T e = _
G (7, ) = 20 / £ )el’“‘(’"*’”)d?’k (40)
@) oo Wy

So, the problem of finding the DGF 6;m (7, 7') again reduces to finding

the inverse of the magnetic wave matrix Wy which is equal to

Wy =—=-1" (41)

Instead of taking the inverse of the magnetic wave matrix with the
method described in Section 2.1, we can utilize the following relation

between WE and WH to find the inverse of WH

—1 = ==—-1
Wy =T—kWg k (42)
This relationship is derived in Appendix C. From Eq. (42),
1 HWEﬁ—EadjﬁEﬂ
WH — ? —
0 ‘WE’

(43)
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:_1
We can now rewrite Wy in matrix form as

[ (44)
e
where o _
_ [[We|T - kadjW k]
b=- 2
kg
or i
- Bu Bi2 B
B=| Ba1 B Bas (45)
| Bs1 B3z Bss

The elements of B;j, (4, j) = 1,2,3 in Eq. (45) are given in Appendix
A by Egs. (A10)—-(A18).

We perform the integration over k, after substituting Eqs. (20),
(45) into Eq. (40). The poles of the integrand occur at the zeros of
’WE‘ denoted by k, = +k,; and k, = +k,;; where k,; and k,;; are

defined by Egs. (21a)—(21b). Assuming the medium to be slightly lossy,
i.e., Imk, < Rek,, Imk, > 0 and performing the contour integration
over k,, we obtain the following result for z > 2':

Gmm (7", T/) = Q72 /_OO /_Oo dkxdk’y
! E(kZI) eiEI'(FfF/) _E(kZII)eiE[]-(?fF/) 7
k8€3 (kgl - k,gll) k.1 ki1
z> 2 (46)

Similarly, when z < 2/, ﬁ,im(ﬁ 7) can be obtained by assuming
Im(—k,;) < 0 and Im(—k.77) <0 as

=e . —iw€0 o0 o0
G (@ 7)) = 52 /_OO /_oo dkydk,
1 E(—kzl)em[ﬁ—?’) _P(_kzll)emnﬁ—?’) 7
kges (k21 — k2pp) ko1 karr
z< 2 (47)

where ki, k77, Rr, and Ry are defined by Eqs. (292a)-(29d).
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Because the matrix . B has the same matrix properties as adjWE,
it is Hermitian. Hence B satisfies the following relation

_B (48)

We can then represent the DGF G,,,,, (T, 7') given by Eq. (46) in dyadic
form when z > 2’ as

I |

G (7 7) = _8‘:50 /_ /_ dkpdk,
1 Br ; P % (=)
—hpr (k)R (kyp)e™ =T
{kgfi’)(kgl_kgu) lsz 1(kzr)hny (kar)e
B kﬂ III] B (karn) gy (k)i =) ]} o

Similarly, the DGF i;m(ﬁ 7) given by Eq. (47) in dyadic form when
z < 2 as

G (7 7) = _8‘;20 /_ /_ dkydk,

1 N N —

kges(kZp — k2pp) Kar

B

21

hnrt(—ksrn) B pp(—kapr) e =T ] } 90)

where 8; and (77 are the eigenvalues and iLn](:Ek‘Z[) and anH(ikZ])
are the orthonormal eigenvectors, which physically represent two
characteristic magnetic fields for the type I and type I/ waves that
exist in a gyroelectric medium and defined as

. hr(%k.r)

hn[(:lzk‘zj) = — (50&)
norm (h]( + k‘z]))
. hrr(tk,
hnrr(E£k.rr) = H_( 1) (50b)
norm (h[[( + kz[]))
where
1
B B13Ba1 + B3 — Bz B
hi(xk.r)= BrBis — BoaBi3 + Ba3Bio (51a)

—Bi2 [313321 + Ba3fr — B23B11] Br—Bn
Bis | BrBis — BaaBi3 + Bi13Bi2 Bis
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1
B13Bo1 + Ba3f11 — Ba3B1i
hir(£kar) = BrrBiz — BoaB13 + BazBia
— B2 [ B13B21 + Bas3fr1 — Ba3B11 n Brr — Bn
Bi3 | Br1B13 — B22B13 + B13Bi2 Bis

(51b)

The elements of By, (i, j) = 1,2, 3 are defined in Appendix A by
Egs. (A10)-(A18). The forms of hy, hy; given by Eq. (51a)-(51b) are
valid when the x component of the magnetic field is not zero. For each
eigenvector, the corresponding eigenvalues are given by

Br = ki {53 cos® 0 + £ sin? 0} — 2k%K2 [6163 (1 + cos? 9)

+ (E% — &?%) sin® 0} + 3kjes (E% — 8%) (52a)
Brr = k%l [53 cos® 0 + €1 sin? 9} — 2]{:%114:3 {5153 (1 + cos? 9)
+ (6% - 5%) sin? 9} + 3kjes (5% - 5%) (52b)

2.3. Electric-Magnetic Type DGF Eem( 7) and
Magnetic-Electric Type DGF G’ (T, ™) for an Electrically
Gyrotropic Medium

Since we derived the explicit expressions f for the magnetic type DGF
G (T, 7) and the electric type DGF G (T, ™), we can use them
to find the electric- magnetlc type DGF G (7, 7) and the magnetic-
electric type DGF Gme( T, T'), respectively.

To relate the electric-magnetic type DGF 5:7”(?, 7) to the
magnetic type DGF 5;7”(?, 7'), substitute Eqs. (6)—(7) with J = 0
into Eq. (5). We obtain,

—e

G 7) - D)7 | = —iwei- [ Gl ) )7

!

V x

\l
or

V x G, (F, ) = —iweg? - Go (7, 7') (53)

Using Eq. (53), the electric-magnetic type DGF E:m(ﬁ 7) can be
expressed as

1.UxG. (F,7) (54)
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We relate the magnetic-electric type DGF E;e(ﬁ ) to the

electric type DGF G, (7, 7') by substituting Eqs. (6)—(7) with A7 = 0
into Eq. (4). We obtain,

Vx| [ GoE )T } o - / GC(r ) T

V/
or —e —=e

V X Goo(T, 7) = iwpop - G, (T, 7) (55)
Similarly, using Eq. (55) the magnetic-electric type DGF Eme(ﬁ )
can be expressed as

aie(?, 7)) = V X G:B(F, 7) (56)

3. CONCLUSION

In this paper, the complete set of dyadic Green’s functions for an
unbounded electrically gyrotropic or a gyroelectric medium is derived
using a new formulation technique. The analytic expressions for the
electric-type and the magnetic-type DGFs are presented in a unique
form in terms of characteristic field vectors for the type I and type
11 waves that ex1st in a gyroelectrlc medium. In the forms that are

used to express G (7, ™) and G (), én(%k.) and hy,(+k.) are
the eigenvectors representmg the characteristic electric and magnetic
field vectors, respectlvely The electrlc magnetic type and magnetic-
electrlc type DGFs, G (T, ') and G (T, 7), are expressed in terms

of Gmm(r7 7) and Gee( T, T'), respectively. It is shown that the
dyadic decomposition greatly facilitates the calculation of an inverse
operation, which is crucial in derivation of Green’s function. The
method introduced here can be used in solving the problems of
ionospheric propagation, radiation and scattering involving new types
of anisotropic materials such as ceramics and advanced composites,
which are widely used in high frequency electromagnetic and optical
applications.

APPENDIX A. MATRIX ELEMENTS OF adj (WE) AND B

The elements of the matrices adj (WE) and B are given by Eqgs. (Al)—
(A9) and Egs. (A10)—(A18), respectively.

A = (B4R K2 =K [eak? +es (k2 4+ K2)| + Kjeres (A1)
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Ay = (K24 K2) koky — k3 [iagkﬁ + eskuky| + ikgeacs (A2)
Ay = vks = kG [s1kak + dakyk | (A3)

Aoy = (K24 k2) koky — k3 '—i52k2+53k: ky| —ikfesss  (A4)

K2+ k2) K2 — k2 [qk t+es (K24 K2)] +kieres  (A5)

(A6)
(A7)
(A8)
(A9)

(k5 -+ 2) &
(5 + #2)
(5 + 2)
Aoy = (K2 +k2) kyk. — K [e1kyk. — ieokok.
(k5 -+ 2)
(15 + 2)
(kp -+ 82) 2

}
ok — G [erkoks + ieakyk |
- [elk b — igaky ks |

2 ko [51 (k2 + 2k2>} + ko {5% — ag}

2k2e3 + kges <€% 63)

— kG (K2 (3 = 23) + (K2 + k2) eres] + K2k2en (A10)
Bio = koky o1k + esk2] — k3 [koky (e — 63) — isaesh?]  (A11)
Big = kok. o1k + egk?| — k§ [kok.eres + ik:kyeoss] (A12)
Bt = koky |enh? + esk?] — k3 [koky (3 — 3) + ieaesh?]  (A13)
By = kZkles + kjes (<1 - 3)

— K [ (3= 23) + (K2 + k2) enes| + R2K2er (A1)
Bay = koky [e1h? + eak?] — g [kokyeres + ikok.eocs) (A15)
By = kok. |e1k? + esk?| — § [kok.eres + ikokyeoss] (A16)
By = koky [e1k? + egk?] — g [kokyeres + ikok.cocs) (A17)
Byy = kzﬁeg + kies (3 — €3) — k3 [K2 (2 — <3) + 2k2eres]

+ k2kZer (A18)
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APPENDIX B. DYADIC REPRESENTATION OF adj (WE)

When the elements of the matrix adj (WE) is reviewed, it is seen that
it satisfies the following relation

adj (WE) — (adj (WE))T (B1)

where T denotes the conjugate transpose of the matrix.
This requires adj (W E) to be a Hermitian matrix. The eigenvalues

of a Hermitian matrix are real and the eigenvectors corresponding to
distinct eigenvalues are orthogonal in the sense that the Hermitian dot
product vanishes. In other words every Hermitian matrix possesses
a complete set of orthonormal eigenvectors. In this case, the
completeness relation [13] becomes

T = Gt} + Godb + 3d (B2)

where
5 -y = by (83)

(3
and 4y, U2, and 43 are the orthonormal eigenvectors of the Hermitian
matrix. Then the dyadic decomposition of the matrix adj (WE> takes
the form as

adj(Wg) = Mind] + Aoilatls + Agils i} (B4)

The characteristic equation of adj (WE), ie, f(A) can be
expressed as

fO) = |M = adjWp|
= Mt (adjWE)AQ T tr (adj (adjWE) A— ]adjWE]
=0 (B5)

where tr stands for the trace of the matrix. Using the following
identities [14],
]adjﬁE\ = [Wg (B6)

adj(adjWi) = [We|We (B7)
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f(X) can be written as
) = X~ tr(adiV )X + tr ([We| We)r — [We =0 (88)

Since ’WE ( kz)

characteristic equation for adj (WE) reduces to

is zero when k, = =+k,; or k, = =+£k.7;, then

FO) = X2 = tr (adi W ) X2 (B9Y)
Hence, the eigenvalues for adj (WE> are
)\1 = tr(adjWE) s )\2 = )\3 =0 (Bl())

As a result, using Eq. (B4) we can express adjWE as a single dyad
in the following form for the adjoint matrices of the type I and the type
11 waves as follows.

adiW p(£k.) = ap [éns (£kag) €55 (2kar)] (Blla)
adiW g(£k.r1) = oagg[énrr (£kogr) el (k)] (Bllb)
A1 = ay, A\;r = ajy are the eigenvalues and are defined in Eqgs. (34a)—
(34b). énr (£k.r) and é,r7 (£k.r) are the orthonormal eigenvectors
representing two characteristic electric fields for the type I and type I1

waves that exist in a gyroelectric medium and are defined in Eqs. (32a)—
(32Db).

-1 ——1
APPENDIX C. RELATIONS BETWEEN W, AND Wg

ic wav ix ic wav ix
The electric wave matrix W g and magnetic wave matrix Wy for a
general anisotropic medium can be expressed as

We = [k 'k+ k] (C1)
Wy = [ %+ k] (C2)

We can relate the magnetic wave matrix and the electric wave
matrix Wy as follows. When we perform the matrix multiplication of
Eq. (C2) from the left hand side (LHS) with kfi ', we obtain

ki 'Wy =k " [Ef—lﬁ + kgﬁ} = ki ke 'k + k2K (C3)
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Now we perform the matrix multiplication of Eq. (C1) from right hand
side (RHS) with 'k as

WpE 'k = [Eﬁ—li + kgé] =%

or _ - - == _
WgE 'k=ki 'k 'k + k2k (C4)
When Eq. (C3-C4) are compared, it is seen that
ki Wy =Wgs 'k
or

_——1=_ _ i==-1
Wgekn ‘= "%kWy (C5)

Another useful relation can be obtained as follows. When we
perform the matrix multiplication of Eq. (C2) from the LHS with ﬁ_l,
we obtain . _ _

0 Wy =0 ke 'k+kI (C6)

Now we perform the matrix multiplication of Eq. (C6) from the RHS
——1
by Wy as
L =n kE kWy +kgWgy
or _ o
Wy =0 -1 ke kW, (C7)
Now we substitute Eq. (C5) into Eq. (C7) and we obtain

——1  _ PP —
KWy =0 -1 kWg ki (C8)

Since for a gyroelectric case, 1 = ?, then Eq. (C8) reduces to

Wy =T—kWg k for gyroelectric medium (C9)

Eq. (C9) relates the magnetic wave matrix Wy and the electric wave

matrix W g through their inverses in the most practical manner such
that we can utilize the existing results that we already have derived.
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