Progress In Electromagnetics Research, PIER 42, 143—-171, 2003

EIGENFUNCTIONAL REPRESENTATION OF DYADIC
GREEN’S FUNCTIONS IN CYLINDRICALLY
MULTILAYERED GYROELECTRIC CHIRAL MEDIA

L. W. Li, S. B. Yeap, M. S. Leong, T. S. Yeo, and P. S. Kooi

Department of Electrical and Computer Engineering
National University of Singapore
Kent Ridge, Singapore 119260

Abstract—This paper presents an eigenfunction expansion of the
electric-type dyadic Green’s functions for both a unbounded gyroelec-
tric chiral medium and a cylindrically-multilayered gyroelectric chiral
medium in terms of the cylindrical vector wave functions. The un-
bounded and scattering Green dyadics are formulated based on the
principle of scattering superposition for the electromagnetic waves,
namely, the direct wave and scattered waves. First, the unbounded
dyadic Green’s functions are correctly derived and some mistakes oc-
curring in the literature are pointed out. Secondly, the scattering
dyadic Green’s functions are formulated and their coefficients are ob-
tained from the boundary conditions at each interface. These coeffi-
cients are expressed in a compact form of recurrence matrices; coupling
between TE and TM modes are considered and various wave modes
are decomposed one from another. Finally, three cases, where the im-
pressed current source are located in the first, the intermediate, and
the last regions respectively, are taken into account in the mathemat-
ical manipulation of the coefficient recurrence matrices for the dyadic
Green’s functions.
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1. INTRODUCTION

The dyadic Green’s functions (DGFs) play an important role in
electromagnetic theory and its applications to practical analysis of
various electromagnetic boundary value problems. The eigenfunction
expansion of the dyadic Green’s functions has been well developed
and applied over the last several decades [1-4], despite the ever
increasing demand for numerical methods. The vector wave functions
have found versatile applications in the formulation of the dyadic
Green’s functions, as can be seen from the work done [3,5-16].
Although the DGFs in isotropic media have been well-studied in
the last three decades, complete formulation of the DGFs in various
anisotropic media using the eigenfunction expansion technique has not
been achieved so far. Since 1970’s, the dyadic Green’s functions in
anisotropic media have been derived [2,17-30] using (1) the Fourier
transform technique, (2) the method of angular spectrum expansion,
and (3) the transmission matrix method. The DGFs and fields in
gyroelectric media have also been formulated [31-36].

There have been some results for bianisotropic media or
gyroelectric chiral media available nowadays, however most of them
are basically valid for unbounded media only while some of them
are not correct, for instance, the results in [36] commented by [37].
Thus, the motivation of this work is quite appearant. Different from
the existing work, this paper aims at (1) the direct development of
the unbounded dyadic Green’s functions in an unbounded gyroelectric
chiral medium where the cylindrical vector wave expansion technique
is employed and mistakes in the existing work are pointed out; (2)
the formulations of the scattering dyadic Green’s functions and their
coefficients in a cylindrically multilayered gyroelectric chiral medium
where each layer is assumed to be the gyroelectric chiral medium and
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its results can be reduced to those of the isotropic media, and where the
source is assumed to have an arbitrary 3-dimensional distribution and
can be located anywhere while the field point can also be arbitrarily
located in the multilayers; and (3) the rigorous derivation of the
irrotational part of the dyadic Green’s functions which were not always
provided in the existing work. Due to the different geometries of the
multilayered gyroelectric chiral media, the formulation of the dyadic
Green’s functions differs one from another. The work included in
the present paper is a further extension of the previous work done
in [38], where the dyadic Green’s functions have been represented for
the planar-multilayered gyroelectric chiral media.

In order to obtain a complete, general representation of
the eigenfunction expansion of the dyadic Green’s functions in a
cylindrically multilayered medium, the mathematical derivation under
the cylindrical coordinates is carefully conducted in this paper.
Section 2 summarizes the normal series eigenfunction expansion in
terms of the cylindrical vector wave functions, making the paper
more complete and self-contained. The dyadic Green’s function in
cylindrical coordinates for an unbounded gyroelectric chiral medium
is then obtained by a rigorous eigenfunction expansion in terms
of the cylindrical vector wave functions. Most importantly, the
irrotational part of the dyadic Green’s function for the unbounded
gyroelectric chiral medium is derived. The results obtained herein
by the cylindrical vector wave function expansions are new formulas
unavailable elsewhere. In Section 3, the principle of scattering
superposition is applied to obtain the scattering dyadic Green’s
functions. These scattering coeflicients of the dyadic Green’s functions
have, although coupled to each other, been obtained from the boundary
conditions and have been represented by a set of compact recurrence
matrices. Further analysis includes the derivation of the scattering
coefficients of the DGFs for various cases where the current source
located in the first, the intermediate and the last regions of the
multilayered structure. Throughout the paper, a time dependence

e~ is assumed and suppressed in the analysis.

2. DGFS FOR UNBOUNDED GYROELECTRIC CHIRAL
MEDIA

A homogeneous gyroelectric chiral medium with the time harmonic
excitation can be characterized by a set of constitutive relations [36]

D =¢-FE +iB, (1a)
H =i.E+ B/p, (1b)
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e —ig O
e=|ig € 0 |. (2)
0 0 e,

where

Substituting (2) into the source-incorporated Maxwell’s equations
leads to

V xVxXE—2wuéV xE—uw?eE=iwpd. (3)

2.1. General Formulation of Unbounded DGF's

The electric field can thus be expressed in terms of the DGF and electric
source distribution as

E(r) — iwp /V Gr.r) - I(r) dV, (4)

where V'’ denotes the volume occupied by the exciting current source.
Similarly, substituting (4) into (3) leads to

VXV X Ge(T,7") = 2wtV X Ge(r,7") =2 € Go(r, ') = I6(r —1'),

(5)

where I and §(r — ') denotes the dyadic identity and Dirac delta
function, respectively.

According to the well-known Ohm-Rayleigh method, the source

term in (5) can be expanded in terms of the solenoidal and irrotational

cylindrical vector wave functions in cylindrical coordinate system.
Thus,

To(r — ') = /DoodA/_o;dh S (Mo \) An(h, )

n=—oo

+Nn(hv A)Bn(ha )‘) + Ln(hv )‘)Cn(ha >‘)] ) (6)

where M, (h,\) & N,(h,\) are the solenoidal, and L,)(h) is the
irrotational, cylindrical vector wave functions while A & h are the
spectral longitudinal and radial wave numbers, respectively. The

solenoidal and irrotational cylindrical vector wave functions are defined
as [36]

Mo(h,A) = V x [Tn(h, V3], (7a)
No(h2) = z;V « My(h, \), (7h)

Ly (h, A) = V [Wn(h, M)], (7¢)
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where k) = VA2 + h2, and the generating function is given by
\Ijn(ha )‘) = Jn(Ap)ei(n¢+hZ)' (8)

The vector expansion coefficients, A, (h,\), B,(h, ), and Cy(h,\) in
(6), are to be determined from the orthogonality relationships among
the cylindrical vector wave functions which are given by:

27 00 [e'e)
/dqs pdp/ dz My (h,\) - M (—h', = X)
0 0 —00

2 00 o)
= / dgb pdp/ dz Nn(h, )\) . an’(_hla _)\,)
0 0 —00
= 42N\ — N)S(h — 1o, (9a)

2 [e) 0o
/ d¢ pdp/ dz L”(h7 )‘> : L—n’(_h,v _)‘/)
0 0 —00

5 (A2 + h?)

-4
TN

SO = N)3(h — B)Spr, (9b)

and

2w (%s) 00
/ d¢/ Pdﬂ/ dZM"(h7 )‘)'N—n’(_hlv_)‘/)
0 0 —00
27 00 0o
B / d¢ pd,O/ dan(h7)‘)'L—n’(_h/’ _)‘/)
0 0 —00

2m 0o o)
_ / do [ pdp / dz Ly (h, A) - My (—h', =N
0 0 —00
= 0. (9¢)

Therefore, by taking the scalar product of (6) with M _,/(—h',—X'),
N_(=h,=X) and L_,(—h',—)\) each at a time, the vector
expansion coefficients are given by:

A, (h, ) = 47r2)\M,n( h,—X), (10a)
L

B, (h,\) = 47r2)\N,n(—h, =), (10b)

C,(h,\) = A L' (=h,—\), (10c)

472(N\2 + h?)

where the prime notation of the cylindrical vector wave functions
denotes the expressions at the source point .
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The dyadic Green’s function can thus be expanded as [36]:

Go(r, /dA/th n(hy A) an(h, \)

n=—oo

n(hv)‘) bn(hv)‘) +Ln(h7 >\) Cn(ha )\)] ) (11)

where the vector expansion coefficients a,,(h, A), b, (h, A) and ¢, (h, )
are obtained by substituting (11) and (6) into (5), which the dyadic
Green’s function must satisfy, and noting the instinct properties of the
vector wave functions,

1

Miy(h,N) = =V % No(h, ), (12a)
A

Ny (h,A) = k—v x M, (h, \), (12b)
A

V x Ly(h,\) =0, (12¢)

we end up with

/d)\/ dh Z { [T — w?yie] - [M (B, Nan(h, A)

n=—oo

+Nn(hﬂ )‘)bn(h7 )‘)] - Qkkwugc [Nn(hv )‘)an(h7 )‘)
M (h, \)b(h, N)] = w?pi€ - L (h, Nen (h, ) }

_/d)\/ dh S [Mo(h N An(h N)

n=—oo

N, (hyA\)By(h,\) + Ly (h, \)Cr(h,N)]. (13)

The above approach shows an important fact that the afore-assumed
unknowns, ay(h, ), by(h,\), and ¢,(h,\), may not be the same as
those coefficients, A,,(h, A), By, (h, A), and C,,(h, \) although they were
assumed to be the same in [36].

By taking the anterior scalar product of (13) with the vector wave
equations, respectively, and by performing the integration over the
entire space, we can formulate the equations satisfied by the unknown
vectors and the known scalar and vector parameters in a matrix form
as given below:

[QJ[X] = [e], (14)

where [©] is a 3 x 3 matrix given by

Q2] = [Q2122023] (15)
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with
k2 — w?pe

h
Q= | —wp (2€ck)\ + wgg)

. 22
—zw2ugg

, (16a)

—wi (2§ck>\ + wgﬁ)
Q= | K — 2l (R + M)

—%uﬂu(e —€)

, (16b)

wPng
Q= | mlule—e) | (16¢)
—Wk—iu (A€ + hZ¢,)

and [X] and [®] are two column vectors given respectively by

(17a)

(17b)

Solving (14), we have the solutions for a,(h, ), by(h, \) and ¢, (h, A)
as

an(h,A) = = [a1An(h, ) + B1Bn(h, N) + 11 Cn(h, N, (18a)

= M| =

bn(h7 )‘) =5 [a2An(h> )‘) + ﬁ2Bn(hv /\) + 'YQCn(ha )‘)} 9 (18b)

T
enlh N) = T a5 (b, 3) + BB X) +35Ca(h V)], (150)
where
T =k (h%e. +eX?) — pw? [ 2h%ee, —N2(g7 — € — ee.) +4pg? (h2e. +eX?)|
—Aghe 26, + et (€ — ¢?) (19)

and the coupling coefficients are

a1 = h?e, + Ne — w?pee,, (20a)
Br=ap = %“ |ghe.w + 26c(h2e. + eX?)] (20b)
A
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Bo = /-cz {(k)\ w?pe)(h?e, + N%e) + wz,ug2/\2} , (20c)

k}2
= /\2 Az =i [2wuh§c(e —€) +g(k3 — wz,uez)} . (204d)

Y2 = — /\7/2\53

1
=i [A(} — pele)(e - e:) + wg(2R3E + ghw| . (20e)

A
1 4 9 2 2 2 2

%= {—k‘x +wip {Zh e+ N (e+e) +4k‘w£c}

whi? [, 9

+4gh§c,u WS+ k2 [h (9 —€ )— €EELA }} (20f)

It should be noted that the substitution of (11) and (6) into (5) to
give (2.1) is based upon the condition that one can interchange the
summation on n and the integrals on h,\. This condition can be
justified if one notes that the terms in the square brackets of (6) and
(11) are continuous with respect to h and A, simultaneously.

Now, it becomes quite clear that each of the coefficients, a, (h, A),
b, (h,A), and ¢, (h, A), is actually a linear combination of those known
coefficients, A, (h,\), By(h,A), and C(h,\). In other words, the
coupling of the TE and TM modes from source distribution, and to
the field expression, exists. Thus, the results obtained in [36] are not
correct at all because such coupling is absent there in the formulation.
In terms of the cylindrical vector wave functions for the gyroelectric
chiral media, this paper presents a correct form of the unbounded
dyadic Green’s functions.

Furthermore, the unbounded dyadic Green’s function can be
written as

Go(r,r') = / dh/ d)\z 2/\1“ M (b, \ar M.,

)\2
X (_hv _)‘) + /BlN/—n(_hu _)‘) =+ kigrylL/—n(_h’ _)‘)]
A

Nl MasM” (~h, ~) + BN (—h, ~)

)\2

+ ?’721—’,—71(_}% _)‘)] + Ln(ha )‘)[a?)M/—n(_h? _)‘)
A

2

A L (—h )]} (21)

+ ﬂSN/—n(ih’ 7>‘) +
k)\
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In this way, the dyadic Green’s function in an unbounded gyroelectric
chiral medium is explicitly represented in the form of the eigenfunction
expansion in terms of the cylindrical vector wave functions, as given in
(21). However, for practical applications and interpretation to possible
novel phenomena, mathematical simplification to (21) is necessary.

In order to apply the residue theorem to (21), we must first extract
the part in (21) which does not satisfy the Jordan lemma [1]. To do
so, we write

L, (h,\) =Ly (h,\) + L. (h,N), (22a
L/—n(_h7 _)‘) - L/—nt( h‘ )‘) + L,—nz( h’ _)‘)7 (
N, (hyA) = Np(hyA) + Ny (hy M), (22¢
N/—n(_h7_)‘) = N/—nt(_hu _)‘) +N/—nz(_h7_>‘)’ (22d)
where the subscript ¢ and z denote the transverse vector components
and the z-vector components respectively of the two functions L, (h, \)
and N, (h,\). In terms of these functions, (21) can be rewritten in
the form

G( /dh/d/\z 47T2/\F
X {(h2ez + Me—w?pee, )M, (h, \YM'_, (—h, —\)

+ lih)\ [ (WPpe, — \?) + 2hezw,u§c}

[ (h )‘)N,—nt( h _)‘) + Nnt(h’ )‘)M/—n(_ha _)‘)]
+ ka(gh + 2ewpée) [Mn (h, AN, (=D, =)

+ an(h, )‘)M/—n(_h’ _A)]

2
h2w 2
+w /J,GZ(I{Z)\ — ew? 1) Nt (h, NN, (=h, =)

k3 2 2
i [P — w?pe) — 20260 (20, + gu)]
X [Nt (h, )N, (=, =A) + Nz (h, )N,
kS
w22
+ 4hw® 1?6 (hee + gw) + whp? (g° — €9)]
X Ny (b, )N, (=h, =)}, (23)

where we have expressed Ly (h,\) and L, (h, \) in terms of N, (h, \)

+ [N (w? e + 4 p2€2 — k3)

+
(=h, =A)]

+ [—Rh%E3 + w?ue(2h? + \?)
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and N, (h, \), and similarly, for the primed functions; namely

Lot(h,\) = —ZZANm(h ), (24a)
L, (=h,—)\) = %N’,m(—h,—A); (24b)
and
Loa(h ) = NL(h ), (24c)
L (—h—)) — ”;’” (R =N, (24d)

2.2. Analytical Evaluation of the A\ Integral

In this subsection, we will analytically evaluate the A integrals for the
dyadic Green’s function arisen in (23). This effort is intended to make
the results applicable in solving the source-incorporated boundary
value problems of cylindrically multilayered structures consisting of
gyroelectric chiral media.

By applying the idea given in [1] to obtain an exact expression of
the irrotational dyadic Green’s function, we have from (6)

2z26(r — ') / d)\/ dh Z 2)\)\2 N (h, YN, (—h, =)\).

(25)
Thus, the singular term in (23) is contained in the N,,(h, \)N",, .
(—=h,—A) dyad component.

From (19), we rewrite I into the following form in order to perform
the A integration,

I =e.(ki — ki) (k3 — k3) (26)
where 1
2 _ 2
kip =g, {px +\/p3 + qx} (27)
and

pr=h2(e— &) +wlp [—g* + (e + € + 4pe?)]

o= —dew’ulh?(e — e.) (e + 4u?) — dghewpée
+ e’ — g?(h* 4 e.w’p)].
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With simple algebraic manipulation, we can split (23) into

_ o0 1 k3
Go(r,r') = —/_ dh/ d)\z WQM?MEAQNM(h N (—h,—\)

© 1

dh [ dA
+/,OO / Z 772)\6 2 k(K — K2)
x{(h%e, + N2e—w?pec,) M, (h, )M, (=h, —\)

k
+ f/\ [g(uﬂuez -2\ + 2hezwu§c}

X [Mp (R, \YN"_,,(=h, =X) + Np(h, )M, (—=h, —))]
+ Ea(gh + 2ewp&e) [My, (h, )N, (=h, =X)
+ N (h, VM, (—=h, = \)]
2
h2w 2
X Nnt(h,)\)N’,m(—h,—)\)
2
hf} - [Pk} — we) = 2022 (2hE, + gu)]
X [Nt (hy NN (=, =A) + Nz (B )Ny (—=h, =)
- e U [+ (e = 20] + Plg? (02 1)
+ h2< € — ) (e + 4uel) — KPe(e, + 4p€l))]

+4ghw’pPée(e — e2) + Wi (g — €) (g + €)(e — )}
X an(ha)‘)Nan(_l% _)‘)} (28)

+

[N (wPpe + 40 p2€2 = kX)) + W pe, (K3 — ew’p))

+

In view of (25), the first integration term in (28) must be the

contribution from the irrotational vector wave functions, given as
follows: )
Obviously, this irrotational Green’s dyadic of the gyroelectric chiral
media can be simply reduced to that of an isotropic medium by letting
€, = €. It is observed that this irrotational term is only a function
of the permittivity €, only. This is simply because the anisotropic
medium has an axial direction of Z.

The second integration term can be evaluated by making use of the
residue theorem in A-plane (Appendix A). This term contributes from
the solenoidal vector wave functions. Hence after some mathematical
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manipulations, we arrived at the final unbounded dyadic Green’s
function for a gyroelectric chiral medium which is suitable for further
analysis of a cylindrically multilayered structure.

Go(r,r') = — L zz8(r —1')

Q(l)( ) —n,— h(

Qn,h( ]) 7n,fh( ])
L By JULGONL (%)
h?w? e Unh(_)")N/,(L)t,fh()‘j)

Njw?pe Vn,h(—)\j)Ni(l) —n(A9)

nz,

where the superscript (1) of the vector wave functions denotes the first-

kind cylindrical Hankel function H,sl)(Ap) The vector wave functions
en(50), Qun(Ng), Unn(Xj) and Vo, (X)) are given respectively
by

o X) = O+ S0 M, ()
kyj
2 [Zw peX3) +2ezwu@} en(=)
k
+— (gh + 2e w,ufc) —nz —h(i)‘j)7 (313)
Quih) = [Z<ezw2u = 28)+ 2ecwpte| Nowaly)
+ (gh + 2¢ w,ué.C)an,h()‘j)’ (Blb)

Un(h) = [ — ew?i)(ewu — A2) + N2%222] Ny ()
+h [h(kzj2 — EWQM) — 2w2u2£c(2h§c + gw)} Nz n(A),
(31c)
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2% 1€,
V() =] [(kij —ew’p) = =——(2hé + gw) | Nt n ()

1
+ - {kij [A?e + h(e, — 6):| + Wi [92)\?
+h2<2€ —€e)(e+ 4#53) - kijf(ez + 4#53)}

+ 4ghw® 1€ (e — e, ) ot (g2 —62)(6—62)} Nz n(Ag).
(31d)

Now, we obtained the rigorous expression of the unbounded dyadic
Green’s functions for the gyroelectric chiral medium. This form differs
from the existing representations of the dyadic Green’s functions for
the gyroelectric chiral medium or some more generalized media. The
agreement can be obtained in no ways between the present form of
DGFs and other forms given in the literature elsewhere. This is
because (1) the dyadic Green’s functions obtained elsewhere in the
literature using different approaches take quite different forms as ours
and the direct comparison among these theoretical results are almost
impossible; (2) the dyadic Green’s functions obtained using the same
approach in [36] are incorrect as indicated and shown in [37]; and (3)
the dyadic Green’s functions given using the similar approach in [39-
44] are not rigorously correct as the irrotational parts of the DGFs
were missing in the presentations (where the mistakes are due to the
ignorance of the Jordan lemma conditions [1]).

3. SCATTERING DGFS FOR CYLINDRICALLY
MULTILAYERED GYROELECTRIC CHIRAL MEDIUM

In the following section, the scattering dyadic Green’s function in a
cylindrically multilayered gyroelectric chiral media is presented. The
Green’s dyadics are formulated based on the principle of superposition
of the electromagnetic waves namely the direct wave and the scattered
waves. We will solve for the source-incorporated boundary value
problems of the cylindrically multilayered structures consisting of the
gyroelectric chiral media.

3.1. Scattering Dyadic Green’s Functions

With the scattering superposition principle, it is assumed that

G (r,r") = Go(r, )53 + GV (r, 1), (32)
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Figure 1. Geometry of a cylindrically-multilayered gyroelectric chiral
medium.

where the representation of the scattered dyadic Green’s function is
given by:

G ) =G+ G (33)

with the component dyadics given for j = 1 and 2 as follows:

(=171 Ny agp(D) (1 f
/ dh’z k%s — k%s) )‘33 {(1 - 6f )Mn,h(Aj)

x [~ 5§>A§;jptn,fh<—x;f> +(1=N)B P ()]
k)\ is 1 S s
(1= )22 QU () [(1 = Al M (X))

S

k2
Ny p/fs ©) s Ajs U( Vi
+(1 =45 )BQj‘zw,fn,fh()‘j)} +(1- 5f )ezsw 2 15h2 n(Aj)
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INUVERNY, Ny pfs apr(1)
(1= G ALN i a(=h3) + (1= 6M) BN, (x)

k2.
Ny "Ags () S _ sy afs nt )\
+(1 5f ))\?sfstQ,usvn’h()\j) {(1 5S)AvjN —nz,—h( )\])
+(1 = oM BEN'D L O]+ (1= 6 )M (—2)

x [(1= 6O P n(=X) + (1 =)D P 0]

k/\ s s s
Qu (M) [(1 = 6CL M, n(=X5)

+(1=06}) ”

=3
Nypfs v (ys Ny Fs f
+(1 - DhM ) 00 + (1 -8 ) Una(=A])

< (1= B)OE N a (k) + (L= S)DEN, L (9)]

ki js s s
+(1- 55‘\[)mvmh(_)‘£) [(1 - 6;)C\J;jN/—nz,—h(_>‘j)
js€zs s

+(1 =M DN, o] b (34)
The construction of the dyadic Green’s functions follows the similar
considerations to those in [38]. In other words, we have taken the
multiple transmissions and reflections into account when formulating
the scattering dyadic Green’s functions for the gyroelectric chiral
cylinder of multiple layers. Although the scattering DGF can be
reduced directly to that of the isotropic medium, it does differ in
form from that of the isotropic medium. Therefore, it is necessary
to formulate it in detail subsequently.

3.2. Boundary Condition Equations

The electric dyadic Green’s function, égs)(r, r’), satisfies the
following boundary conditions at the cylindrical interfaces p = p;(j =
1,2,..,N —1):

px G (w11 = p x G (1), (352)
/ﬁ X ,Uf—fvx éng) <T7 'rl) - w&Cf éifS) (Ta ,’,/)}
1 -~ S -~ S
= Px |V GV 1) — we G r'ﬂ . (35b)
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To simplify the derivation of the general solution of the coefficients,
we rewrite the boundary conditions (35a) and (35b) into the following
matrix form.

3.3. Recurrence Formulae of Scattering DGFs’ Coefficients

By using the boundary conditions, a set of linear equations of the
scattering coefficients, which can be replaced by a series of compact
matrices as done in [14], is obtained. The following compact recurrent
equations are formulated:

{Flj(fﬂ)} : HTU(HI)S] + 0741 [U(f+1)” = [Fijs] - {[lefs] + 63 [Df]}
(36)
where j = 1,2 and [ = M, Q,U and V. These matrices are given by

Oh; 91

[Fmj] = | 22 X

] , (37a)

[ Xy 1 [wiegh?wiz A2 T
iy el [ on v
[Ejf] - it ) wltjh2+wlzj>\2-f ) (37b)
i Rl Fagg {Mf]ajj _w&’lejf‘]j}
hy = HYNjpps), (37¢)
75 = JIn(Njfpr), (37d)
1 [1 050
3h] - d—p|p:pfa (376)
d [Jn()‘ 'fp)]
8_]] = d—pj|p:pf7 (37f)
nh
Vi = o + 1, (37¢)
Ny
1 nh
= ——— |wpi— +wi N 37h
Xijf kAjf [ ity P lzj g ] ( )

The terms wy;; and wy,; are the weighting factors associated with the
scattering coefficients A{js, Blfjs, Cl’;s and lejs. They are expressed as

Wqtj = g_};(GZSWQ:us - )‘33) + 2€.switses, (38&)
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Wqzj = Gshjs + 2€swpts8es, (38b)

Wyt = (k?\js — esw? s (€xsw s — )\?S) + 4)\?Sw2,u§§35, (38c¢)

Wyzj = h [h(ki — esw?pts) — 207 2Ees (26 es + gsw)} : (38d)
2w2 2

w?)tj = )\?Skijs — GSWQ,US — +§CS(2]’L€CS + gsw)’ (386)

1
Wozj = — {kijs P\?ses + W€z — es)] + w? g [93/\35
S

+ h2(2€s — €25)(€s + 4#55?5) _kijSGS(ezs + 4#5533)]
+4gsh(es _GZS)W3N§£CSW4HS (gs—€s)(gstes)(€s—€zs) } (38f)

The following matrices are also given as

[ Af* Bl
[Tijfs] = _ CZS DZS , (392)
vl =5 o] (39D)
Dy = 8 (1)] (39¢)
Defining the following transmission T-matrix:
[Ti5] = [ﬂj(f+1)f]_l [Fijgsl (40)

where {Flj(fﬂ)f] is the inverse matrix of [Flj(fﬂ)f}, we rewrite the
linear equation into the following form:

[Tijcrens] = Tygl - {(Tiigsl + 63 D1} = 5ur [Ugpan] - (41)
We also introduce:
7], = M) Tyl -+ [Tc] [Thox]
Tlﬁ{n Tlflz
B [ Tlfm TlﬁfZQ ] .
It should be noted that the coefficients matrices of the first and the
last layers have the following relations:

1s 1s
Ay Bjj 1
b

(42)

(43a)

[lels]—[ 0 0
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0 0

[Tijns] [ CNs DY ] (43b)

It should be pointed out that the current formulation for the
gyroelectric chiral media is more generalized as compared to those for
isotropic and chiral media in [1] and [14]. Also, it is realized from the
current programming exercises that the explicit symbolic derivations
of the scattering coefficients of the dyadic Green’s functions for an
arbitrarily large number of planar layers is not realistic so far, although
possible in principle. It is basically due to the restrictions of computer
platforms themselves and symbolic features of the software packages
such as Mathematica. Therefore, the current procedure of formulating
some of the intermediates is necessary.

3.4. Three Specific Cases

Although general, the previously obtained coefficients can be
significantly reduced in form, respectively, for the following three cases
where the source point is located in the first, the second, and the third
regions.

3.4.1. Source in the First Layer

When the current source is located in the first layer (i.e., s = 1), the
first term containing (1—4!) in (34) vanishes. These will further reduce
the coefficient matrices in (39a) and (3.3) to:

0 B!
[le711] = 0 6] :| R (44&)
0 Bl’;.“
[Yijm1] = o ppt | (44b)
[0 0
(Y31 = o D! ] ; (44c)
where m = 2,3,---, N — 1. It can be seen that only four coefficients

for the first layer or the last layer, and 8 coefficients for each of the
remaining layers need to be solved for. Following (41), the recurrence
relations in the f* layer become:

(Yij 1) = [T p—a] - - - [Tl { [Ty 0] + [Dal} - (45)

With f = N in (45), a matrix equation satisfied by the coefficient
matrices in (3.4.1) can be obtained. The coefficients for the first layer
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where the source is (i.e., s = 1) is given by:
1)
7'
11 512
Bif = -2, (46)
15,11

The coefficients for the last layer can be derived in terms of the
coefficients for the first layer given by:

1 1
Dl]}]l - Tl(j,%lBlljl + Tl(g%2 (47)

The coefficients for the intermediate layers can be then obtained by
substituting the coefficients for the first layer in (46) to (45). Thus, all
the coefficients can be obtained by these procedures.

3.4.2. Source in the Intermediate Layers

When the current source is located in an intermediate layer, (i.e.
s # 1,N), only the terms containing (1 — 5}) for the first layer and

(1— 550\[ ) for the last layer vanishes in (34). We thus have:

Alf Bl
Ty = [ bR (482)
Ams  Bms
[Tl ',ms] = [ njms 7313 ‘| ) (48b)
Ty [ SO ] (45¢)
lj,Ns|] = s s . C
’ i Dj
From (41), the recurrence equation becomes:
Yijpsl = [Tjgal- - [Tgs) UThjs—1] - - [Tiga) [Tijn]
+u(f —s = 1) [Ds] —u(f =) [Usl}, (49)

where u(x — z¢) is the unit step function. For f = N, the coefficients
for the first layer are given by:

(s)
15,11

Allj‘ = A=, (50a)
et
(s)
TN
1s _ 13,12
Blj = — 552, (50b)

15,11
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For the last layer,
of-VS = Tiin Al — T (51a)
1
DY = T B + T )
Substituting (3.4.2) into (49), the rest of the coefficients can be
obtained for the dyadic Green’s function.
3.4.8. Source in the Last Layer

For the source to be located in the last layer (i.e., S = N), the
coefficients are:

ol =4 0] (520)
i = | 25 0], (520)
’ i CZ;Z 0
Tyl = | oan 8] (520)
L 'l

From the recurrence equation (41), similarly we have,

(Y5 8] = [Tijp-1] - - - [Tija] [Yijan] —u(f = N)[Un].  (53)
By letting f = N,

1
Alle = (1) (54)
1511
And for the last layer,
CiN = 1333, ALY (55)

Similarly, we can obtain the rest of the coefficients.

Thus, we have obtained a complete set of scattering dyadic Green’s
functions in a gyroelectric chiral medium in terms of the cylindrical
vector wave functions. Reduction can be made for formulating the
dyadic Green’s function in a less complex medium of specific cylindrical
geometries.
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4. CONCLUSION

A complete eigenfunction expansion of the dyadic Green’s functions
for a unbounded gyroelectric chiral medium and a cylindrically
multilayered gyroelectric chiral medium is presented in this paper. The
unbounded dyadic Green’s function in the gyroelectric chiral medium
is first obtained, based on the Ohm-Raleigh method. The scattered
dyadics are constructed with the principle of scattering superposition
for a multilayered medium. By the use of the boundary conditions
at each interface, the scattering coefficients of the dyadic Green’s
functions are represented in the form of compact recurrence matrices.
Further analysis is performed for three cases, i.e., the source excitation
located in the first, the intermediate and the last regions, respectively.
From the formulation of the generalized dyadic Green’s functions,
it is seen that (1) the general form of DGFs for the cylindrically
multilayered gyroelectric chiral medium can be reduced to those DGFs
for less complex media, such as chiral media, anisotropic media, and
isotropic media; (2) the wave mode splitting is observed from the
formulation of the DGFs; and (3) as a result, the dyadic Green’s
functions can be easily decomposed using the aforementioned modes.
In summary, the present paper contributes to (1) a correct formulation
of the unbounded dyadic Green’s function in a gyroelectric chiral
medium as compared with the published work [36] and [37], (2) a
detailed formulation of the irrotational part of the dyadic Green’s
functions which was quite often ignored in the recent publications
such as in [36], (3) a formulation of the dyadic Green’s functions in
a cylindrically multilayered gyroelectric chiral medium, and (4) the
compact matrix expression of the scattering coefficients of the dyadic
Green’s functions. Application of the present work can be made to
problems of electromagnetic wave propagation through and scattering
by, and antenna radiation in, cylindrically multilayered gyroelectric
chiral media.

APPENDIX A. INTEGRATION OF )\

To this end, we write

M, (h,\) = (V x 2)0,(h, )), (Ala)
M’ (—h,—X) = (V' x 2)U_, (—h, —\), (A1b)
Nn(h7 )‘) = Nnt(hv )‘) + an(h7 )‘)

— (VX V x z)k%\lfn(h, ). (Alc)
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Noting that Vx V x2 = ihV —V?2 = ihV;—V?Z where the subscript
t denotes the transverse gradient operator. Then,

Noi(h,A) = (tht)k U, (h, A), (A2a)

A

and 1
Ny (b A) = (- V32) 0 (). (A2b)

A

Similarly,

N (b, =X) = (CihV) W, (<h =), (A3a)

A

and )
N/—nz( h,—)\):(—V?E)k—\p_n(—h,—)\), (A3b)

A

where W, (h, ) is given by (8). In actuality, the differentiations are
performed before the integration. But in this case, it may be simpler
to perform the d)\ integration before taking the derivative operations
inside M, (h, A), Nyt (h,\) and N,,.(h, A). Hence after exchanging the
order of d\ integration and differentiation, typical integrals involving
M, (h,\), Npui(h,\) and N, (h,\) terms in (28) are of the form

)T (=)
/dA kQ B (A4)
With )
Tup) = 5 [HD o) + HP ()]

we thus have

B A HU)(=Mo)
_‘%1% {/CM k2 12) (k2 — k2)

oo 2
L [ f NI HE Ap>]_ (45

5 AR — kD) (RS — k3)

Here, the limit is introduced because now, a pole at A = 0 exists in
each of the integrands due to the Hankel functions. Furthermore, by

letting A = e\, and using the reflection formulas H; 2 (e \p) =
(—1)"Hi (Ap) and Ju(=Ap) = (=1)"Ju(A),
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Im [A]
4
Deformed Integration
K Path
Pole
A R
R ™ R ) Re )]
e Pole ¢

Figure A1l. The contour C' and the deformed path of integration on
the complex A plane.

F) <A> e - ,f <X VHV ()
= z%io[ B e R R e

e R )
3PV [k NGB R ) (A6)

where P.V. represents a principal value integral. Notice that in (A6),

poles exist at A = £, /k:i2 — h? which may be on the real axis. But

again with the introduction of some loss, these Figure Al and the
integral in (A6) is well defined.

Moreover, a residue contribution can be added to (A6) at the
origin to make it a complete contour integral. In other words,

Ap)HL) (M)
2/6M k2—k2(k§_k§)

- g5/ (5‘) ' mE) @

where the following relation has been utilized:

) < (1) S 7 p< | ‘

lim [Jn(/\P JHy (Ap )} = Tl (p—>) :
n (A7), the last term is the residue contribution which has been
included in the first term to make C a continuous contour.
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Thus, we have for p > p’ the following formula:

2 J+1 A H(l) bV
z:: f2)\2)(k2( jgz)) (A\jp)

‘ﬁ © (&yl {<h2k%>1<h2k%>] (48)

A similar operation on p < p’ will result in:

i 1 L0 In(—As0) D (=N0)
=

202k — K3)
P \In 1
g O [<h2 Y k%ﬂ :

since f(A) = f(=A).
The term due to the residue contribution from the origin A = 0 in
(28) is given by

1 1
82 (k2 — )(h2 7 { (e —wPuees)
X (Vi x2) (Vi x2z)+ [gw pe, + 2hezwu£c}
X [(Vi x 2)(=ihV}) + (Zth)(Vt X 2]
+ka(gh + 2ewpée) (Ve x 2)(~ViZ) = (V72)(V] x 2)]

(A9)

I =

k2 ) .
o, [VHe (8 — )] (hV)(-in V)

k?\ 2 2 2 2
+ m[h(k,\ — wpe) — 2w pEc(2hE, + gw)]
2

k
m{ki[k?\€+h2(€z—2€)]

+wulg® (K — h?) + h* (2 — &) (e + 4p€?) — ke(ex + 4pgl)]
+ dghw?p%€e(e — €2) + Wt (g — €)(g + €) (e — &) }Un(h, \)

<A\ Inl
<UL =N VIR VPR (b N =N) ()

(A10)

x [(ihV)(-Vi2)+(ViZ)(ihVo)]+

where all the intermediates inside should be replaced by themselves
after taking A = 0.



DGPFs in cylindrically-multilayered gyroelectric chiral media 167

This term Iy tends to vanish as a consequence of

<\l o 2 <\l
(vox2)(Vix2) (&) = - 9@ -ip L= (L) . (anw)

<\lnl S TN
(Vo)) (5 ) = intip = B+ id) L (5 ) (A1)

<\I7l N 2 <\I7l
@90V, x 2) (% ) = in(@+id)-ip+d) 2 () (Ao
<\ In
(V, x 2)(—V23) (";) 0, (A11d)
<A Im
(—V25)(V) x 2) (’;—>) 0, (Alle)
<\ Inl R o2 <\ Inl
@iy (%) =i+ idpria) L (%)
(A116)
<\ Inl
(ihV)(—V?2) <Z—>> =0, (Allg)
<\ Inl
(—V22)(—=ihV,) <Z>> —0, (Allh)
<\ Inl
ViRV (%) o (A1)

where we assume that V7 (g—i)w =0 for p # p/. Iy = 0 is expected

on physical grounds since this is an unphysical field with A = 0, h # 0.
In fact, this field does not satisfy the dispersion relationship.
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