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Abstract—In this paper, the scanning characteristics of an infinite
stacked microstrip phased array in a three-layered structure are anal-
ysed. In the analysis of the field distribution, the spectral-domain
Galerkin Method of Moments together with the planar dyadic Green’s
function is applied. An attachment mode current is employed to model
the singularity of currents nearby the feed point so as to facilitate the
fast convergence. The currents on all patches are expanded in terms of
the trigonometric basis and weighting functions in the entire domain.
The normalized patterns of the infinite microstrip array are computed
in this paper and the scanning features of the antenna against the scan-
ning angle and frequency are discussed in both the E- and H-planes.
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1. INTRODUCTION

Microstrip antennas and phased arrays are widely used in telecommu-
nication and radar systems due to their many well-known advantages,
such as small size, light-weight, flush-mountability, inexpensive fab-
rication, and easy conformability, although having narrow impedance
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bandwidth. Over the past 20 years, a tremendous amount of theoretical
and experimental work on microstrip antennas has been done. Many
new ideas and design methods have been proposed to broaden the
bandwidth of microstrip antennas [1]. Among these, the most straight-
forward way is to increase the separation between the patch and the
ground plane by using a thicker substrate, although a grounded thick
dielectric slab results in surface-wave mode losses. Also, the concept
of stacking microstrip patches is also employed to improve bandwidth
as is well known nowadays. Theoretical treatments of various stacked
patch geometries have been conducted and their results published in
literature [2-5].

The motivation of this paper is to combine the two techniques, i.e.,
increasing the thickness of the substrate (with three dielectric layers)
and stacking microstrip patches (extended to an infinite microstrip
phased array), so as to further broaden the bandwidth of the mi-
crostrip antennas. In other words, a microstrip phased array in a
three-layered geometry is dealt with and analysed in this paper by the
Garlerkin Method of Moments. Each element of the array is comprised
of two-layer stacked rectangular patches fed by a small capacitor-plate
mounted on the top of the coaxial probe. This structure is utilized to
increase significantly the bandwidth of the antennas [6].

This paper is organized in the following order. Section 2 presents
the theoretical analysis of an infinite array of capacitor-probe-fed rect-
angular patches by the Garlerkin Method of Moments. In section 3,
the numerical results of reflection coefficients and the normalized power
patterns as a function of the scanning angle in the E- and H-planes are
obtained and presented. The spectral domain dyadic Green’s function
components are necessarily self-contained in Appendex A for complete-
ness.

2. ANALYSIS TECHNIQUES

Consider an infinite periodic array arranged in rectangular grids as
shown in Fig. 1. For the ease of formulation, the Cartesian coordi-
nate system is set as in Fig. 1. Fig. 2 shows the construction of the
microstrip antenna array elements where the excitation is made by
means of a small planar capacitor plate mounted on the top of the
coaxial probe, of which the parameters are given in Fig. 2(a). This
structure is general and it can be reduced to the structure used in [9]
by letting h3 = 0, .3 = 1, and W3 = Wy3 = 0. It is assumed
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Figure 1. Infinite microstrip phased array.
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Figure 2. The antenna element and coordinate system.

that the thickness of the intermediate layer, ho, is very small as com-
pared with the thickness of the bottom, hq. The capacitance of the
planar capacitor plate can be determined from its diameter and the
characteristics of the dielectric substrate [6].

It is assumed that the patches, the feed capacitance plate, the feed
probe and the grounded plate are perfect conductors, the thickness of
the patches is infinitely thin, and the substrates are homogeneous in
the x-y plane. Also, it is assumed that each element of the infinite
array is excited by a 1 volt § voltage source. In this analysis, the
diameter of the feed probe is considered as that of the inner conductor
rather than the outer conductor of the probe.

It is known that the field E,; at (z, y, z) in the p-direction
produced by the g¢-directional electric source moment located at (xq,
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Yo, Zp) can be written as:

E;?)q (.1‘ yaz|x07y0720 / / qu kx,k’y,Z’ZO)
X ejk‘ xr— Z‘O +]]€ (y yo)dk dk (1)

where p and ¢ can be z, y or z, and G, are the Green’s functions
produced by a unit electric source moment and their components can
be found in Appendix A. For an infinite microstrip patch array, we can
simplify the problem into a cell in a unit space by using the Floquet
theorem [7-9].

In order to analyze the feature of the elements of the phased ar-
ray, we first formulate the dyadic Green’s function in this structure.
The components of the Green’s functions are derived by the Floquet
theorem in a periodic structure using the Poisson summation equation.

By assuming that each element is phased at a scanning angle (6,
¢ ) in an infinite array fed by infinitesimal g-direction current, then the
electric field at (x, y, z) in the p-direction produced by the current
element m =0 and n =0 at (xo, Yo, z0) can be written as [7]:

qu (‘7: y7z|$07y0720 b Z Z qu J:ma_kynyz|20)

m,=—00 N=—00

x eIk (@=20)=jky(y—y0) (2)

where a and b are the inter-element spacings along the x- and y-axes,
respectively, and

2
ky = kou + WTm (3a)
2
ky = kov+ =, (3)
u = sin 6 cos ¢, (3c)
v = sin #sin @, (3d)
k2 = w?poeo. (3e)

For the sake of convenience, the dyadic Green’s function can be ex-
pressed in component form as follows:
G = TG + TGy + G2
+YGyoT + YGyyy + YGy:z
+ 2G0T + 2GLyy + 2G... 2. (4)
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From the boundary conditions, the total tangential electric field com-
ponents on the top and bottom patches should vanish, i.e.,

Elfl, = By + By =0, (5)

tan tan

where E7,, and Ej,, indicate the induced and scattered fields, and

E = ///a(a},y, Z|$0, Yo, ZO) ' J($0,y0, ZO) dl‘odyodZm (6)

where J = Jp1 +Jpo+Jp3 with Jp1, Jp2 and Jp3 being the unknown
current density vectors on the patches respectively.

N, N1+No Ni1+N2+N3
J(,y,2)=Y_ LJj(x,y,2) > LJjzy2)+ > LiJixyz2),
Jj=1 j=Ni1+1 j=Ni1+N2+1

(7)

where Jj (j =1,---,Ny; Ni+1,---, N1+ Ny; and Ni+No+1,---, N1+
Ny + N3) are the basis functions on the bottom patch (feed capacitor
plate), the middle patch, and the top patch, respectively.

For the bottom patch, there is a single pole at the junction point
since the capacitor plate is fed by the coaxial probe. Now, let us use
¢ to indicate the singularity term, so that

Ji=¢+ Jfa (8)
where JE is the regular current on the lowest patch.

For the coordinates system shown in this paper, the singularity term
of the current expansion is thus given by [10]:

1 o0
¢ (,y) = zojencos% [cosﬂ (v+22)

2wy1 wy1 2

X /ézfs (Z,’U)xl,IEO,LE) +/éyfc (Zawxlax()a‘r)

2 i BT (4 Yt
X (wZﬂ)smwy1 (y+ 5 )}, 9)
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where

sin Z (x + xo)
sin Zwg1
sin Z (wy1 — |x — o))

fS(Z7 wxbll?(),ﬂf) = — Sgn(m — .’Eo)

10
sin Zwg1 ’ (10a)
cos Z (x + xp)
Z =7
fc( 7wx17$0,x) 7 sin Ziwa
cosZ (wy1 — |z — x0])
10b
Z sin Zwgq (10b)
z >0
sgn(x (10¢)
1, <0
n=>0
(10d)
Z=\|k>={—), (10e)
wyl

k = \/er1ko, (10f)
and where €, €, and the e, are Z-,y- and Zz-directional unit vectors,
respectively. Figs. 3(a) and (b) show, respectively, the z-directional
currents on the patch when the feed point is located at different places
(i.e., (a) at xp, = 0.25w,; and y, = 0; and (b) at z, = y, = 0),
where the solid, dotted and cross curves represent the currents when
y = 0.002wy1, y = 0.02wy1, and y = 0.04wy; , respectively. The
curves in Fig. 3 reveal that the attachment mode current meets the
requirements of boundary and edge conditions. The currents along
both z- and y-directions are symmetric with respect to the feed point,
but in opposite directions.

Now, let us expand the currents on patches in terms of f,(z,v),

an(:L‘ay) and f3n($7y)ale

J; = me () (i = 2,3), (11a)

JR:ZIInfln(xay)a (].].b)
=1
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(a) The feed point is at xp = 0.25ws1 (b) The feed point is at xp =y, = 0.
and y, = 0.

Figure 3. The attachment mode current along z-direction on the

patch.

where I;;, (i = 1,2,3) are unknown coefficients. Based on the cavity
mode theory, the currents on the patches can be expanded in terms of
the basis functions in the entire domain. For the first patch (the feed
capacitance), the current expansion function is:

€y <mz7r) sin [m‘rﬁ (:B + @)} cos [_myw (y + %ﬂ
Wyl Wa1 2 Wy1 2
+&, (myw) cos [m” (=+ w“)} sin [—myw (v+ %)] . (13)
Wy1 Wyl 2 Wy1 2
For the second and third patches, there is a current displacement along

x-direction. Thus, the expansion function of the current distribution
becomes:

fin = /éac (mxﬂ'> sin |:mx7'[' ((1; — X0 + %)] cos |:my71' <y + %):|

+e, YT oo | 2T <a:o — Tg; + w“) sin | 2™ (Z/+ wyi) ’
Wy Wy 2 Wyi 2

(t=2,3;my =0,1,---;my =0,1,2,---.) (13)

fln

where zg; (i = 2,3) are the displacements from the coordinate origin
between the second and third patches.
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In the previous formulation, the Fourier transformation has been
used in Equations (9), (12) and (13). Considering the difference of the
integration interval, we then obtain for ¢ =2 and 3:

oo

—1 nm w
T _ nm _y1>
o) 2wy ZO: €pn COS [w (yo + 9 ]

yl

X |:/e\ch (nv Wy1, ky) Fs (27 Wzx1, L0, k:r:)

+ /e\y <ﬂ> Fs (n7wy17 ky) Fcc (Z7 Wz1, L0, kx)] y (143)

Wy1

My T

) Fs (mxy Wy, kx) Fc (my7 Wy1, ky)

W1

+ Ey <M> FC (mg:, We1, k:p) Fs (my, Wy1, ky) s (14b)

‘ ) g (m:mwxiy kac) E (myawyi> ky)

~ My, T
+ ey ( y' ) Fyy (mwixh kx) F (myawyi7 ky) ) (14C)

where

My

Wy

m 2
x
Wy

~ |:(_1)mar e*jkz(%Jrl”m) _ ejk:c(w;i 7x0i):| , (15a)

le (mxv Wi, km) =

Jka

2
k;z . My T
v Wy
% |:(_1)mz 6—jkx(%+x01) _ ejkw(%—xoi)} ’ (15b)

mm

F2.Z‘ (m:m Wy, ka:) =

Wy

k‘2 _ mT 2
v Wy

X [(—1)7” eIka (F51) _ ke (75 (15c¢)

F (m, Wy s kz) =

I
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Jka
F. (m, wgi, k) = 2
k2 —
y {(_1)m6_]~km(%) _ejkm(w;i)}7 (15d)
| B —9j iZz0 o Wai (kz — 2)
Fss(Z> wm,vaakw) - (k):% _ ZQ) sin Zwg; {Z |:€ St 2
i wi (ke + 2 ] —Jj ;
+ eI Z%0 gip % — kye e sin Zwm} » (15e)
2 : . Wi (ke — Z)
A _ JZxo Zx;Are =)
Fcc(Z7 wxumoakx) (k% _ Z2) Sin Zwy; {kCE |:e S 2

0 Wy (k}c + Z)

4 eI 70 5 — Ze e sin wai} , (15f)

and wy; and wy; (i = 1,2, and 3) are the 2- and y-dimensions of
the patches, respectively. For the patch between the first and second
substrates, the same diameter D is used to represent its length and
width, i.e., wz1 = wy1 = D . By assuming that the radiation element
is phased at the scanning angle (6, ), the electric field integral equa-
tion (EFIE) can then be obtained and solved by Galerkin Method of
Moments. With this technique, the equation in matrix form can be

rewritten as [7]:
(211 = V1], (16)

where [Z] is the impedance matrix of the size (N7 + No+ N3) x (N7 +
Ny + N3) , expressed as:
ZﬂF 4 ZlFlP 4 ZﬁF 4 ZﬁP ZlF2P 4 ZlgP
ZQPlF 4 ZﬁP Z£P
2] = :

ZPF
N1+N2+N3l

FP PP
ZINy 4 No 4Ny T 21N, Nt Ns

ZPP
2N1+N2+N3 (17)

ZPP
N1+N2+N3N1+N2+N3
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where [V] is a voltage vector or a column matrix of (N + Ny + N3)
rows, [I] is a matrix consisting of (Nj+ N2+ N3) unknown coefficients
of the basis functions.

When the antenna is fed by a § voltage source, the element of the
voltage matrix can be written as:

1, i=1,
Vi = (18)
0, 1.

The elements of the impedance matrix (18) can be further expressed
as:

Zy =25 4 ZBP 4 ZBF 4 ZEP (

le:ijP+Z§P7 (j:27"'7N1+N2+N3)a (

Zin =255 + ZEP, (i=2,--- Ny + Ny + N3), (19¢
(

Ziy=25", (i,j=2,--+,N1+ Ny + N3),

where the components of the matrix can be found in Appendix B.
The input impedance is

r
1

where X7, is the inductance of the probe, given by [3]

X1, = 60koh; In ( (21)

2
kOhl\/Grl) '

After we have obtained the impedance, the reflection coefficient as a
function of scanning angle (0, ¢) is [11]

Zz’ (97(10) —Z (070)
Zi (9’ 90) -z (070)’

I'0,¢) = (22)

where Z; (0,0) is the input broadside impedance. The element gain
pattern G (0, ) is related to the reflection coefficient by

G0,0)=(1—-1T(,¢) |2) cos . (23)
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3. NUMERICAL RESULTS

We have considered three independent problems and their relevant con-
vergences. First, although (9) presents the attachment mode current
on the patch as an infinite summation, ten terms are shown to be suffi-
cient for the summation to achieve the needed accuracy since the speed
of convergence has been accelerated in the analysis. Second, the ele-
ments of the matrix are determined by (19), (24)—(27) and each term in
the infinite summation represents a Floquet mode of periodic structure,
thus we should truncate the infinite summation. In our calculation, 301
Floquet modes (—150 < m,n < 150) are adopted. This mode number
is more than that chosen in [7] because the selected attachment mode
presents not only the rapid variation of the feed current distribution
but also the rapid variation of the current distribution near the feed
point. Thus, it has a broader bandwidth. Lastly, we must make proper
expansion of the currents on the patches so as to include the edge ef-
fects of the currents, based on the results in [7-9]. We have found
the current (mg,my) = (1,0), (3,0), (5,0), (7,0) in the z-direction
and (mg, my) = (0,2) in the y-direction both meeting the prescribed
resolution, in which the mode (1, 0) is the main cavity mode while the
mode (0, 1) represent the component of cross section, so that six or
seven modes are needed only in this computation (for the lowest patch
one attached mode should be included).

In our calculation, we assumed that the impedance is matched when
the scanning angle is (6, ) = (0,0), so the reflection coefficient is 0.
The spacing between the two adjacent elements is % (where g is the
wave number in free space). The physical and electrical parameters of
the antenna are given by

Wia = Wyo = 62.5mm, and W3 = Wy3 = 62.5 mm;
h1 =8mm, ho = 1.5cm, and hg = 9.5 mm;

D =12 mm, and dy =1 mm;

€1 = 2.2, €0 = 2.6, and €,3 = 2.3; and

To2 = T3 = 27mm, and xy = yo = 0.

Fig. 4. shows the reflection coefficients of E- and H-plane against
scanning angle and Fig. 5. shows the normalized gain pattern against
the scanning angle. Furthermore, Fig. 4. reveals that the scanning
performance in the H-plane is much better than that of the E-plane.
The scanning behavior deteriorates in the E-plane when the scanning
angle 6 = 30°, but this phenomenon does not exist in the H-plane.
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Figure 5. Normalized gain pattern against scanning angle.

The results given above are very similar to the results in [7] and [9].
The model developed in this paper can be easily simplified to that in

[7] and [9].
4. CONCLUDING REMARKS

This paper has presented a Method of Moments solution to the prob-
lem of an infinite stacked microstrip phased array in a three-layered
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structure. Validation of the theoretical analysis has been indirectly ex-
amined by reducing the model to a one-layered and two-layered struc-
tures and comparing with some existing results. Numerical results are
obtained in this paper in order to show the performance of the mi-
crostrip phased array antenna of infinite elements. It is shown from
the studies that the phased array has wider scanning performance than
a conventional patch array.

APPENDIX A. GREEN’S FUNCTION COMPONENTS

By using the SDT technique [12-15] and a lengthy algebraic manipu-
lation (for which detailed procedure is available in [16]), we can obtain
and list the necessary dyadic Green’s function components that used
in this paper.

G:vx(kwykya hl’hl)
. 1 sin klhl
B ngo /BQTmTe

[k1kok2Te + kgk. T | (24a)

sz(kxy kya hl + h2|hl)
= wa (k:va kya hl’hl + hQ)

1 sin k‘lhl 2 i .
= o FPTLT. [k1kok T, (cos kahg — j P, sin kaho)
+ k%k‘ZTm (cos kahg — j P, sin ]{72]12)] , (24b)

Gm;(kx, ky, hi+ ho + h3‘h1)
= Gy (g, ky, hilhi + ha + h3)
1 sin klhl
~ jweo PTuT,
Er2k3
Er3h2

+ k:gk;Tm [(cos kaho — j P, sin kohg) cos kshs

{k1 kok2T, {(cos koho — j P, sin kahs) cos kshs

(sin kohg + j Py, cos kahg) sin kghg]

k
— k_j (sin kaho + j Pe cos kahg) sin kghg] } , (24c¢)
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ny<kz7 kya hl’hl)
= G:ry (kx7 kya h1|h1)

1 smklhl )
— o kaky (k1koTe — kg1 ) 24d
]w&‘o jweo BTmT. ( 12 0 ) (24d)
ny<kz7 kya hl + h2|h1)
= G:L‘y (kxv kya hl|h1 + h2)
= ny (kac7 kya h1|h1 + h2)
= Gzy (k'a:, kyv hl + h2’h1)

1 sin kl hl i .
= oo BT, kyky [k1koTe (cos kahg — jPp, sin kaohsg)
— kg T (cos kaha — jPesinkohs)] (24e)

Gyz(kz, ky, h1 + ho + hsa|h1)
= ny (k‘x, k‘y, h1|h1 + ho + h3)
= Gyz (kg, ky, h1lhi + ho + h3)
= ny (kz, ky,h1 + ho + hs|h1)
1 sinkijh;
]waoﬂ Thle

k k {kl kQTe[(COS k‘ghg —jpm sin kghg) COS k3h3

roks . . )
_ Er2h (sin kahg + j Py, cos kahg) sin k‘ghg]
ergko

— k(z]Tm [(cos kaho — jPe sin kohg) cos kshs

k
- k—z (sin kahg + jPe cos kahg) sin k’3h3] } , (24f)

ze(kxa kya hl + h2|h1 + h2)

1 1

— 2 . .
= Em |:k1k2kxTe (COS k2h2 — ij Sin k2h2)

Erak2
+ k0k2 m (cos kaho — j P sin koho)

rk
X (sin k1hi cos kohgy + Erl2 cos k1 h1 sin kghg)

k
X (sin k1hy cos koha + k_l cos k1 h1 sin k:ghg)] , (24g)
2
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Gmc(kz, ky, hi+ ho + hg‘hl + hg)
= G:m: (k‘x, k'y, h1 + h2|h1 + h2 —+ hg)
1 1

= ]w_gom {/{:1 k:gka%Te |:(COS kjghg — ij sin kghg) COS kghg

_ Er2h3 (sin kohg + j Py, cos kahg) sin kghg]
Er3k2

er1ka

X <sin k1hq cos kohg + cos k1 h1 sin ko h2>

€r2k1

+ kgk T [(cos kohg — jP.sin kahs) cos k3hs

k
- k_z (sin kahg + j Pe cos kahs) sin k3h3]

k
X <sin k1h1 cos koho + k:_l cos k1 hq sin k2h2> } , (24h)
2

Gmc(kz, ky, hi + ho + hg‘h1 + ho + hg)
1 1 k2kskqT.
Jweo ,32TmTe ErgkigTﬁLO cos koho + j&“rgk'QTﬁw sin kohso
X [Ergk‘z (67«1]{2 COS k‘l hl sin k‘QhQ + Erzkl sin k‘lhl COS k‘ghz)

X cos kshs + eroks (£,1k2 cos k1hy cos kaha
— &poky sin kyhy sin kaho) sin kshs)
N kgk2 T

koTE, cos kahg + jksTE, sin kaho
+ ko sin kihy cos kahg) cos kshs + ko (k1 cos k1hy cos kaoha

[kig (kl COS kilhl sin kzhg

— kQ sin klhl sin k‘th) sin k‘ghg]}, (241)
ny(kmkyvhllhl)

= — U (b ko k2T + K2K2T),) 24

e /82TmTe( 1R2ky e + Kohy ) (24j)

Gyy(kz, ky, h1 + ha|hy)
= Gyy (kz, ky, ha|hy + ho)
1 sin klhl
= jweo BT T,
+ k§k2Ty, (cos kohy — jPesinkahs)] (24k)

[k1kakTe (cos kahg — j P, sin kzho)
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ny(k‘x, ky, hi + ho + hg‘hl)
= Gyy (kz, ky, hi|h1 + ho + h3)

1 s
" jweo 785?12? {’ﬁkzkiT ‘ [@08 kah = Py sin kaho) cos kshs
vk
- i 25 (sin kyhg + j Py cos kghg) sin k3h3:|
r3hv2

+ kgkiTm [(cos kohe — jP. sin kohg) cos kshs

— Z—i (sin kaho + j P, cos kahs) sin k‘ghg] } , (241)

Gyy(ks, ky, h1 + halh1 + ho)

1 1 9 ) .
- Jw—efom [klkgkyTe (cos kahg — j Py, sin kaha)
ik .
X <sin k1hq cos kohgy + i 12 cos k1hq sin k2h2>
r2hl

+ k22T, (cos kahg — jP.sin kahg)

X <sin k1hi cos kohgy + %COS k1hq sin k2h2>:| s (24m)
2
Gyy(ka by, by + ha + hs|hy + ho)
= Gyy (kz, ky, h1 + holhy + ho + h3)
1
B jWEO /BQTmTe

eraks3

{klekgTe [(Cos kiahs — j P sin kahs) cos kshs

- (sin kohg + j Py, cos kahg) sin k‘ghg]

r3h2

er1ka )
cos k1h sin koho

erak1

X <sin k1hq cos kohg +
+ k3k2Ton [(cos kahg — j P, sin kohsg) cos kshs

k
- /ﬁ_; (sin kahg + j Pe cos kahs) sin k3h3:|

X <sin k1hi cos kohgy + % cos k1h1 sin kghg) } R (2411)
2
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Gyy(kg, ky, h1 + ha + hg|h1 + ha + h3)

1 1 { kokskaT,
Jweo BT Te | eraksTs,, cos kaha + jerskaTs,, sin kaho
X [erska (er1ka cos kihy sin kahg + ep9ky sin k1 hy cos kahs)
x cos kshs + eroks (e,1k2 cos k1hy cos kahg — epoky sin k1hy
k2K2T,
koTS, cos kaho + jk3TE, sin kaho
X [ks3 (k1 cos kihy sin koho+ ko sin k1 hy cos kohg) cos kshs+ ks

X sin kahg) sin kghg] +

X (k1 cos k1hy cos kaha —ko sin k1 hy sin kohso) sin kshs] }, (240)

Gmy(kma kya hl + h2|h1 + h2)
= Ga:y (kam kyv hl + h2’h1 + h2)

1 kgk . .
= Gomo BT, yT {k1koT, (cos kaho — j Py, sinkahg)

rk
X (sin k1hi cos kaohg + il cos k1hq sin k:ghg)
erak1
— k2T, (cos kyhy — j P, sin kyhsy)

k
X (sin k1hq cos kohg + k:_l cos k1 h1 sin k2h2> } , (24p)
2

Gay(kg, ky, h1 + ho + ha|hy + ho)
= Gay (kg, ky, h1 + ha|h1 + ha + h3)
= Gyz (kx, ky, hi+ ho + h3|h1 + hg)
= Gyz (kz, ky, h1 + halh1 + ho + h3)
1k
jweo 2T, T,

{kl kZQTe |:(COS kghg — ]Pm sin k:ghg) COS k3h3

ok
- 2 223 (sin kahg + j Py, cos kahs) sin k3h3:|
r3hv2

ik
<sin kih1 cos koho + 2 cos k1 h1 sin k2h2>
erak1

— k2T, [(cos kohg — jP. sin kahs) cos kshs

X

— Z—i (sin kaho + j P, cos kahs) sin k‘ghg]

k
X (sin kihq cos kohg + k:_l cos k1hq sin k3h3> } , (24q)
2
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ny(kz, ky, hi+ ho + hg‘h1 + ho + hg)
= Gay (kz, ky, h1 + ho + h3|h1 + ha + h3)
1 kiky kakyT,
Jjweg ,32TmTe { 6r2k23TTCn0 cos kohg + j67«3k}2T7%e sin koho
X [erska (er1ka cos kihy sin kahg + ep0ky sin k1 hy cos kahs)

X cos kshs + €roks (e,1ko cos k1hy cos kahy — €0k sinkihy
k3T,

ko1, cos kaha + jk3TE, sin kaho

X [ks3 (k1 cos kihy sin kohg + ko sin k1 hy cos kahs) cos kshs

X sin kohg) sin kshs] —

+ ko (kicos k1hicoskahg — ko sinky hy sinkohs) sinkshs] }, (24r)

Gmr(k'makya hl’O j 20 j hl)
-1 kxkg COS klzo

= w—goTi, (248)
wa(k:p,ky, hi + h2|0 =z =X hl)
—1 kgk k )

= w—sgw (cos kahg — j Py, sin kaha) , (24t)
Gow(kz, ky, h1 + ho 4+ h3|0 = 29 < hy)
_1 X . .

= w—sow (cos kahg — j Py, sin kahg) cos kshs

81ﬂ2k;3

ergka

Gyz(kx7kya hl’O = zy = hl)

. —1 k‘ykg COS k?lz[)

(sin kohg + j Py, cos kahg) sin kshs | , (24u)

— : 25
weQ Tm ( a)

Gyz(kg, ky, h1 + h2l0 < 29 < hy)
-1 k,k k
= w—g(}%ﬁjlzo (cos kahg — j Py, sinkahs) , (25b)
Gyz(kx,ky, hi + ho + hg‘o <z X hl)
_ —_1kyk2 cos k129

= ——————|(cos kahg — j Py, sin kahs) cos kshs
wWen Tm

eraks
5r3k2

(sin kahg + j Py, cos kahg) sin kshg | | (25¢)
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sz<kz7ky70 =z= hl’hl)
Lk‘xkg coskiz

_ 25d
e T, (25d)
sz<kx7ky70 j z j hl’hl + hZ)
1 k, k .
= —M (cos kahg — j P, sin kahs) , (25e)
wen Tm
Gza;(kx, ky, 0<x2z< h1’h1 + hg + hg)
1 k.k k . .
— - a2 oSz (cos kaha — j Py, sin kahso) cos kshs
WEQ T
2R ohy + P cos kahy) sin kshs | (25f)
Ergkh2
Gzy(kxzkyao =z = hl’hl)
1 kykgcoskiz
_ 1 25
e T (25g)
Gzy(kxa kya 0 j z j hl’hl + hQ)
1 k,k k
- TyRecosiiz (cos kahg — j Py, sin kaha) , (25h)
WEQ T
Goy(kz, ky,0 =X 2 <X hi|h1 + ha + h3)
1 kk k
_ - Mylcosiiz {(cos kaho — j Py, sin kahg) cos kshs
weQ Tm
ok . ) .
_ ¢t 21{;3 (sin kohg + j Py, cos kahs) sin kghg] , (251)
€r3k2
Gzz(kx7kya0 =<z= hl’() <2z = hl)
2
|:6(Z — ZO) + klﬁ—Tm(eleg sin kq (Z[) — hl)
+jPperoky coski(z — zp)) cos klz]
-1 (0 j z j 20)7 .
= - X (25))
JWENEr1 ﬂQ
[m(arlkz sin kl(z — hl)
+jPperaky coski(z — hy)) cos klzo]
(20 2 2 = h).

where

T = er1kacoskihy + jPperoky sinkihy, (26&)
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T, = kycoskihy + jPckosinkihy,

_ ep3koTs,, cos kahg + jeroksTy,, sin kahao
T ks TS, cos kahg + jerska TS, sin kohy’
k3T, cos kahg + jkoTE, sin kohy
 koTg, cos kaho + jksTE, sinkohy’
TTS’LO = 5r3k4 COS k3h3 + jkg sin k?ghg,
TE, = ks cos kshs + jerskysin kshg,
T¢, = kycos kshs + jks sin kshs,

Ts, = k3 coskshs + jkasin kshs,
k‘l = Erlk‘g — ﬁ2, %m(kl) j 0,

Pe

ko = €T2k% — ﬂQ, %m(kg) =0,

ks = \/erskd — B2, Sm(ks) <0,

RS

ks = /K2 — 32, Sm(ky) <0,
B =k +ky,

2 2
]{30 = W HoEo-

:

APPENDIX B. COMPONENTS OF MATRIX

ZﬁF:;_; i i Q (ko k) Jo (dor /2, + 12,

m=—00 Mm—=——0o0

[e.e] [e.e]

—1 "
Zf;’P = E Z Z R(kxma kyna hl) : FJ (kxmykyn)

m=—00 Mm=—00

x Jo (do /k%m + kzn) eI (kzmTo+kynyo)

(j:17"'7N1)7

[e.9] [e.9]

m=—00 m=—0o0

X J[) <d01 / k:%m + k;n) e_j(kzm:EO"l‘kynyO)

(j:N1+1a"'7N1+N2)7

-1 ;
== > > Rlkwm kynho+ha) Fy (Kem, kyn)

Liu et al.

(26b)
(26¢)

(27a)

(27b)

(27¢)
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1 & e
ZSP:E > > R(kem,kyn, hy + ho + hg)

m=—00 m=—00

B} (ams eyn) Jo (doy /K3, + K3, ) €90 thue)

(j=N1+N2+1~- Ny + Ny + N3), (27d)

Zi" = Z ZR e Kyns 11) + B (Ko, iyn) €7 om0 thumyo)

m—foo m=—o00

(i:17"‘7N1)7 (276)

_1 [e.9] [e.9]
ZH=— 3 D R(kem kyn.hn + ho)

m=—00 Mm—=——0oQ

. F’L* (kxm7 kyn) e_j(kxm-z0+kyny0)

(i=Ni+1,---,Ni + Ny), (27f)

ZhT=— 2> D R(kem kyn,h1+ho + h)

m=—00 Mm=—00
- F¥ (K, kyn) eI (kam@o+kynyo)
(i=Ni4+Ny+1,---, Ny + Na + N3), (27g)

ziz]ép:;_; S S F (ke byn)

mM=-—00 M=—00

: é (kxma kyna h1|h1) : F']* (kxma kyn) e—j(kmmiﬂo-l-kynyo)

(i7j:17"'aN1)a (27h)
1 [eS) [eS) o
Zz}])P ab Z Z -Fz (kxm7 kyn) -G (kxmy kyny h1|h1 + h2)

m=—00 m=—00
. E]* (kCCTTM kyn) efj(kzme‘i’kynyO)
(izl-'-Nl,j:N1+1-"N1+N2), (271)

ijp—ab S S Bl byn) - G (o by Pl + s )

m=—0o0 m=—oo
F} (kam, Foyn) e/ Bemaothonsn)
(t=1,---,N1, j=N1+Na+1,---, Ny + Ny + N3), (27))
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10> 0 o
Zz};P Clb Z Z E (kxm7 kyn) -G (kxmy kyn’ hl + h2‘h1)
' FJ* (Kzm, kyn) ¢ I (kemzothynyo)
(i_N1+1"-Nl—{—NQ,j:l'--,Nl), (27k)
PP __ ral
Zii" = — mz_mz_jm i (Bems byn) = G (kam by, b + holha + ha)
' FJ* (Kzms kyn) g J (kemzothynyo)
(i:N1+17"'7N1+N27j:N1+17"'7N1+N2)7 (271)
Zi"=— D D Filkem hyn) G (kam, kyn, ha+ holha+ ha + hs)
. EY* (ka:m, kyn) e—j(k’wmIO‘f‘kynyo)
(i:N1+ 1,---, N1+ No, j:N1+N2+17"',N1+N2+N3),
(27m)
1> 0 o
Zi"=— > D Filkem kyn) G (Kem: kyn, h1 +ha + hs|ha)
. EY* (kwm, kyn) e_j(krme'f'kynyO)
(i:N1+N2+17'”7N1+N2+N37jzla'”)Nl)7 (2711)
1= o) o
ZiP'P = Z Z E (k'am% kyn) . G (kmma kym h1+ h2+ h3‘h1 + h2)
. E7* (kxm, kyn) e_j(kucnz-1’0+ky7zy0)
(i:N1+N2+17”'7N1+N2+N37j:Nl+17”'7N1+N2>7
(270)
ZPP

ij

ab Z Z z‘ xmy

m=—0o0 m——oo
- G (kym, kyny b1 + ha + hglhy + ha + h3)
) Fj* (K kyn) eI (kemxotkynyo)
(i=N;i+Ny+1,---,N; + Ny + N3,
j=Ni+Np+1,---, Ny + Ny + N3), (27p)
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h1 h1
Q (kg, ky) = / G (kg, ky, 2| 20) dzodz
0 0
B @ k}g sin klthm — ,821432 sin kldl

e KT, ’
R (k:m kya Z) =ZR, (kma kya Z) + @Ry (kma kya Z) )
h1
R, (kkay7hl) - Gex (kxakyah1|20) dzo
0
. _@ kmkg sin klhl
ko kT,
Rx(kxuky7h1+h2)
h1

= Gm; (k‘m,ky,hl +h2’20) dZo
0
ZQ kxkﬁg sin kl hl

(cos kohg — j Py, sin kaha) ,

T ko kT
Ry (ky, ky, hi+ha + h3)
h1
= Gz (kzy ky, h1 + ha + h3|20) dzg
0
h1
= - sz (km,ky,z\h1+h2+h3)dz
0

X [(cos kaho — j Py, sin kahg) cos kshs

€rak3
€r3R2
h1
Ry (kxakzphl) = Gyz (kmvkythIZO) dzo
0

_@ kyk‘g sin klhl
ko k1T, ’
Ry(kxa kyv hi + h2)
h1
= Gyz (kr,k‘y,hl + hQ‘ZO) dzg
0
B _@ kykg sin klhl
ke k1T,
Ry(kxa kya h1+h2 + h3)
h1

= Gyz (kix, k‘y, hl + hg + h3|ZU) dZO
0

(sin koho + ]Pm) sin kshs| ,

(cos kahg — j Py, sinkaha) ,

177

(27q)

(27r)

(27s)

(27t)

(27u)

(27v)

(27w)
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N Zo kykg sin k:l hl

B _k_O lem
erak3
€r3R2

[(cos kahg — j Py, sin kohg) cos kshs

(sin kohg + jPy,) sinkshs | . (27x)

Fj (ky, ky) is the fourier transformation of the spatial current distri-
bution, i.e.,

Filhbok) = [ [ Ja)eieiodaay,(28)
patc
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