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Abstract—The 3D Berenger’s and uniaxial perfectly matched layers
used for the truncation of the FDTD computations are theoretically
investigated respectively in the discrete space, including numerical
dispersion and impedance characteristics. Numerical dispersion for
both PMLs is different from that of the FDTD equations in the
normal medium due to the introduction of loss. The impedance in
3D homogeneous Berenger’s PML medium is the same as that in
the truncated normal medium even in the discrete space, however,
the impedance in 3D homogenous UPML medium is different, but
the discrepancy smoothly changes as the loss in the UPML medium
slowly change. Those insights acquired can help to understand why
both 3D PMLs can absorb the outgoing wave with arbitrary incidence,
polarization, and frequency, but with different efficiency.
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1. INTRODUCTION

The relentless advances in VLSI technologies result in significant
challenges in electromagnetic modeling for present electronic systems,
which has usually been resorted to numerical techniques. The finite-
difference time-domain (FDTD) method [1] has come into prominence
in full-wave numerical modeling, where one of the greatest challenges
is the efficient and accurate solution to unbounded electromagnetic
wave interaction problems. Over the years, the techniques on artificial
boundary conditions, i.e., Mur’s and Liao’s absorbing boundary
conditions and the technique “superabsorption” [2-4] have been
developed. However, those methods are sensitive to frequency and
incident angle so that the external boundaries had to be placed a long
distance away from the scatterers, leading to prohibitive computational
overhead.

Analogous to physical treatment of anechoic chamber, the
perfectly matched layers (PML) absorbing boundary condition was
developed as an efficient absorber [5-7]. It outperforms conventional
techniques by the orders of magnitude in means of reflection coefficients
and can be placed extremely close to any scatterers. Berenger first
proposed a split-field formulation, where by choosing the suitable
parameters, a perfectly matched planar interface between the PML
medium and the modeled region is acquired [8,9]. Later, this concept
has been restated in a stretched-coordinate form by Chew [10]. Based
on a Maxwellian formulation rather than a mathematical model,
an uniaxial anisotropic medium with both magnetic and electric
permittivity tensors was applied in the FDTD simulations [11]. It does
not need split the fields and results in similar performance with the
Berenger’s counterpart. Recently, both the PMLs have been used in
the finite-element method [12], TLM [13], and computational acoustics
[14] as absorbing boundary conditions. However, in the discrete space,
the electric and magnetic parameters are represented in piecewise and
spatially staggered manners, consequently, spurious reflections were
produced from discretization, material discontinuities. Both PMLs can
achieve reflectionless truncations only in the continuum limit as mesh
size goes to zero. Some theoretical analyses were made to improve their
performance based on two-dimensional Berenger’s PMLs [15], however,
no effort was made on three-dimensional Berenger’s and two- and three-
dimensional uniaxial PMLs mechanism behind their performance.

This paper specially focuses on the investigations on both three-
dimensional Berenger’s and uniaxial perfectly matched layers in
the discrete space, and their numerical dispersion and impedance
are rigorously analyzed, respectively. The investigations provide
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Figure 1. Upper-right part of computational domain surrounded by
the PML layers.

theoretical support to understand their impact on the absorbing
performance and design the most efficient three-dimensional PMLs.
This paper is organized as follows: the Section 2 briefly describes
the methodologies, numerical characteristics of three-dimensional
Berenger’s and uniaxial perfectly matched layers are analyzed
respectively in the Sections 3 and 4, and the last section draws the
conclusions.

2. THE PERFECTLY MATCHED LAYERS’
FORMULATIONS

For solving an unbounded problem using the FDTD method, the
perfectly matched layers are usually used as an absorbing material
surrounding the modeled regions, as shown in Fig. 1. Herein, two
types of PML methods are presented, namely, Berenger’s PML and
uniaxial PML.

2.1. The Berenger’s PML

In the Berenger’s PML medium, the electromagnetic field components
are split into sub-components where, in the Cartesian Coordinates
system, x sub-components of the electric and magnetic fields are
satisfied with the following equations;

OFEyy 0H, O0F,, OH
E:c = a5 zE:cz = - Y 1
ot v = 5 o 7 0. 2
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LY +0'Zny = —

H ¢ +orHes =

(1b)

where
E:c = Exy + Ea:z’ Hx = Hazy + sz (2)

and the other sub-components have the similar formulations. If
the conductivities are satisfied with the following matched-impedance
condition;

Ui/‘g:a;//’t i:x,y,z (3)
where o,0" is the electrical and magnetic conductivities and ¢, p
are the permittivity and permeability of the corresponding media
in the PML region and the modeled region as set in Fig. 1.
Theoretically, the electromagnetic wave with arbitrary polarization,
frequency, and incidence from the modeled region impinges on the
PML medium without reflection and gradually diminishes as traveling
into the PML material, hence it is effectively absorbed. The finite-
difference implementations for Eq. (la) using exponential finite-
difference approximation are given as;

B+ 1/2,5,k) = Aey(§)ER, (i + 1/2,, k) — Bey(j)
[H.(i+1/2,j4+1/2,k)—H,(i+1/2,j—1/2, K)]"*Y2 /Ay (5) (4a)

BN i41/2,4,k) = Ae.(k)E™ (i +1/2,7,k) — Be.(k)
[Hy(i41/2, 5, k—1/2)— H,(i+1/2, §,k+1/2)]" Y2/ Az(k) (4b)
where

Aei(l) = exp[—(oi(l)At)/e] (5a)

Bei(l) = {exp[—(oi(l)At)/e] = 1}/oi(l) (5b)

2.2. The Uniaxial PML

The uniaxial perfectly matched layer medium is anisotropic and
composed of both electric and magnetic permittivity tensors for a single
interface, where the electromagnetic fields are satisfied to the following
equations;

VxE=—=|0 ko 0 |B-—10 0. 0 B (6a)
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Ifki=1, 0, =0, i =ux,y,z, Egs. (6) and (7) are reduced to Maxwell’s
equations in the normal lossless medium. When this medium truncates
the modeled region with the interface with the normal of Z, and o, =
oy = 0, the similar performance with the Berenger’s PML medium can
be acquired. The finite-difference implementations of z-components in
Egs. (6) and (7) by using central difference approximation are given
as;

n—&-% D n—%
lirt gk~ il n
n n n n
Zloo1 .,1, Hzloo1 001 Yyl. 1 . 1yl o1 1
+C 7/+§7.7+§7k Z+§7]_§7k o Z+57]7k+§ Z+§7]7k_§ (8&)
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1 1 l 1
n+s n—s ¢ 5 n—s
x : XZE.’E : + =z D 2 - XxDx ° (8b)
L1 . 01
Z+§7]7k 27.7 k €Cx 7‘+§»]>k‘ l+§7]7k
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lig+ik+ed MLk
n+% B n+3 n+i B n+l
“ligtieed ikt d Nig+ietr itk

_CZ/ Ay - Az (8C)




198 Yuan and Li

n+1 I n CZ |:B n+1 B n ]
IR TE AT R P T T [P TG Gt PR A
(8d)
where
Kr or
At 2g 1
Xt = Ky o0, C‘r:ﬁa T=X,Y,2 (9)
At 280 At 250

The finite-difference equations for the other components in Egs. (6) and
(7) can be acquired in the similar ways. Although the electromagnetic
waves with arbitrary incidence and frequency from the modeled region
can effectively enter into and be attenuated within both PML media,
the reflection is still produced as a perfect electric conductor is
placed at the outer boundaries of the PML media. For a plane
wave, an apparent reflection is a function of PML’s thickness and its
conductivity as expressed in the following equation;

Tpyr| = ¢~ (2cosb/zov) Jy oite)dp (10)
where 9,0, v is the thickness, angle of incidence, and the velocity of
light in the PML medium, respectively. Theoretically, a PML with the
reflection as small as required can be obtained by increasing PML’s
thickness or conductivity or both. Unfortunately, such an achievement
cannot be obtained for any perfectly matched layers in the discrete
space because Eq. (10) does not take account of the contribution of

conductivity’s variation, discretization, and the field placement in the
FDTD cell.

3. NUMERICAL CHARACTERISTICS OF 3D
BERENGER’S PML

3.1. Numerical Dispersion

To analyze numerical dispersion in three-dimensional Berenger’s PML
medium, it is assumed that the medium is homogeneous and the plane
harmonic waves governed by Eq. (11) are propagated there;

w(% Y, z, t) = ¢0€j(Wt_kzx_kyy_kZZ) (11)

where ¢(z,y, z,t) is the sub-components of the electromagnetic fields
with the amplitude of ¥y and k;, ky, k. are wave numbers along z,y, z
directions.
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When Eq. (11) is substituted into the Berenger’s PML’s finite-
difference equations, for example, into Eq. (4), the following equation
is acquired;

_ Bey x 2jsin(k,Ay/2)
o Ay[eijt/2_A€y€—ijt/2]

Be, x 2j5sin(k,Az/2)
Az[eIBU2 Z A e=iwit/?] Y0
(12)
where all the FDTD cells are supposed to be uniform. The other five
equations for the rest components of the electromagnetic fields can be
achieved in the same way, and a system of linear equations are written
as;

EacO

HzO -

AR=0 (13)
where
M1 0 0 0 & —& ] [ Eyo ]
0 1 0 -£ 0 & Eyo
B 0 0 1 & & 0 | Exo
A= 0 -9, 9, 1 0 0 R= H,g (14)
9, 0o -9, 0 1 0 Hy
L =0y U, 0 0 0 1 ] | H.o |

& = [Bey x 2jsin(k,Az/2)]/ | Az (e79A12 — Ae,ewri/2)]

& = [Bey x 2jsin(k,Ay/2)]/ [Ay (/212 — Aeye=1eA/2)| - (15a)

& = [Be. x 2jsin(k:Az/2)]/ [Az (/9512 — A e=ioni/2)]

¥y = [Bhy x 2jsin(k,Ax/2)]/ {A:c (eijt/2 _ Ahze—jmt/zﬂ

Uy = [Bhy x 2jsin(k,Ay/2)]/ [Ay (eijt/2 _ Ahye*jwmﬂ)} (15b)
9. = [Bh. x 2jsin(k:Az/2)]/ [Az (52512 — Ahemiwht/?) ]

and F,q, ..., H,y are the amplitudes of the corresponding electromag-

netic fields. If Eq. (13) has the non-zero solution, the following condi-

tion must be satisfied;

Al=0 (16)
That is,

Vs + &0y + 6.0, =1 (17)
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Using the matched-impedance condition, Eq. (3), the numerical
dispersion of three-dimensional Berenger’s PMLs in the discrete space
is derived as follows:

sin?[(k,Ax) /2] sin?[(k,Ay)/2] sin?[(k,Az)/2]

Ax? G Ay? H + Az2 R?
_ sin?[(wAt) /2]
= anz . ®
where
a— elexp(—o At /e) — 1](efAt — 1)
Atog[elwAt — exp(—0,At/e)]
_ glexp(—oyAt/e) — 1](€ijt —1)
i, S = expl o, 1] 19)
R elexp(—0,At/e) — 1](e/wAt — 1)

Ato,[elwAt — exp(—o,At/e)]

In the practical applications, for example, three-dimensional PML
truncating the modeled region with the interface with the normal of 2
needs 0,0, — 0 according to the conditions of the Berenger’s PML,
hence, the numerical dispersion in this planar Berenger’s PML is given
by;

sin?[(k,Ax)/2]  sin?[(k,Ay)/2]

sin?[(k,Az sin?[(w
= n e [(k:A2)/2] o _ sin”[(wAl)/2]

Az? (cAt)?

(20)
In two-dimensional Berenger’s PML using the x-z plane, Eq. (20) is
reduced to;

+

sin?[(k,Ax)/2] n sin?[(k,Az)/2] »_ sin?[(wAt)/2] (21)

Ax? Az? (cAt)?

If this medium becomes lossless, that is, 0, = 0} = 0y = 0; = 0, =
0% = 0, the numerical dispersion in this medium is obtained as follows;

sin?[(k,Ar)/2]  sin?[(k,Ay)/2]

n sin?[(k;Az)/2]  sin®[(wAt)/2]
Az? Ay?

+ Az?  (cAt)?

(22)
Equation (22) is the numerical dispersion satisfied by the finite-
difference time-domain equations in any lossless medium. If At —



Numerical analysis for 3D perfectly matched layers 201

0, Az — 0, Ay — 0, and Az — 0, Eq. (18) becomes;

. <L) e <&> R (&) _ ()
JWE + 0 Jwe + oy Jwe + 0,

It is the dispersion relationship of the differential equations satisfied by

the fields in the Berenger’s PML medium, where k is the wave number.
The numerical dispersion in one-dimensional homogeneous PML

medium in the discrete space is;

sm(kAx/2)G _ sin(wAt/2) (24)
Ax cAt

where A

a— 50[exp(—laAt/5g) — 1](e7¥2 — 1) (25)

Ato[edwAt — exp(—cAt/eg)]

When cAt/Axz = 0.5, Az/\ = 0.05, and f = 15GHz, the change of
propagation constant with electric conductivity is shown in Fig. 2,
which is normalized by the wave number in free space. When
cAt/Az = 0.5 and 0 = 2S/m, the change of normalized propagation
constant with the frequency is shown in Fig. 3. It can be found that the
attenuation increases with conductivity, whilst phase constant remains
unchanged in a wide range of frequency in the discrete space if the
conductivities are chosen correctly.
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Figure 2. The change of propagation constant with the electric
conductivity in the PML medium.
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Figure 3. The change of propagation constant with the frequency in
the PML medium.

3.2. Impedance
The impedance in the perfectly matched layer medium, which can
interpret its absorbing performance, can be defined in the various ways.
Since it represents the ratio between the electric and magnetic fields,
the following equations are defined for the fields within any medium;
ny = Ew/Hyv Zacz = E;L’/Hz
Zyr = Ey/H,, Zy,=E,/H, (26)
Loy = EZ/H% ZZ?U = EZ/Hy
A system of nonlinear equations are obtained through the reconstruc-
tion of Eq. (13);
Za:yZmz - gyZzy + gszz =0
Zy:vaz + ngyx - {zZyz =0
szZzy - szzx + gyZzy =0
1+9yZy — V. 2y, =0
1+ 192ny - ﬁszy =0
1+9,2y, —VyZp. =0
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The solutions for Eq. (27) are;

7o —Ea¥0—Ey0y+E:0+1E/ (EaVa+Ey Oy +E:9:—1)2— A€, 9,9, 0
zy = 20, (&0, —1)

A Ea¥o—Ey0y+E0:—1E/ (EoVa+Ey 0y +E29.—1)2— A€,y €950, 0
v 20y (€-0-—1)

Z _ fzﬁz"l‘gyﬂy_gzﬁz_li\/({zﬁz"!‘gyﬁy""ézﬂz_l)z_4§z§y§z§z79y'l9z
yr = 20, (Ex92—1)

Z _ fz'ﬁz*fyﬁy*gzﬁz+1i\/(fzﬁz+§yﬁy+fz19z*1)2*4§z€y£z§zﬂy'§z
yz — 20, (€,9.—1)

- *fzﬁz+£yﬁy*£zﬂz+1i\/(§z§z+§yﬂy+fz§z*1)2*45z£y5219z19y19z
= 20y (€92 —1)

Z _ _fmﬁz’i‘gy'&y"rgzﬁz_1i\/(§zﬂz+$y'&y+fzﬁz_1)2_4€z£y5279z19y792
Yy 204 (€y0y—1)

(28)
They are the impedance relationship in three-dimensional lossy
anisotropic medium in the discrete space. Using the numerical
dispersion Eq. (17) and the matched-impedance condition Eq. (3),
Eq. (28) becomes;

7 §.n £ 7€y 7 —&yn £ j&i&-
w &2 — 12 v & —n?
e ]gxgy U= jéyéz
e g Ty
§y77 + jéx‘gz _5177 + ]gygz
Doy = 200052 g e s
= &2 —n? v & — 12

It is the impedance relationship in three-dimensional lossy medium
satisfying with the matched-impedance condition in the discrete space.
Suppose that this lossy medium locates on z > 0, o, = o, = 0 holds
true for the Berenger’s perfectly matched layers. Assume that the fields
within the PML region are part of a plane wave traveling from the
truncated region into the perfectly matched layers. It is observed from
FDTD and PML time-stepping equations that the field dependence
in the transverse (to the boundary) directions for the plane wave in
both regions are identical, hence ki, = k;¢, kyp = kyr, where kyp, ky,
are propagation constant along x,y directions in PML medium and
kyf,kyr are those in the truncated medium, respectively. By using
those conditions and numerical dispersion in both media Egs. (20) and
(22), the following equation is obtained;

sin[(kszz)/Q]R _ isin[(szAz)/Q]

Az Az (30)
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and the parameters in the PML medium can be expressed as follows

vAt sin[(kypAx)/2]

Az sin[(wAt)/2]

B vAt sin[(k,rAy)/2]

Sy = —1 Ay sin[(wAt)/2] o
_, vAtsin[(k.;Az)/2]

S = R Gn[(wh) /2]

§o = —1

The impedance in three-dimensional homogeneous Berenger’s PML
medium with the interface with the normal of Z in the discrete space is
obtained through the substitution of Eq. (31) into Eq. (29). It can be
found that it is the same as one in the truncated normal medium even in
the discrete space at any frequency and incidence, which theoretically
leads to the penetration of the outgoing wave into the Berenger’s PML
medium without reflection. However, in the practical applications,
because of the material’s inhomogeneity near the interface, the PML
medium is deviated from matched-impedance situation, which is the
reason that the Berenger’s PML is theoretically perfect, but still
reflects the electromagnetic waves in numerical implementation. In
two-dimensional case using the -z plane, where only E,, H,, H, need
be considered for TMY, Eq. (29) is degraded to;

o _€z772
Yr = 2 2
ga: -n

Ean” 32
g

If the PML medium locates in z > 0, according to k;, = k. with
the same reason as before and numerical dispersion in both media,
respectively, the following equations are obtained;

€ = — At sin[(kpAx)/2] At sin[(kypAz)/2]
T eAw sin[(wAt)/2]  eAx sin[(wAt)/2]

_ elo=Al/e 2 sin[(k.pAz) /2] (33)
& = o, \z eJwAL/2 _ o—(0:AL) /e p—jwAl/2

At sin[(k.rAz)/2]
eAz sin[(wAt)/2]
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Hence, the impedance in homogeneous PML for two-dimensional TMY
case is;

i,qu sin[(wAt) /2]
At sin|[(k.rAz)/2]
pAz sin[(wAt)/2]
At sinf[(kyrAx)/2]
This impedance is the same as that in the truncated normal medium.

Lys =

(34)

Z,. =

4. NUMERICAL CHARACTERISTICS OF 3D UNIAXIAL
PML

4.1. Numerical Dispersion

When a harmonic plane electromagnetic wave is propagated in the
uniaxial perfectly matched layer medium where any components of
the electromagnetic fields E,D, B, H have the form of Eq. (11), the
following system of the equations are acquired through the substitution
of Eq. (11) into Eq. (8) as follows;

RR = 0 (35)
where
€ € - -
pyhz _® Ra z0
’ ! " yTh Oh yE EyO
N I R T O s
- 0 @th _ @aily 0 0 - H,o
_ p&;f'z 0 @g;thz 0 1 0 Hyo
Ho
pzh _ pohs L-+2U
| el el 0 0 1|
(36)
CyCa (1 — nge_j“’At)e_j“’At/2 B j2sin(k,Ax/2) (37)
= - B - a
Pz Cx(l _ Xye—ijt)(l _ Xze—]wAt) T Az

1— —JjwAt ,—jwAt/2 i2sin(k., Avy/2
py — CJSCZ( }yeA )6 — A hy — j Sln( Y y/ ) (37b)
Gy(L = Xz 79R) (1 = xze7 IR Ay
CaCy(1 — xzeIWAY) e mIwAY/2 _ j2sin(k.Az/2)
¢.(1— X;pefj“’At)(l _ Xyefijt) - Az
The condition leading to a nonzero solution for Eq. (35) is;

R =0 (38)

Pz = hz (37C)
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This makes the following equation hold true;

Py9:h2 + Pap:h + papyh? = cp (39)
or

Cge_ijt 26—]wAt

2 Yy 2
(1— Xxe_j‘”At)th + (1- Xye—jWAt)th +

C e—ijt
_Z —jwAt 277,3:6/1,
(1 Xz€7 )

(40)

It is numerical dispersion in the uniaxial perfectly matched layer
medium located in the corners of the UPML. On the other hand, three-
dimensional UPML truncating the modeled region with the interface
with the normal of 2 needs x, = xy = 1 and 0,0, — 0 according to
the planar UPML conditions, hence, the numerical dispersion in this
planar UPML medium is;

. 9 wAt)
.92 92 92 Sin (—
sin (kmAx/Q)_{_sm (kyAy/2)+P281n (k.Az/2) _ 2 (41)
Ax? Ay? Az? (vAt)?

. —GwA .
where P = £ 24225(1_12:2%&%96/ 2 When the UPML medium becomes

a lossless normal one, y- = 1 and (; = At, then;

sin® ( kszx) sin? ( k:yQAy) sin® ( k22Az> sin? (w_QAt>
+ = (42)

Ax? Ay? + Az?  (vA)?

This is numerical dispersion of the FDTD equations in the
homogeneous lossless normal medium. When both the spatial and
temporal discretization sizes tend to infinitesimal, Eq. (40) is reduced
to dispersion relationship of the differential equations satisfied by the
fields within the UPML medium;

we WE we
<7. 220 )k§+ I k§+<7. 220 )kg_kg
JweEQKy + Oy JWEQKy + Oy JWEGKy + 04

(43)

4.2. Impedance

When the impedance in the UPML medium is defined as Eq. (26),
a system of nonlinear equations for the impedance can be derived as
follows through the reconstruction of Eq. (35);
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h 10
nyZmz + @zs yZJ:y - @xg ZZa:z =0
pyhz pyhm
ZynZye + 52y — Zye = 0
h h
ZowZoy + ng tgo pz Y7, =0
h h (44)
1 - p:;yZmA— e e = 0
h h
1 @z;zzxﬁ Ol gy =0
h h
1_pz nyz"‘pz nyZZO
J 0

The solutions to this system of nonlinear equations, Eq. (44), are;

Ly =
ep(N2R2+ X202 —N2h2 —ep)E /()2 (A2R2+A2R2+A2h2 —e )2 —Aep N2 NI N2h2 h2 h2
2y hz (A2 —ep)

Lye =
ep(AN2R2—A2h2 —N2R2ep)Ey/(ep)2(A2R2+A2R2+A2h2 —ep)2 —dep N2 A A2h2 h2 K2
2epzhz (A2 hi —ep)

sz =
ep(N2R2+X2R2—A2h2 —ep)E /()2 (A2R2+A2R2 4 X202 —e )2 —dep A2 A N2h2 h2 h2
2epahy (A2 hz—en)

Loy =
ep(AN2h2—N2h2—N2h24ep)dy/(ep)2(AZR2+AZR2 4 A2h2 —ep)2 —dep N2 NI A2h2 h2 K2
2epyhy (z\%hi—a,u)

Z

yz =
ep(N2R2HN2R2—N2h2 —ep) [ (ep)2(AZR2+AZR2 4 A2h2 —ep)2 —dep A2 A A2h2 h2 K2
262l (A2RZ —ep)

Za:z =
ep(A2h2—N2h2 —N2h24ep)ty/(ep)2(AZR2+AZR2 4 A2h2 —ep)2 —Aep A2 NI A2h2 h2 K2
22Ty (A2 hg —ep)

(45)
where
v Cxe—ijt/Z \ Cye_ijt/2 \ Cze—ijt/2
T 1= X$e_jWAt’ v 1= Xye—ijt’ 2712 Xze—ijt
(46)
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Using numerical dispersion in the UPML medium Eq. (39) and the
relations;

)‘y)\z Aaj)\z )‘z)\y
Pe ="\ BPy= N (47)
AZ‘ Y )\y )\Z
They are reduced as;
—UA R, & 2N\ figh Myhy £ jUAA AR R,
ny =70 V)\ Y i i sz —T/V )\ ]V
z (21252 2252
i (v*22n2 1) v (2202 - 1)
—vAche £ jUAA AN R, +
Z,. = n u)\)\h JUAy Ay h Zm_nu)\/\h ]y)\/\hh
MY (23252 24232
. (2202 - 1) ™ L (v2AZn2 1)
Loy = n_l/);z;hy = jyz}\x)\thhz Loy = nV)\a;\hr & jyz)\y)‘zhyhz
2 (24242 _ Az (21222
™ (v*22n2 1) Y (202 1)
(48)

It is the impedance in the UPML medium where only the matched-
impedance conditions are satisfied, that is, at the corner regions of the
UPML medium. When applied to the truncation of the computational
region at 2 > 0, 0, = 0y = 0, Kz = Ky = 1, kuyp = kup, kyp = kys
hold true with the same reason as discussed in the last section, where
kep, kyp, kyf,kyr have the same meanings as those in the last section.
By using those conditions in combination with numerical dispersion in
the UPML medium, Eq. (41), and in the truncated normal medium,
Eq. (42), the following equations are obtained;

At sin[(kyAx) /2]

Ao = Ao sinf(wA)/2]

_ At sin|(kysAy) /2]
M Ry inl(wAn/2 (19)
Mh, = 4 tsinl(kepA2)/2]

Az sin[(wAt)/2]

In the discrete space, the impedance in three-dimensional homogeneous
UPML medium used to truncate the region with the interface with
the normal of 2 is obtained through the substitution of Eq. (49) into
Eq. (48), which can be found to have the following relations with those



Numerical analysis for 3D perfectly matched layers 209

in the truncated normal medium;

Sl (50)

Equation (50) indicates that three-dimensional homogeneous UPML
medium has not the same impedance as the truncated normal
medium in the discrete space, but the impedance in UPML medium
will smoothly change from those of the normal medium as the
conductivities and the variable k, slowly change from o, = 0, k, =
1 at the interface to those at the outer boundary. This is the
substantial reason that the UPML can effectively absorb the outgoing
electromagnetic wave with any frequency and incidence as an absorbing
boundary condition. In two-dimensional case using the z-z plane,
where only the field components E,, H,, H, for TMY need be
considered, Eq. (48) is degraded to;

wAt vAh
Lye = 27 sin( ) A e
- 2/ A (v2azn2 1)

7 94 sin (wAt) . —vAzhy
z = 4J]81 z
Y 2 At (v2A2n? — 1)

(51)

If the UPML medium locates in z > 0, the following equations are
obtained according to k., = k. and numerical dispersion in the UPML
medium and in the truncated normal lossless medium;

At sinf(ks;Aa) /2
Az sin[(wAt)/2]
At sin[(k.yA2)/2)
Az sin[(wAt)/2]

)\th =
(52)
Nh, =+

hence, the impedance relationship of the homogeneous UPML medium
in two-dimensional TMY case is;

pAz sin[(wAt)/2]
At sin[(k,rAz)/2]
wAt) A pAz sin[(wAt)/2]

2 ) At At sin[(k, fAx) /2]

Ty = +
(53)

Zy, = 2jsin (

Like three-dimensional results, the impedance Z,. in the 2D UPML
medium is different from that in the truncated normal lossless medium.
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5. CONCLUSIONS

Three-dimensional Berenger’s and uniaxial perfectly matched layers
are investigated respectively in term of numerical dispersion and
impedance characteristics in the paper. Numerical dispersion implies
an exact knowledge of the relationships between the nodal fields in
both space and time. They are different from that of the normal
FDTD equations within both 3D PML media in the discrete space
because of the introduction of lossness. When the conductivities in
both PML media vanish, they are reduced to that of the normal FDTD
equations. The same dispersion characteristic is also derived as that of
the differential equations governing the fields in both PMLs when the
spatial and temporal discretization sizes approach zero as a limit. Wave
impedance analysis aids in understanding wave transmission from the
truncated medium into a PML medium. The impedance within the
3D homogeneous Berenger’s PML is the same as those within the
truncated normal medium even in the discrete space, however, within
the uniaxial perfectly matched layer medium, it does not hold true,
but the difference between the impedances within both the UPML
medium and the truncated normal medium smoothly changes as the
parameters of the UPML medium slowly changes. Those numerical
dispersion and impedance characteristics are physically essential that
both the perfectly matched layers can effectively absorb the outgoing
electromagnetic waves with arbitrary frequency, polarization, and
incidence.
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