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Abstract—We offer symmetry relations of the translation coefficients
of the spherical scalar and vector multi-pole fields. These relations
reduce the computational cost of evaluating and storing the translation
coefficients and can be used to check the accuracy of their computed
values. The symmetry relations investigated herein include not only
those considered earlier for real wavenumbers by Peterson and Strém
[9], but also the respective symmetries that arise when the translation
vector is reflected about the zy-, yz-, and zz-planes. In addition,
the symmetry relations presented in this paper are valid for complex
wavenumbers and are given in a form suitable for exploitation in
numerical applications.
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1. INTRODUCTION

The spherical scalar and vector multipole fields, respectively the
solutions of the scalar and vector Helmholtz wave equations in
spherical coordinates, are of fundamental importance in acoustics and
electromagnetics. Their importance lies not only in solving boundary
values problems involving a spherical geometry, such as the scattering
from a sphere, but also in the efficient expansion of the plane wave
and the radiated field from a localized source distribution [1]. Their
translation formulas [2-9], which express a spherical multipole field
in one coordinate system in terms of the spherical multipole fields of
another coordinate system that is related to the former by translation,
have been a powerful analytic tool in many areas of electromagnetics.
Early applications of the formulas include the plane-wave scattering
from two metal spheres [10], which was later generalized to the
scattering from many dielectric spheres in arbitrary configurations [11];
probe correction for spherical near-field scanning [12]; modeling of wave
propagation through random discrete media [13]; extension of the T-
matrix technique for many scatterers [9] and its efficient numerical
implementation using FFT [16,17]. As noted in [15], the cost of
computing translation coefficients was found to be high and thus their
recurrence relations [7,14, 15] were derived in an attempt to contain
this high cost. This paper examines the symmetry relations of the
translation coefficients since they further reduce the computational
cost of evaluating and storing the translation coefficients for the
applications mentioned above.
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As reviewed in the next section (see (6), (13) and (14)), the
translation coefficients of the scalar and vector multipole fields are
functions of six variables: the wavenumber k, the translation vector
R, and the mode indices of the original and translated multipole fields
(1,m) and (I'ym’) [2-9]. Thus, we will use I';"™,(k, R) to represent
them. It is important to note that the majority of the aforementioned
applications requires the computation and storage of Fé}%, (k, R) values

for many mode combinations of (I,m) and (I',m’) and at many R
points. For example, the aforementioned algorithm of [16] and [17]
requires the evaluation of Fﬁ}Tn,(k,Ri — R;) for all combinations of
(I,m) and (I',m') that satisfy [,I’ < Ly, and =1, =" < m,m’ <1
for some Ljyq., and at all R; — R; spatial points, where R; and R;
correspond to two well-separated nodes on a three-dimensional uniform
grid containing the volume distribution of scatterers. Thus, even
though Fé}%,(l{:, R; — R;) is Toeplitz with respect to the spatial node
indices, 7 and j, for a given mode combination, a scattering problem
with a grid size N, = N, = N, = 128 and with L4, = 3 would still
require the evaluation of I' approximately 4* x (2 x 128)3 = 4.3 x 10?
times for each type of I'. Here, the factor 4* corresponds to the total
number of mode combinations and (2 x 128)3 to the number of spatial
node combinations. We note that the recurrence relations of [7, 14, 15],
which relate I's of different mode combinations at a given value of R,
reduce only the first factor.

Peterson and Strom [9] investigated the symmetry properties
of the scalar and vector multipole fields with real k by taking
advantage of the properties of the three-dimensional Euclidean group,
E(3). According to [9], the translation coefficients exhibit symmetry
properties under:

e spatial inversion of the translation vector: R — —R

e interchange of the mode indices: {(I,m), (I',m")} = {(', m'), (I, m)}

e sign changes of the azimuthal indices: {(I,m),(I’,m')} —

{(l’ _m)7 (l,7 _m/)}

Even though Peterson and Strém’s derivation is elegant and concise,
some of their results are expressed in a form that is ill suited
for numerical applications. For example, some symmetry relations
are expressed in terms of spherical Hankel functions with —kR as
their argument, while the aforementioned applications, including the
scattering algorithm of [16] and [17], require the evaluation of the
translation coefficients with +kR as the argument of spherical Hankel
functions. Furthermore, for the vector multipole fields, they choose
to derive the symmetry relations of the translation coefficient of
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the general spherical tensor field that is defined in Appendix, while
the numerical applications mentioned earlier all require only the
translation coefficients of the two transverse fields.

In this paper, we extend the analysis of [9] in several important
ways. First, in addition to the symmetry relations mentioned above,
we consider the symmetry relations that arise when R is reflected
about the zy-, yz-, and xz-planes. These reflection symmetry relations
are particularly useful to the FFT-based, iterative solution technique
[16,17] that requires the computation and storage of translation
coefficient values at a set of R points that are related to each other
through reflection. Indeed, [19] shows that the reflection symmetry
relations alone reduce the storage requirement of the FFT T-matrix
method [16,17] by a factor of 8. Second, unlike Peterson and Strom’s
results, all the symmetry relations presented herein are valid for
complex k. For real k, we compare our symmetry relations with
the corresponding results of [9]; except for one case, our results
agree with the corresponding ones for the three types of symmetry
operations considered in [9]. Third, we express the symmetry relations
in a form suitable for numerical applications. For example, we
combine the aforementioned expressions involving spherical Hankel
functions with negative arguments with another type of symmetry
relations to produce symmetry relations that are useful for numerical
applications. [19] shows that this set of symmetry relations provide
an additional reduction of the storage requirement of the FFT T-
Matrix method. Moreover, as the aforementioned applications require
translation coefficients of the transverse vector spherical multipole
fields, we elect to derive their explicit symmetry relations diretly.

In Section 2 we define the scalar and vector spherical multipole
fields and provide the explicit expressions for their respective
translation coefficients for the purpose of establishing the notations
and conventions used in the paper. In Section 3, we derive the
symmetry relations of the translation coefficient of the scalar multipole
field for the aforementioned four symmetry operations by taking
advantage of the respective complex conjugation properties of the
spherical harmonics and spherical Bessel and Hankel functions and the
symmetry and recurrence relations of the Clebsch-Gordan coefficients.
In Section 4, the symmetry relations of the translation coefficient of
the scalar spherical multipole field are used to derive the corresponding
relations of the two transverse vector spherical multipole fields. In
Section 5, we present a summary of the symmetry relations derived.
The appendix discusses the spherical tensor field and its relation to
the spherical longitudinal and transverse multipole field [9,20-22].
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2. SCALAR AND VECTOR SPHERICAL MULTIPOLE
FIELDS AND THEIR TRANSLATION FORMULAS

In this section we briefly review the respective translation formulas of
the scalar and transverse vector spherical multipole fields. Consistent
definitions of these fields are necessary to ensure that their symmetry
relations be physically meaningful, as inconsistent definitions of these
fields sometimes led to incorrect expressions for the translation
coefficients in the literature. We will follow the notations used in [7]
and [9)].

The scalar spherical multipole field ¢y, (k,r) of order (I,m) is

defined as
¢l7m(k7 T) = fl(kr)yz,m(ea Qs)a (1)

where (r, 0, ¢) represent the spherical coordinates of the position vector
r, and k is the fixed wavenumber which may be complex. f;(kr) is
either the spherical Bessel function j;(kr) or spherical Hankel function

hl(i)(kr) of the first (second) kind. Y;,,(6, ¢) represents the spherical
harmonics of order (I,m) [20-22],

Yim(0,¢) = (_l)m\/(Ql;T 1) (I —m)

! .
(T Fm{€0s0)e™.

where P, (cos#) is the associated Legendre function,

dl+m

1 m
P, (cosf) = ﬁ(l — cos? 0) /QW(00829 -l —l<m <L

With the above definition Y}, (0, ¢) satisfies the complex-conjugation
property [20—-22],

Yin(0,0) = (=1)"Y1,_m(6, ¢) (2)
and the spatial-inversion property [20—22],
Yim(m = 0,7+ ¢) = (=1)Yim(0, ), (3)

where m—0 and w7+ ¢. are, respectively, the polar and azimuth angles of
the spatially-inverted position vector, —r. Under reflection of  about
the yz-, zz-, and zy-planes, its angular coordinates change from (6, ¢)

o (0>7T - Qb, )7 (07 _¢)7 and (7T - 97 ¢), respectively. Thus, }/l,m(ea ¢)

satisfies the following reflection symmetry relations,
n,m(ea ™ — ¢) = }/l,—m(ea ¢)a
Yim(0,=¢) = (=1)"Y;—m(0, 9), (4)
and Yjm(m —0,¢) = (=1)"Y, (0, ).
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We note that the above reflection relations are consistent with the
spatial-inversion symmetry relation, (3), as a spatial reflection is
equivalent to successive reflections about the yz-, zz- and zy-plane:

Yz,m(ﬂ' - 97 T+ ¢) = Y’l,fm<7r - 67 _¢)
= (=1)"Yim(m — 0,) = (=1)'Y1, (6, 8).

Under translation of the coordinate system, » = R + 7/, the
scalar spherical multipole field ¢, (k,7) = fi(kr)Y ,(6,¢) of the
original coordinate system can be expressed in terms of the scalar
spherical multipole fields ¢y . (k,r") = gy (kr')Yp s (07, ¢') of the new
coordinate system [2-9]:

D1 (K Zzal/ (k, R) Gy (k7). ()

=0 m=-1

Here, (r',0',¢') represent the spherical coordinates of the new position

vector r’. The tilde in &l/7m/(k,r’ ) signifies that the radial function
gy of the new scalar multipole field in (5) may differ from the radial
function fy, of the original multipole field depending on the ratio r’/R:

(k') = fr(kr’)y ifr >R
GuART) = Ju(kr')  otherwise.

The translation coefficients aé}%,(kz, R) in (5) are given by [2-9]

I+l
ap™ (b, R) = Y amiTHO (1™ (204 1) (20 +1) /4w (20" 1))
1=[i—1|,2
C(LT,17:0,0,00C(L, U1 —mym!, —m +m/)
o (KR)Y 1 gyt (OR, $R), (6)

where (R, 0g, ¢r) represent the spherical coordinates of the translation
vector R.  The Clebsch-Gordan coefficients C(I,1’,1”;0,0,0) and
CL,U',I"; —m,m/,—m + m/) represent the strength of the coupling
among the multipole modes (I,m), (I',m’) and (I”,—m + m’). The
summation in (6) is over the dummy variable I” from |l — | to I + '
in steps of two, as C(l,1’,1”;0,0,0) is non-zero only when [ + I’ +1" is
even [20-22]. The radial function py» (kR) is determined according to

firr(kR) if ' > R
Jin(kR) otherwise.

pr(kR) = { (7)
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Where necessary, we will use al, /(0,k, R) to denote ozl, (k, R) with

pur(kR) = jur(kR), and af™, (£, k, R) with py(kR) = h§,, J(kR).
The longitudinal spherlcal multipole field L;,,(k,r) and trans-

verse vector multipole fields M ,,,(k, ) and N ,,(k,r) are defined in
terms of ¢y, (k,r) as [7,20-22]

Li(k,7) = 1V61m (k) (8)

1 1
Ml7m(]€,7‘> = m r X v¢lm(k T) (9)
and Ny(k,r) = %v X My (k. 7). (10)

The translation formula for the longitudinal multipole field L; ,,(k, )
is the same as that of ¢;,,(k,7) since the gradient operator in (8)
is translationally invariant; i.e., V. = V’. On the other hand, the
translation formulas of the transverse fields M ,,(k,r) and Ny, (k, )
are more complicated since the operators V x r in (9) and Vx V xr in
(10) are not translationally invariant. It has be shown that M, (k,r)
and N, (k,r) translate according to [2-§]

o0

L
My(k,r) = >0 3 A (b, R)M g (k, 7)
L=1M=—-L

+ By (k, R)N 11 (k, r')] , (11)

o L
and Ny (k,r) = S 3 [AY% (b, R)N L as(k,7)
L=1M=—-L

+ By (k, R)ML,M(k;,r’)} , (12)

where the tilde in M, p(k, ') and N1 s (k, ') has the same meaning
as in the scalar case. The translation coefficients AZL’"]LV[(k:,R) and

BlL’?}w(k:, R) may be written in terms of aé}%,(l@, R) of (6) [2-8],

1
m . 2
Ak R) =ik | 5| B R)

2L+1
1
L+1 LM L(L—i—l)r Lm
ik |:2L+1] ﬁlmuL—l(k?R) + |:l(l + 1) LM(kﬂR)7

and (13)
By (k, R)= kALY (k, R), (14)
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where ﬂf T’nj\f,(k, R) is a linear combination of alL’?}V[(k, R) [7],

1
Bll,/;n]\?l’(k7R) = \/? \/7 Z Yl— 6R7¢R>

'C(l/>1>L;M_:U7M> M)al;,M—u(k7R)' (15)
We note that AIL’?X/I(k:, R) may also be written as [3, §]

Ak, R) = 2m (i) ()M + 1) L(L + 1)] 71/
I+
ST @[+ 1)(2L + 1) 4m (20" + 1))Y?
1"=1-1'],2
QI+ 1)+ L(L+1) = 1"("+1))C,',17;0,0,0)
C(la llv l”; —m, mlv —m + m/)pl”(kR)le”,mfm/(eRa ¢R)7
(16)

which is more convenient for some applications. Since A" (k, R) and

BlL’Tw(k, R) can be expressed in terms of aé}Tn,(k, R), the symmetry
properties of the former are intimately related to those of the latter.
This observation may be used to derive the symmetry relations

of AZLT?V[(k R) and Bi{?w(k,R), once the corresponding relations of

ozl, (k,R) are obtained. Some well known results [9,20-23] of
the spherical tensor field are presented in Appendix to facilitate
comparison between the symmetry relations of [9] and the present
work.

3. SYMMETRY RELATIONS OF THE TRANSLATION
COEFFICIENT OF THE SCALAR SPHERICAL
MULTIPOLE FIELD

Having defined the spherical multipole fields and their translation
coefficients, we now proceed to derive the respective symmetry
relations of aé;%,(k‘,R) for the four symmetry operations mentioned
earlier. These relations may be derived in several different ways. As
(6) strongly suggests, however, we choose to derive them by taking
advantage of the well-known symmetry properties of the Clebsch-
Gordan coefficients and the scalar harmonics Y ,,(0r,¢r). The
wavenumber k is assumed to be complex.



Symmetry relations of translation coefficients 53

3.1. Spatial Inversion of the Translation Vector

Under the spatial inversion of the translation vector, R — —R, its
spherical coordinates change from (R, 0r, ¢r) to (R, 7 — Or, 7™ + ¢R).
As aresult, Y s (0r, ¢r) in (6) changes to Yy py_p (T —0r, T+dR),
which according to (3) equals (—=1)""Yiw y i (Or, ¢r). Thus, the net
effect of the spatial inversion is the introduction of the phase factor,
(—1)"". Asnoted earlier, C(1,1,1"; 0,0, 0) is non-zero only when [+’ +1"
is even. This implies that (—1)"" = (=1)"*" and, therefore,

Ay (ky —R) = (=) (k. R). (17)

We note that (17) is identical to the result obtained for real k by
Peterson and Strom [9]. However, as shown here, it is valid whether k is
real or complex and whether py/ (kR) = ji(kR) or py(kR) = hl(,,i)(k:R)
in (6).

3.2. Interchange of Mode Indices

We next investigate the symmetry properties of ag}%/(k, R) under the
interchange of mode indices {(I,m), (I',m’)} — {(’,m), (I, m)}. From
(6) we have

1+
Ak R)= Y 4w (120 + 1)1 + 1) 420" + 1))
=[1-1|,2
C(,1L17:0,0,00C, 1,17 —m! ymym —m')
pl”(kR) U, —m+m/ (eRa ¢R) (18)

Comparison of the above equation with (6) shows that three terms

(6)
are altered: (i) the phase factor i(='+")(—=1)™ (i) the product of two
Clebsch-Gordan coefficients C(I',1,1"; 0,0, 0)- C(l’,l,l” —m/,m,m—m’),
and (iii) the spherical harmonics, Y _p 1 (Or, ¢R) which accordmg
to (2) equals (—1)(=m+m )[Yl//m_m (Or,¢R)|*. Since I +1' +1" is even,
the phase factor is real and satisfies

D (= () [T (19)

Also, the Clebsch-Gordan coefficient C(a, b, ¢; mg, myp, m:) undergoes a
phase change under simultaneous interchanges of a¢ and b, and m, and

my, [20-22),

a+b+cc(

C(CL, b7 c;ma7mbvm0) = (_1) a, b7 C; maumbamC)‘
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Therefore, the product of the two Clebcsh-Gordan coefficients becomes
c(l',1,1";0,0,0)C(l', l,I"; —m/;m,m — m') = C(I,I',1";0,0,0)C(l,l',1";
m, —m/, m —m'). Substitution of these results into (18) and the fact
that the Clebsch-Gordan coefficient is always real yield,

I+

(k’ R) H—l’ Z 47_‘_2 l'—l-i—l” )m’
=1-1'),2

(20 +1)(20 + 1) /4 (20" + 1)]2C(1,7,17;0,0,0)
CWU s my—m/ m — m')p}“,,(kR)Yl//m,m/(HR, (bR)] .
If py(ER) = jp(kR), comparison of the above equation with (6) using
Jp(kR) = jir(E*R) yields
(0,8, R) = (=)' [, (0,5, R)| (20)
On the other hand, if py(kR) = hi (kR), then [hl(,,i)(kR)r =
h$P) (k*R). Thus,
o (e k R) = ()" [af (7, K, R)| (21)
If k is real, (20) and (21), respectively, reduce to
ap (0.8, R) = (1) o™ (0.5, R)| ", (22)
and a7 (+,k, R) = (~1)"*" [a (%, k, R)] . (23)

We note that (22) is identical to the corresponding result of [9], while
(23) e be shown to agree with the corresponding result of [9], namely,

alm (:t kE,R) = [al, (£, —k R)} using the following symmetry
property of the spherical Hankel function when [ + I’ + 1" is even,

hi) (—kr) = (—1)" B (kr) = (=) RPwer). (24)

3.3. Simultaneous Changes of the Signs of the Azimuthal
Indices

We next investigate the symmetry property of aﬁ, /(k,R) un-
der simultaneous changes of the signs of the azimuthal indices
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{(l,m), (I',m")} — {({,—m), (I',—m/)}. This introduces two changes
to (6). First, the Clebsch-Gordan coefficient C(I,1",1"; —m,m’, —m +
m’) changes to C(1,1’,l";m,—m/,m —m’). Since the Clebsch-Gordan
coefficient undergoes a phase change under simultaneous changes of
the signs of the three azimuthal indices [20-22],

Cla,b,c;—mg, —mp, —m,) = (—1)(a+b_c)C(a, b, ¢; Mg, mp, me),

and since [ + " + 1" is even, we have C(,I',l";—m,m’,—m +
m') = C(L,U',l";m,—m/,;m —m'). Second, the spherical harmonics
Y1 m—m (Or, ¢r) changes t0 Y _pym (0r, dr) which according to (2)
is (—1)m+m/ Y —mtm (Or, or)])*. Using the reasoning similar to that
used in the previous subsection, we obtain the following symmetry
relations:

ap 0,k R) = (=)™ (o™ (0,5, R)| " if piv (k) = jin (KR),

and (25)
ap T (b R) = (=)™ [ (., K%, R)| i por(kR)=hii) (kRR).
(26)

If k is real, then (25) and (26), respectively, reduce to

o (0,5, R) = (1) ol (0, k, R)| " if pur(kR) = jur (kR),
and (27)

oy (b R) = (=)™ [0 (., R)| if pur (kR) = hi) (kR).
(28

)
(27) is identical to Peterson and Strom’s result [9], while (28)
can be shown to agree with their result aﬁ}_f':n,(i,k,R) =
(—1)m+™ ol ™ (£, k, ~R) using (17) and (23).

As they stand, the symmetry relations of (20)—(23) and (25)—(28)
individually are not useful for numerical applications. For example,
(23) and (28) both require evaluations of the spherical Hankel function
of different kinds with complex-conjugated k. However, combining
these two types of symmetry relations effects the following relation
that is suitable for numerical applications:

ok, R) = (—1)HHmm ol (1 R). (29)

ay ,m/
We note that this relation holds whether k& is real or complex and
whether py/(kR) = jis(kR) or pp(kR) = bl (kR) in (6).
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3.4. Reflection of the Translation Vector about the yz-, zz-,
and xy-Planes

We now proceed to investigate the respective symmetry relations of
ocf,m (k, R) when the translation vector R undergoes reflections about
the yz-, zz-, and zy-planes. Substitution of (4) into (6) and the fact
that 1 + ' +1” is an even integer readily yield the following three

reflection symmetry relations of ag}";l/(k:, R).

af}m,(k —z,y,2) = ap " (k,2,y,2), (30)
al, (k2 —y,2) = (=1 ><m+m’> i <k vy.2),  (31)

where z, y and z are the cartesian coordinates of R. We note that each
of the above relations holds whether k is complex or real and whether
pr(kR) in (6) is jp(kR) or hl(,j,t)(k‘R). Needless to say, symmetry
relations involving multiple reflections can be obtained from the above
relations. Indeed, we recover the spatial-inversion symmetry relation
(17) from the above relations,

aﬁ}%,(k, —x,—Y,—2) = Ocl, ok, —2)
= (*1)(m+m) i (k? 2.y, =2)
= ()" a7, ey 2,0,7).
We further note that (30)-(32) are consistent with the corresponding

reflection properties of ¢, (k, R). Substitution of (4) into (1) yields
the following reflection properties of ¢y, (k, R):

¢l,m(k7 —Z,Y, Z) - ¢l,7m(k7m7y7z)
(rbl,m(kwrv -Y, Z) = (_1)m¢l,—m(kax7y7 Z)7
and (rbl,m(kvxaya _Z) = (_1)(l+m)¢l,m(k7$7%2)'

The consistency then can be established by applying the above
relations and (30)—(32) to (5).

4. SYMMETRY RELATIONS OF THE TRANSLATION
COEFFICIENTS OF THE TRANSVERSE VECTOR
SPHERICAL MULTIPOLE FIELDS

We extend the analysis of the previous section to derive the
corresponding symmetry relations of Ay, (k, R) and By™,(k, R) for
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the same set of symmetry operations considered in the previous section.
(13) and (14) show that AlL’m(k, R) and Bém(k, R) may be expressed
as a sum of the products of alL’r?w(k:, R) and a geometrical factor that
depends on {l,m},{L, M} and R. Therefore, the symmetry relations
of .A v (k, R) and BZL”;\”Z[(k: R) are intimately related to the combined

symmetry properties of the geometrical factor and alLTw(k, R). The
symmetry relations of the latter are obtained in the previous section,
while the symmetry properties of the former can be obtained by taking
advantage of the well-known symmetry and recurrence relations of the
Clebsch-Gordan coefficient [20-22] and the symmetry properties of the
spherical harmonics as done in the previous section. As in the scalar
case, k is allowed to be complex.

4.1. Spatial Inversion of the Translation Vector

(13) and (14), respectively, express AIL’%(k,R) and B%ZLV[(I{,R) in
terms of ﬂf &Af,(k, R) (15). Therefore, we first look into its spatial-
inversion property. Application of (3) and (17) to (15) yields,

ﬁlejwl’(k R) ( )l+l/+1ﬁlml/<k7R)7

which, in turn, by virtue of (14) and (13) yields the following spatial-
inversion relations:

By (k,~R) = (~1) LB (k, R), and (33)

A (b = R) = (=) EAY (k, R). (34)
Some comments are in order. First, .,4 v (k, R) and Banfw(k: R)
undergo different phase changes under the spatial inversion of
the translation vector. This is due to the fact that M., (k, )
and Ny, (k,r) themselves undergo different phase changes under
spatial inversion. From (9) and (10), we deduce M, (k,—r) =
(=1)!M (K, 7) and Ny (k, —7) = (=1)""1N . (k, 7). Substitution
of these into (11) and (12) explains the phase difference between
(33) and (34). Second, both (33) and (34) are valid whether k is

complex or real, and whether p;/(kR) = jiu(kR) or pyr(kR) = hl(,,i)(k:R)
in (6). Third, one can show using (Al) and (A2) that (33) and
(34) are consistent with the corresponding symmetry property of the

translation coefficient of the spherical tensor field Sg:,%(k,R) =
(— )(Z+L)S ™ (k, —R) reported in [9].
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4.2. Interchange of Modal Indices

We next investigate the symmetry relations of Alj;%(k R) and

Ban}w(k R) under the interchange of mode indices. Comparison of (16)

with (6) shows that they are of the same functional form. Following
the reasoning used in the derivation of (20)—(23), we obtain

AP0, k) = (—1)ME [AT 0,8, 7)] i i (kR) = G (kR),

and (35)
A ker) = (COPE A k)] o (RR) = b (k).
(36)

If £ is real, then the above equations, respectively, reduce to

AP0,y m) = (—1)E (AT 0,8, 7)] 7 if pro(kR) = jin (kR),

and (37)
Al G kr) = (<) [ (5 km)] i o (RR) = D (RR).
(38)

We note that (37) can be reconciled with Peterson and Strém’s result

SL’ijM(O k,R) = {Sf]{nM(O —k, R)} using (Al) and the spatial-

inversion relation obtained earlier and that (38) can be reconciled with
Pk, R) =[S0 (4, k, —R)| " using (A1) and (24).

l,j,m
The derivation of the corresponding symmetry relation for

BZ’?}V[(k, R) is more complicated since (14) has not been reduced to
a simple form comparable to (16). Using (14) and (6), BlL#lV[(k:, R) and
BlL’?}V[(/ﬂ, R) can, respectively, be written as

LA

Bl (k,R)=(-1)"kR Y

M5 L) e(n1,17:0,0,0)pp (KR)
vire V21 et

1
> CL L =M m — p,m — M — p)
pn=-—1

C(la ]-7 la m—f, [, m)}/l”7M—m+M(6)Ra ¢R)}/17—M(0R) ¢R) ) (39)
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and
LA L

By (k,R)=(-1)"kR >

2o Je(n,1,1":0,0,0)pp (KR
y o, VAT ( )i (kR)

1
. [Z C(L,1,I"s M + p, —m, M — m + 1)
p=-—1

C(L7 17 L7 M—H,L, —H, M)le”,M—m—HL(eRv ¢R)Y1,—u<HR7 ¢R)] ’ (40)

where A(l,L,l") and A(L,l,l") are defined, respectively, as

A(L,1,1") = 4mi(CLHH=1) 7(222(%2151) and A(L, L, ") = 4mi(-+L+"-)

%. (19) indicates that A(l, L,I") and A(L,l,1") are both

real and related to each other by

VIA+ DA L) = (=D)LL + 1)A(L, 1,1"). (41)

The quantities in the square brackets in (39) and (40) can be related
to each other by using the recurrence relation of the Clebsch-Gordan
[20-22],

J(J+ 1)C J717J7M+,U’7 _,U’aM)C(]h]ZaJamlvaaM)
\/]1(]1+1)C J1, 1, juyma+p,—p, ma)C (g1, g2, J3 ma+p, mo, M+ p)

J2(J2t1)C(j2, 1, j2; ma+p,—p, m2)C(j1, j2, J5ma, mo+p, M+pu)
and the symmetry relation [20-22],

Cla,b, ¢;ma,mp,me) = (~1)*™)\ /(2 +1)/(2a + 1)
'C(C> b7 Qs Me, My, ma)'

Using these relations, the product of the Clebsch-Gordan coefficients
in the square bracket in (40) may be written as

C(L,1,L: M+ p,—p, M)C(L,1,1"; M + pp, —m, M —m + )
1
=— [/I"(I"+ )", 1,1"; M — , — iy, M —
L(L—i—l)[ (" +1)C( m—+ p, —p m)

C(L,1,I"; M, —m, M — m)
l(l—|—1)C(l, 17l;m_:uwu?m)(La l, l”; _M7m_:u7m_M_/‘L) . (42)
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1
Since Z CU", 11" M —m+ p,—p, M —m) Y pr—mipy(Or, dR)Y1,—p
p=-—1
(Or, ¢r) = 0, the quantity in the square bracket, with the aid of (41),
may be written as

I Ty
O™ S

C(La l7 l//; _M) m—pu,m— M — ,u)}/l”,M—m-HA(GRu ¢R)Y1,—M(HR5 ¢R)

1
Z C(l) 1’ l7 m— [, :U'vm)
p=-—1

Comparing this equation with the corresponding term in (39) and using
(41), we obtain the symmetry relations of Bil’z\l/[(k, R),

BEA (0, k) = () B (0,87, )] i pun (KR) = jin (kR),

and (43)
Bl (k) = (~ 1) [BY (7, k7, m)| i i (RR) = By (KR).
(44)

If the k is real, then the above equations, respectively, reduce to

B0, k) = (—1)" B 0k m) | pur (RR) = jin (R),

and (45)
Bf;nM(i,k:,r) = (—1)HHLH [Bé%(ak,r)} , if ppr(kR) = hl(,jf)(kR),
(46)

both of which again can be reconciled with Peterson and Strom’s result
for S%f:,%(k, R) [9]. As in the spatial-inversion symmetry relations,
AlL’tT}w(k,R) and Bﬂ;’%(l{:,R) undergo different phase changes under
interchange of model indices.

4.3. Simultaneous Changes of the Signs of the Azimuthal
Indices

We investigate the symmetry properties of AIL’%(k, R) and BlL’%(k, R)
under simultaneous changes of the signs of the azimuthal indices m and
M. Using (2), (25), and (26), we can show that

B0,k R) = (—1)f M gEN (0,87, R)|
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lf pl”(kR) = jl//(k‘R) (47)

and G172, (5,5, R) = (—1)! M (b0 e R)|
if p(kR) = hi (kR).  (48)

The desired symmetry relations of .A v (k, R) and Bg’}\/[(k: R) then

can be readily obtained by substltutlng the above equations into (13)
and (14).

A0, B, R) = (—1)™ M A 0,55, B[, it pun(kR) = jun (KR,

(49)

AT by R) = (=)™ M A Rk R)] 3 pro(kR) =hii (KR),
(50)

By (0,5, R) = (=)™ M By (0, k% R)| ', if pir(KR) = jin (kRR),
and (51)

By (e, R) = (=)™ M By (.6, R)[  if puo(kR)=h{i (kR).
(52)

We note that when k is real, the above symmetry relations fail to
reduce to the corresponding relations of SETM(k, R) reported in [9],

SE (0,8, R) = (=)= A6 G0 0.k, ~R)|
if pp(kR) = ji(kR),
and Sp7 % (£, k, R) = (—1)U-EeM0=Gtem) [ghim (o ), —R)|"
if pyr(kR) = by (kR),

both of which are believed to be in error.

As they stand, the symmetry relations of (35), (36), (43), (44),
and (49)—(52) are not useful for numerical applications for the reasons
stated in the previous section. However, as in the scalar case,
combining two types of symmetry relations produces results that are
useful in numerical applications,

AZL M(k R) ( )l+L+m+MALM(k_ R)
and B’L " (k,R) = (—1 )l+L+m+M+15LM(k R).

We note that both of the above relations are valid whether k is complex
or real and whether py/(kR) = jir(kR) or p(kR) = bl (kR) in (6).
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4.4. Reflection of the Translation Vector about the zy-, zy-,
and zy-Planes

We investigate the respective symmetry properties of AZL’?}V[(/{:, R) and
BlL’nX/[(k:, R) under reflection of R about the yz-, zz- and zy-planes.

Using the respective reflection symmetry relations of alj—;%(k:, R) and

Y m(0,¢) we obtain the following reflection symmetry relations of
L,M

B mu (ks B).

/Bl[,/;n]\?l’(k? -, Y, Z) = (_1)(l/+L+l)ﬁll,1_M (kaxvyuz)a

m,l’

51%;,%/(7%967 —y,z) = (_1)(l/+L+m+M+1)6LL—m]\4l/(k 2,9, 2),

and 6577?1]\74;’(k7x7y7 _Z) = (_1)(l+l/+m+M+1)6 ml’(k x, Y,z )

Substitution of these relations into (13) and ( 4), respectively, yields
the following reflection symmetry relations A o (k,r) and Bé%(k r),

A (b, =z, 2) = AY T (ky,y, 2 ),
AP (B, —y,2) = (1) AYT (kx,y, 2),
A (kyx,y, —2) = (- 1><Z+L+m+M>Alm (k, 2y, 2)
and
ik, —x,y,2) = =By " (k,x,y, 2),
By (k@ —y,2) = (=1)MHMIDBT (k,y, 2),
B (g —2) = ()OI B ().

Several comments are in order. First, each of the above relations
holds whether k is real or complex, and whether p;/(kR) is jy(kR)

or hl(,j,E )(kR). Second, they are consistent with the spatial-inversion
symmetry relations (33) and (34) since

A Oy =2, —y, —2) = Ak, 2, —y, —2),
= (- 1)m+MAlm (k,x,y,—z)
= (—1)"TEAY (k2. 2)
and ng/[(k,—:c, —y,—z) = —BL’ ks x, =y, —2),
= ()™M By (k2 y, —2)
( 1)Z+L+lBlm (k Ty, % )
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Third, the sign difference between the symmetry relations of
AIL’%(k, R) and BZL’ZZW(k, R) for each reflection is consistent with the
reflection properties of M, (k,r) and N, (k,r). Application of (4)
to (9) and (10) yields the following reflection symmetry relations of
M (k,r) and N (k, 7).

Mk, —2,y,2) = — {—Ml(f)m(k,x,y,z)i

+ MY,k x,y, 205+ M, (kx,y,2)5]
My(kyw,—y,2) = (=)™ M, (k2 >

—M()(kxy,)@ &k, 2y, 2)2]
Mi(ky,y,—2) = (=)D (MO (k,2,y, 2 >

+ MO k2,9, 2)5 = M (k,,y,2)2] |

and

Nk, —z,y,2) = —Nl@m(k,x,y,z):ﬁ

+Nl(7y_)m(k, x,Y,2)y + st_)m(k, x,Y,2)Z,
Nk z,—y,2) = (—1)(m) [Nl@m(k,x,y,z):b

_ Nl@m(k,ac,y, 2)Yy —I—Nl(f_)m(k:,x,y,z)%} ,
Nipn(k,2,y,—2) = (=)™ M)k, 2,y, 2)3

+ Nk w,9,2)5 = Nk, y,2)2]

which explain the phase difference.

5. SUMMARY

We have examined the symmetry properties of the translation
coefficients of the scalar and vector spherical multipole fields. The
symmetry relations considered include not only those considered earlier
for real wavenumbers in [9], but also the respective symmetry relations
that arise when the translation vector is reflected about the zy-, yz-,
and zz-planes. In addition, all the symmetry relations considered
in this work are valid for complex wavenumbers. These symmetry
relations may be used to reduce the computational cost of evaluating
and storing the translation coefficients for the applications mentioned
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earlier because they are expressed in a form suitable for exploitation
in numerical applications. These relations were successfully applied
to significantly reduce the memory requirement of the FFT T-matrix
technique [19].
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APPENDIX A.

It is possible to define a more general spherical vector multipole field
than L;,,(k,r), M, (k,7) and N, (k,r). The spherical tensor field

T}7" (k,r) of order (j,m) [9,20-22] is defined by

T{”In(k','r) = fl<kT)Y{:In(97¢)
1

= flkr) D CQL 1, Gsm =, 1, m)Yim— (0, 0)&,
p=-—1
where the spherical basis vectors e, are related to the Cartesian
unit vectors by €y = 2 and ey = :F%(i +49). Under translation,

r=R+7/, T{’In(k:, r) translates according to

= Y S (e R)T (k1)
L,M,J

where S L’J:] 1 (k, R) is the translation coefficient for T{ 1 (k,7) [9]. The
more familiar L;,,(k,7), M (k,7) and Ny, (k,7) can be expressed
as a linear combination of T77"(k, ) [9,20-22],

I+1 1/2 im I 1/2 im
Ly (k,7) = {m} Ty (kor)+ {%—H} T (k. 7),
M (k,v) = T)7 (K, ),
A R L+171Y2
Nig(k,r) = — [QZ—JFJ T{3r1,1(/f,7“) + {21—“} Tg’—1,1(ka7')-

The latter two relations may be used to relate SL’] Tk, R) to
lm l,m
AL,M(kvR) and BL m (K, R) [9],

Ay (k, R) = S (k. R), (A1)
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1

l,m _
By (k, R) = e

[VIF LS LA (ks R) = VST (6, R)]
(A2)
which can be used to compare the symmetry relations of AZL’?}V[(/{, R)

and BIL’"}V[(IC, R) derived in this paper with the corresponding symmetry

)],

relations of SlL7 7 (k, R) reported in [9].

REFERENCES

1. Stratton, J. A., Flectromagnetic Theory, McGraw-Hill Book
Company, 1966.

2. Stein, S., “Addition theorem for spherical wave functions,” Quart.
Appl. Math., Vol. 19, No. 1, 15-24, 1961.

3. Cruzan, O. R., “Translational addition theorems for spherical
vector wave functions,” Quart. Appl. Math., Vol. 20, No. 1, 3340,
1962.

4. Danos, M. and L. C. Maximon, “Multipole matrix elements of the
translation operator,” J. of Math. Phys., Vol. 6, 766778, 1965.

5. Chew, W. C., “A derivation of the vector addition theorem,”
Micro. Opt. Tech. Lett., Vol. 37, No. 7, 256-260, 1990.

6. Witmann, R. C., “Spherical wave operators and the translation
formulas,” IEEFE Trans. Antennas Propagat., Vol. 36, No. 8, 1078—
1087, 1988.

7. Kim, K. T., “The translation formula for vector multipole fields
and the recurrence relations of the translation coefficients of scalar
and vector multipole fields,” IEEE Trans. Antennas Propagat.,
Vol. 44, No. 11, 1482-1487, 1996.

8. Chew, W. C., Wawves and Fields in Inhomogeneous Media, IEEE
Press, New Jersey, 1995.

9. Peterson, B. and S. Strom, “T matrix for electromagnetic scatter-
ing from an arbitrary number of scatterers and representation of
E(3),” Physical Review D, Vol. 8, No. 10, 3661-3678, 1973.

10. Bruning, J. H. and Y. T. Lo, “Multiple scattering of EM waves by
spheres, Part I — multipole expansion and ray optical solutions,”
IEEFE Trans. Antennas Propagat., Vol. 19, No. 3, 378-390, 1971.

11. Hamid, A.-K., I. R. Ciric, and M. Hamid, “Multiple scattering by
an arbitrary configuration of dielectric spheres,” Can. J. Phys.,
Vol. 68, 1419-1428, 1992.

12. Hansen, J. E. (Ed.), Spherical Near-Field Antenna Measurements,
Peter Peregrinus Ltd., U.K., 1988.



66

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

Kim

Tsang, L. J. and J. A. Kong, “Effective propagation constant for
coherent electromagnetic waves in media embedded with dielectric

scatterers,” J. Appl. Phys., Vol. 11, 7162-7173, 1982.

Chew, W. C., “Recurrence relations for three-dimensional scalar
addition theorem,” J. Electromagnetic Waves Appl., Vol. 6, No. 2,
133-142, 1992.

Chew, W. C. and Y. M. Yang, “Efficient ways to compute the
vector addition theorem,” J. Electromagnetic Waves Appl., Vol. 7,
No. 5, 651-665, 1993.

Chew, W. C., J. H. Lin, and X. G. Yang, “An FFT T-matrix
method for 3D microwave scattering solutions from random
discrete scatterers,” Microwave. Opt. Technol. Lett., Vol. 9, No. 4,
194-196, 1995.

Chan, C. H. and L. Tsang, “A sparse-matrix canonical-grid
method for scattering by many scatterers,” Microwave Opt.
Technol. Lett., Vol. 8, No. 2, 114-118, 1995.

Waterman, P. C., “Matrix formulation of electromagnetic
scattering,” Proceedings of IEEFE, Vol. 53, 805-811, 1965.

Kim, K. T., “A storage-reduction scheme for the FFT T-matrix
method,” IIEEE Antennas and Wireless Propagation Letters,
Accepted for publication.

Edmonds, A. R., Angular Momentum in Quantum Mechanics,
Princeton University Press, 1974.

Rose, M. E., Multipole Fields, Wiely, 1955.

Brink, D. M. and G. R. Satchler, Angular Momentum, Oxford
University Press, 1979.

Newton, R. G., Scattering Theory of Waves and Particles,
McGraw-Hill Book Company, 1966.

Kristopher Kim was born in Seoul, S. Korea. He received the
B.A. degree from the University of Chicago and the Ph.D. degree
from Purdue University. He is a scientist at the Electromagnetic
Scattering Branch of the Air Force Research Laboratory, Hanscom
Air Force Base, MA, where he served as its technical advisor and
interim branch chief. Previously, he was on the technical staff of Mitre
Corporation, working on target discrimination, EM wave propagation
and scattering, and radar performance modeling. He was also at the
Raytheon Corporation as senior principal systems engineer responsible
for target characterization for the GBR-P program.



