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Abstract–In this paper, the scanning characteristics of an infinite
stacked microstrip phased array in a three-layered structure are anal-
ysed. In the analysis of the field distribution, the spectral-domain
Galerkin Method of Moments together with the planar dyadic Green’s
function is applied. An attachment mode current is employed to model
the singularity of currents nearby the feed point so as to facilitate the
fast convergence. The currents on all patches are expanded in terms of
the trigonometric basis and weighting functions in the entire domain.
The normalized patterns of the infinite microstrip array are computed
in this paper and the scanning features of the antenna against the scan-
ning angle and frequency are discussed in both the E- and H-planes.
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1. INTRODUCTION

Microstrip antennas and phased arrays are widely used in telecommu-
nication and radar systems due to their many well-known advantages,
such as small size, light-weight, flush-mountability, inexpensive fab-
rication, and easy conformability, although having narrow impedance
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bandwidth. Over the past 20 years, a tremendous amount of theoretical
and experimental work on microstrip antennas has been done. Many
new ideas and design methods have been proposed to broaden the
bandwidth of microstrip antennas [1]. Among these, the most straight-
forward way is to increase the separation between the patch and the
ground plane by using a thicker substrate, although a grounded thick
dielectric slab results in surface-wave mode losses. Also, the concept
of stacking microstrip patches is also employed to improve bandwidth
as is well known nowadays. Theoretical treatments of various stacked
patch geometries have been conducted and their results published in
literature [2–5].

The motivation of this paper is to combine the two techniques, i.e.,
increasing the thickness of the substrate (with three dielectric layers)
and stacking microstrip patches (extended to an infinite microstrip
phased array), so as to further broaden the bandwidth of the mi-
crostrip antennas. In other words, a microstrip phased array in a
three-layered geometry is dealt with and analysed in this paper by the
Garlerkin Method of Moments. Each element of the array is comprised
of two-layer stacked rectangular patches fed by a small capacitor-plate
mounted on the top of the coaxial probe. This structure is utilized to
increase significantly the bandwidth of the antennas [6].

This paper is organized in the following order. Section 2 presents
the theoretical analysis of an infinite array of capacitor-probe-fed rect-
angular patches by the Garlerkin Method of Moments. In section 3,
the numerical results of reflection coefficients and the normalized power
patterns as a function of the scanning angle in the E- and H-planes are
obtained and presented. The spectral domain dyadic Green’s function
components are necessarily self-contained in Appendex A for complete-
ness.

2. ANALYSIS TECHNIQUES

Consider an infinite periodic array arranged in rectangular grids as
shown in Fig. 1. For the ease of formulation, the Cartesian coordi-
nate system is set as in Fig. 1. Fig. 2 shows the construction of the
microstrip antenna array elements where the excitation is made by
means of a small planar capacitor plate mounted on the top of the
coaxial probe, of which the parameters are given in Fig. 2(a). This
structure is general and it can be reduced to the structure used in [9]
by letting h3 = 0, εr3 = 1 , and Wx3 = Wy3 = 0 . It is assumed
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Figure 1. Infinite microstrip phased array.

(a) side view (b) plan view

Figure 2. The antenna element and coordinate system.

that the thickness of the intermediate layer, h2 , is very small as com-
pared with the thickness of the bottom, h1 . The capacitance of the
planar capacitor plate can be determined from its diameter and the
characteristics of the dielectric substrate [6].

It is assumed that the patches, the feed capacitance plate, the feed
probe and the grounded plate are perfect conductors, the thickness of
the patches is infinitely thin, and the substrates are homogeneous in
the x-y plane. Also, it is assumed that each element of the infinite
array is excited by a 1 volt δ voltage source. In this analysis, the
diameter of the feed probe is considered as that of the inner conductor
rather than the outer conductor of the probe.

It is known that the field Epq at (x, y, z) in the p-direction
produced by the q-directional electric source moment located at (x0,
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y0, z0) can be written as:

E0
pq (x, y, z|x0, y0, z0) =

1
4π

∫ ∞
−∞

∫ ∞
−∞

Gpq (kx, ky, z|z0)

× ejkx(x−x0)+jky(y−y0)dkxdky, (1)

where p and q can be x, y or z , and Gpq are the Green’s functions
produced by a unit electric source moment and their components can
be found in Appendix A. For an infinite microstrip patch array, we can
simplify the problem into a cell in a unit space by using the Floquet
theorem [7–9].

In order to analyze the feature of the elements of the phased ar-
ray, we first formulate the dyadic Green’s function in this structure.
The components of the Green’s functions are derived by the Floquet
theorem in a periodic structure using the Poisson summation equation.

By assuming that each element is phased at a scanning angle ( θ ,
ϕ ) in an infinite array fed by infinitesimal q-direction current, then the
electric field at (x, y, z) in the p-direction produced by the current
element m = 0 and n = 0 at (x0, y0, z0) can be written as [7]:

Epq (x, y, z|x0, y0, z0) =
1
ab

∞∑
m,=−∞

∞∑
n=−∞

Gpq (−kxm,−kyn, z|z0)

× e−jkx(x−x0)−jky(y−y0), (2)

where a and b are the inter-element spacings along the x- and y-axes,
respectively, and

kx = k0u+
2πm
a
, (3a)

ky = k0v +
2πn
b
, (3b)

u = sin θ cosϕ, (3c)
v = sin θ sinϕ, (3d)
k2

0 = ω2µ0ε0. (3e)

For the sake of convenience, the dyadic Green’s function can be ex-
pressed in component form as follows:

G = x̂Gxxx̂+ x̂Gxyŷ+ x̂Gxzẑ
+ ŷGyxx̂+ ŷGyyŷ+ ŷGyzẑ
+ ẑGzxx̂+ ẑGzyŷ+ ẑGzzẑ. (4)
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From the boundary conditions, the total tangential electric field com-
ponents on the top and bottom patches should vanish, i.e.,

Etottan = Eetan +Estan = 0, (5)

where Eetan and Estan indicate the induced and scattered fields, and

Es =
∫∫∫

G (x, y, z|x0, y0, z0) · J (x0, y0, z0) dx0dy0dz0, (6)

where J = Jp1 +Jp2 +Jp3 with Jp1, Jp2 and Jp3 being the unknown
current density vectors on the patches respectively.

J (x, y, z)=
N1∑
j=1

IjJj(x, y, z)
N1+N2∑
j=N1+1

IjJj(x, y, z) +
N1+N2+N3∑
j=N1+N2+1

IjJj(x, y, z),

(7)

where Jj (j = 1, · · · , N1; N1+1, · · · , N1+N2; andN1+N2+1, · · · , N1+
N2 +N3) are the basis functions on the bottom patch (feed capacitor
plate), the middle patch, and the top patch, respectively.

For the bottom patch, there is a single pole at the junction point
since the capacitor plate is fed by the coaxial probe. Now, let us use
φ to indicate the singularity term, so that

J1 = φ+ JR1 , (8)

where JR1 is the regular current on the lowest patch.
For the coordinates system shown in this paper, the singularity term

of the current expansion is thus given by [10]:

φ (x, y) = − 1
2wy1

∞∑
0

εn cos
nπ

2

[
cos

nπ

wy1

(
y +

wy1
2

)
× êxfs (Z,wx1, x0, x) + êyfc (Z,wx1, x0, x)

×
(
nπ

wy1

)
sin

nπ

wy1

(
y +

wy1
2

)]
, (9)
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where

fs(Z,wx1, x0, x) =
sinZ (x+ x0)

sinZwx1
− sgn(x− x0)

× sinZ (wy1 − |x− x0|)
sinZwx1

, (10a)

fc (Z,wx1, x0, x) =
cosZ (x+ x0)
Z sinZwx1

+
cosZ (wy1 − |x− x0|)

Z sinZwx1
, (10b)

sgn(x) =


1, x � 0

0, x = 0

−1, x ≺ 0

, (10c)

εn =

 1, n = 0

0, n � 0
, (10d)

Z =

√
k2 −

(
nπ

wy1

)2

, (10e)

k =
√
εr1k0, (10f)

and where êx, êy and the êz are x̂-, ŷ- and ẑ-directional unit vectors,
respectively. Figs. 3(a) and (b) show, respectively, the x-directional
currents on the patch when the feed point is located at different places
(i.e., (a) at xp = 0.25wx1 and yp = 0 ; and (b) at xp = yp = 0) ,
where the solid, dotted and cross curves represent the currents when
y = 0.002wy1, y = 0.02wy1 , and y = 0.04wy1 , respectively. The
curves in Fig. 3 reveal that the attachment mode current meets the
requirements of boundary and edge conditions. The currents along
both x- and y-directions are symmetric with respect to the feed point,
but in opposite directions.

Now, let us expand the currents on patches in terms of f1n(x, y),
f2n(x, y) and f3n(x, y) , i.e.,

Ji =
∞∑
i=1

Iinfin (x, y) (i = 2, 3), (11a)

JR1 =
∞∑
i=1

I1nf1n (x, y) , (11b)
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(a) The feed point is at xp = 0.25wx1 (b) The feed point is at xp = yp = 0.

and yp = 0.

Figure 3. The attachment mode current along x-direction on the
patch.

where Iin (i = 1, 2, 3) are unknown coefficients. Based on the cavity
mode theory, the currents on the patches can be expanded in terms of
the basis functions in the entire domain. For the first patch (the feed
capacitance), the current expansion function is:

f1n = êx

(
mxπ

wx1

)
sin

[
mxπ

wx1

(
x+

wx1
2

)]
cos

[
myπ

wy1

(
y +

wy1
2

)]
+ êy

(
myπ

wy1

)
cos

[
mxπ

wx1

(
x+

wx1
2

)]
sin

[
myπ

wy1

(
y +

wy1
2

)]
. (13)

For the second and third patches, there is a current displacement along
x-direction. Thus, the expansion function of the current distribution
becomes:

fin = êx

(
mxπ

wxi

)
sin

[
mxπ

wxi

(
x− x0i +

wxi
2

)]
cos

[
myπ

wyi

(
y +

wyi
2

)]
+ êy

(
myπ

wyi

)
cos

[
mxπ

wxi

(
x0 − x0i +

wxi
2

)]
sin

[
myπ

wyi

(
y +

wyi
2

)]
,

(i = 2, 3;mx = 0, 1, · · · ;my = 0, 1, 2, · · · .) (13)

where x0i (i = 2, 3) are the displacements from the coordinate origin
between the second and third patches.
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In the previous formulation, the Fourier transformation has been
used in Equations (9), (12) and (13). Considering the difference of the
integration interval, we then obtain for i = 2 and 3 :

φT =
−1

2wy1

∞∑
0

εn cos

[
nπ

wy1

(
y0 +

wy1
2

)]
×

[
êxFc (n,wy1, ky)Fss (Z,wx1, x0, kx)

+ êy

(
nπ

wy1

)
Fs (n,wy1, ky)Fcc (Z,wx1, x0, kx)

]
, (14a)

FT1 (kx, ky) = êx

(
mxπ

wx1

)
Fs (mx, wx1, kx)Fc (my, wy1, ky)

+ êy

(
myπ

wy1

)
Fc (mx, wx1, kx)Fs (my, wy1, ky) , (14b)

FTi (kx, ky) = êx

(
mxπ

wxi

)
F1x (mx, wxi, kx)Fc (my, wyi, ky)

+ êy

(
myπ

wyi

)
F2x (mx, wxi, kx)Fs (my, wyi, ky) , (14c)

where

F1x (mx, wxi, kx) =

mxπ

wxi

k2
x −

(
mxπ

wxi

)2

×
[
(−1)mx e−jkx(

wxi
2 +x0i) − ejkx(

wxi
2 −x0i)

]
, (15a)

F2x (mx, wyi, kx) =
jkx

k2
x −

(
mxπ

wxi

)2

×
[
(−1)mx e−jkx(

wxi
2 +x0i) − ejkx(

wxi
2 −x0i)

]
, (15b)

Fs (m,wxi, kx) =

mπ

wxi

k2
x −

(
mπ

wxi

)2

×
[
(−1)m e−jkx(

wxi
2 ) − ejkx(

wxi
2 )

]
, (15c)
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Fc (m,wxi, kx) =
jkx

k2
x −

(
mπ

wxi

)2

×
[
(−1)m e−jkx(

wxi
2 ) − ejkx(

wxi
2 )

]
, (15d)

Fss(Z,wxi, x0,kx) =
−2j

(k2
x − Z2) sinZwxi

{
Z

[
ejZx0 sin

wxi (kx − Z)
2

+ e−jZx0 sin
wxi (kx + Z)

2

]
− kxe−jkx sinZwxi

}
, (15e)

Fcc(Z,wxi, x0,kx) =
2

(k2
x − Z2) sinZwxi

{
kx

[
ejZx0 sin

wxi (kx − Z)
2

+ e−jZx0 sin
wxi (kx + Z)

2

]
− Ze−jkx sinZwxi

}
, (15f)

and wxi and wyi (i = 1, 2 , and 3) are the x- and y-dimensions of
the patches, respectively. For the patch between the first and second
substrates, the same diameter D is used to represent its length and
width, i.e., wx1 = wy1 = D . By assuming that the radiation element
is phased at the scanning angle (θ, ϕ) , the electric field integral equa-
tion (EFIE) can then be obtained and solved by Galerkin Method of
Moments. With this technique, the equation in matrix form can be
rewritten as [7]:

[Z] [I] = [V ] , (16)

where [Z] is the impedance matrix of the size (N1 +N2 +N3)× (N1 +
N2 +N3) , expressed as:

[Z] =


ZFF11 + ZFP11 + ZPF11 + ZPP11 ZFP12 + ZPP12

ZPF21 + ZPP21 ZPP22
...

...
ZPFN1+N2+N31 · · ·

· · · ZFP1N1+N2+N3
+ ZPP1N1+N2+N3

· · · ZPP2N1+N2+N3
...

...
· · · ZPPN1+N2+N3N1+N2+N3

 , (17)
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where [V ] is a voltage vector or a column matrix of (N1 +N2 +N3)
rows, [I] is a matrix consisting of (N1+N2+N3) unknown coefficients
of the basis functions.

When the antenna is fed by a δ voltage source, the element of the
voltage matrix can be written as:

Vi =

 1, i = 1,

0, i �= 1.
(18)

The elements of the impedance matrix (18) can be further expressed
as:

Z11 = ZFF11 + ZFP11 + ZPF11 + ZPP11 , (19a)
Z1j = ZFP1j + ZPP1j , (j = 2, · · · , N1 +N2 +N3), (19b)

Zi1 = ZPFi1 + ZPPi1 , (i = 2, · · · , N1 +N2 +N3), (19c)
Zij = ZPPij , (i, j = 2, · · · , N1 +N2 +N3), (19d)

where the components of the matrix can be found in Appendix B.
The input impedance is

Zin =
1
I1

+ jXL, (20)

where XL is the inductance of the probe, given by [3]

XL = 60k0h1 ln
(

2
k0h1
√
εr1

)
. (21)

After we have obtained the impedance, the reflection coefficient as a
function of scanning angle (θ, ϕ) is [11]

Γ (θ, ϕ) =
Zin (θ, ϕ)− Z (0, 0)
Zin (θ, ϕ)− Z∗ (0, 0)

, (22)

where Z0 (0, 0) is the input broadside impedance. The element gain
pattern G (θ, ϕ) is related to the reflection coefficient by

G (θ, ϕ) =
(
1− |Γ (θ, ϕ) |2

)
cos θ. (23)
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3. NUMERICAL RESULTS

We have considered three independent problems and their relevant con-
vergences. First, although (9) presents the attachment mode current
on the patch as an infinite summation, ten terms are shown to be suffi-
cient for the summation to achieve the needed accuracy since the speed
of convergence has been accelerated in the analysis. Second, the ele-
ments of the matrix are determined by (19), (24)–(27) and each term in
the infinite summation represents a Floquet mode of periodic structure,
thus we should truncate the infinite summation. In our calculation, 301
Floquet modes (−150 < m,n < 150) are adopted. This mode number
is more than that chosen in [7] because the selected attachment mode
presents not only the rapid variation of the feed current distribution
but also the rapid variation of the current distribution near the feed
point. Thus, it has a broader bandwidth. Lastly, we must make proper
expansion of the currents on the patches so as to include the edge ef-
fects of the currents, based on the results in [7–9]. We have found
the current (mx,my) = (1, 0), (3, 0), (5, 0), (7, 0) in the x-direction
and (mx,my) = (0, 2) in the y -direction both meeting the prescribed
resolution, in which the mode (1, 0) is the main cavity mode while the
mode (0, 1) represent the component of cross section, so that six or
seven modes are needed only in this computation (for the lowest patch
one attached mode should be included).

In our calculation, we assumed that the impedance is matched when
the scanning angle is (θ, ϕ) = (0, 0) , so the reflection coefficient is 0.
The spacing between the two adjacent elements is λ0

2 (where λ0 is the
wave number in free space). The physical and electrical parameters of
the antenna are given by

• Wx2 = Wy2 = 62.5 mm, and Wx3 = Wy3 = 62.5 mm;
• h1 = 8 mm, h2 = 1.5 cm, and h3 = 9.5 mm;
• D = 12 mm, and d0 = 1 mm;
• εr1 = 2.2, εr2 = 2.6 , and εr3 = 2.3 ; and
• x02 = x03 = 27 mm, and x0 = y0 = 0.

Fig. 4. shows the reflection coefficients of E- and H-plane against
scanning angle and Fig. 5. shows the normalized gain pattern against
the scanning angle. Furthermore, Fig. 4. reveals that the scanning
performance in the H-plane is much better than that of the E-plane.
The scanning behavior deteriorates in the E-plane when the scanning
angle θ = 30◦ , but this phenomenon does not exist in the H-plane.
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(a) (b)

Figure 4. Reflection coefficient against scanning angle.

(a) (b)

Figure 5. Normalized gain pattern against scanning angle.

The results given above are very similar to the results in [7] and [9].
The model developed in this paper can be easily simplified to that in
[7] and [9].

4. CONCLUDING REMARKS

This paper has presented a Method of Moments solution to the prob-
lem of an infinite stacked microstrip phased array in a three-layered
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structure. Validation of the theoretical analysis has been indirectly ex-
amined by reducing the model to a one-layered and two-layered struc-
tures and comparing with some existing results. Numerical results are
obtained in this paper in order to show the performance of the mi-
crostrip phased array antenna of infinite elements. It is shown from
the studies that the phased array has wider scanning performance than
a conventional patch array.

APPENDIX A. GREEN’S FUNCTION COMPONENTS

By using the SDT technique [12–15] and a lengthy algebraic manipu-
lation (for which detailed procedure is available in [16]), we can obtain
and list the necessary dyadic Green’s function components that used
in this paper.

Gxx(kx, ky, h1|h1)

=
1

jωε0

sin k1h1

β2TmTe

[
k1k2k

2
xTe + k2

0k
2
yTm

]
, (24a)

Gxx(kx, ky, h1 + h2|h1)
= Gxx (kx, ky, h1|h1 + h2)

=
1

jωε0

sin k1h1

β2TmTe

[
k1k2k

2
xTe (cos k2h2 − jPm sin k2h2)

+ k2
0k

2
yTm (cos k2h2 − jPe sin k2h2)

]
, (24b)

Gxx(kx, ky, h1 + h2 + h3|h1)
= Gxx (kx, ky, h1|h1 + h2 + h3)

=
1

jωε0

sin k1h1

β2TmTe

{
k1k2k

2
xTe

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
+ k2

0k
2
yTm

[
(cos k2h2 − jPe sin k2h2) cos k3h3

− k2

k3
(sin k2h2 + jPe cos k2h2) sin k3h3

]}
, (24c)
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Gyx(kx, ky, h1|h1)
= Gxy (kx, ky, h1|h1)

=
1

jωε0

sin k1h1

β2TmTe
kxky

(
k1k2Te − k2

0Tm
)
, (24d)

Gyx(kx, ky, h1 + h2|h1)
= Gxy (kx, ky, h1|h1 + h2)
= Gyx (kx, ky, h1|h1 + h2)
= Gxy (kx, ky, h1 + h2|h1)

=
1

jωε0

sin k1h1

β2TmTe
kxky [k1k2Te (cos k2h2 − jPm sin k2h2)

− k2
0Tm (cos k2h2 − jPe sin k2h2)

]
, (24e)

Gyx(kx, ky, h1 + h2 + h3|h1)
= Gxy (kx, ky, h1|h1 + h2 + h3)
= Gyx (kx, ky, h1|h1 + h2 + h3)
= Gxy (kx, ky, h1 + h2 + h3|h1)

=
1

jωε0

sin k1h1

β2TmTe
kxky

{
k1k2Te

[
(cos k2h2−jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
− k2

0Tm

[
(cos k2h2 − jPe sin k2h2) cos k3h3

− k2

k3
(sin k2h2 + jPe cos k2h2) sin k3h3

]}
, (24f)

Gxx(kx, ky, h1 + h2|h1 + h2)

=
1

jωε0

1
β2TmTe

[
k1k2k

2
xTe (cos k2h2 − jPm sin k2h2)

×
(

sin k1h1 cos k2h2 +
εr1k2

εr2k2
cos k1h1 sin k2h2

)
+ k2

0k
2
yTm (cos k2h2 − jPe sin k2h2)

×
(

sin k1h1 cos k2h2 +
k1

k2
cos k1h1 sin k2h2

)]
, (24g)
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Gxx(kx, ky, h1 + h2 + h3|h1 + h2)
= Gxx (kx, ky, h1 + h2|h1 + h2 + h3)

=
1

jωε0

1
β2TmTe

{
k1k2k

2
xTe

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
×

(
sin k1h1 cos k2h2 +

εr1k2

εr2k1
cos k1h1 sin k2h2

)
+ k2

0k
2
yTm

[
(cos k2h2 − jPe sin k2h2) cos k3h3

− k2

k3
(sin k2h2 + jPe cos k2h2) sin k3h3

]
×

(
sin k1h1 cos k2h2 +

k1

k2
cos k1h1 sin k2h2

)}
, (24h)

Gxx(kx, ky, h1 + h2 + h3|h1 + h2 + h3)

=
1

jωε0

1
β2TmTe

{
k2
xk3k4Te

εr2k3T cmo cos k2h2 + jεr3k2T cme sin k2h2

× [εr3k2 (εr1k2 cos k1h1 sin k2h2 + εr2k1 sin k1h1 cos k2h2)
× cos k3h3 + εr2k3 (εr1k2 cos k1h1 cos k2h2

− εr2k1 sin k1h1 sin k2h2) sin k3h3]

+
k2

0k
2
yTm

k2T cee cos k2h2 + jk3T ceo sin k2h2
[k3 (k1 cos k1h1 sin k2h2

+ k2 sin k1h1 cos k2h2) cos k3h3 + k2 (k1 cos k1h1 cos k2h2

− k2 sin k1h1 sin k2h2) sin k3h3]
}
, (24i)

Gyy(kx, ky, h1|h1)

=
1

jωε0

sin k1h1

β2TmTe

(
k1k2k

2
yTe + k2

0k
2
xTm

)
, (24j)

Gyy(kx, ky, h1 + h2|h1)
= Gyy (kx, ky, h1|h1 + h2)

=
1

jωε0

sin k1h1

β2TmTe

[
k1k2k

2
yTe (cos k2h2 − jPm sin k2h2)

+ k2
0k

2
xTm (cos k2h2 − jPe sin k2h2)

]
, (24k)
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Gyy(kx, ky, h1 + h2 + h3|h1)
= Gyy (kx, ky, h1|h1 + h2 + h3)

=
1

jωε0

sin k1h1

β2TmTe

{
k1k2k

2
yTe

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
+ k2

0k
2
xTm

[
(cos k2h2 − jPe sin k2h2) cos k3h3

− k2

k3
(sin k2h2 + jPe cos k2h2) sin k3h3

]}
, (24l)

Gyy(kx, ky, h1 + h2|h1 + h2)

=
1

jωε0

1
β2TmTe

[
k1k2k

2
yTe (cos k2h2 − jPm sin k2h2)

×
(

sin k1h1 cos k2h2 +
εr1k2

εr2k1
cos k1h1 sin k2h2

)
+ k2

0k
2
xTm (cos k2h2 − jPe sin k2h2)

×
(

sin k1h1 cos k2h2 +
k1

k2
cos k1h1 sin k2h2

)]
, (24m)

Gyy(kx, ky, h1 + h2 + h3|h1 + h2)
= Gyy (kx, ky, h1 + h2|h1 + h2 + h3)

=
1

jωε0

1
β2TmTe

{
k1k2k

2
yTe

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
×

(
sin k1h1 cos k2h2 +

εr1k2

εr2k1
cos k1h1 sin k2h2

)
+ k2

0k
2
xTm

[
(cos k2h2 − jPe sin k2h2) cos k3h3

− k2

k3
(sin k2h2 + jPe cos k2h2) sin k3h3

]
×

(
sin k1h1 cos k2h2 +

k1

k2
cos k1h1 sin k2h2

)}
, (24n)
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Gyy(kx, ky, h1 + h2 + h3|h1 + h2 + h3)

=
1

jωε0

1
β2TmTe

{
k2
yk3k4Te

εr2k3T cmo cos k2h2 + jεr3k2T cme sin k2h2

× [εr3k2 (εr1k2 cos k1h1 sin k2h2 + εr2k1 sin k1h1 cos k2h2)
× cos k3h3 + εr2k3 (εr1k2 cos k1h1 cos k2h2 − εr2k1 sin k1h1

× sin k2h2) sin k3h3] +
k2

0k
2
xTm

k2T cee cos k2h2 + jk3T ceo sin k2h2

× [k3 (k1 cos k1h1 sin k2h2+k2 sin k1h1 cos k2h2) cos k3h3+k2

× (k1 cos k1h1 cos k2h2−k2 sin k1h1 sin k2h2) sin k3h3]
}
, (24o)

Gxy(kx, ky, h1 + h2|h1 + h2)
= Gxy (kx, ky, h1 + h2|h1 + h2)

=
1

jωε0

kxky
β2TmTe

{k1k2Te (cos k2h2 − jPm sin k2h2)

×
(

sin k1h1 cos k2h2 +
εr1k2

εr2k1
cos k1h1 sin k2h2

)
− k2

0Te (cos k2h2 − jPe sin k2h2)

×
(

sin k1h1 cos k2h2 +
k1

k2
cos k1h1 sin k2h2

)}
, (24p)

Gxy(kx, ky, h1 + h2 + h3|h1 + h2)
= Gxy (kx, ky, h1 + h2|h1 + h2 + h3)
= Gyx (kx, ky, h1 + h2 + h3|h1 + h2)
= Gyx (kx, ky, h1 + h2|h1 + h2 + h3)

=
1

jωε0

kxky
β2TmTe

{
k1k2Te

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
×

(
sin k1h1 cos k2h2 +

εr1k2

εr2k1
cos k1h1 sin k2h2

)
− k2

0Tm [(cos k2h2 − jPe sin k2h2) cos k3h3

− k2

k3
(sin k2h2 + jPe cos k2h3) sin k3h3

]
×

(
sin k1h1 cos k2h2 +

k1

k2
cos k1h1 sin k3h3

)}
, (24q)
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Gxy(kx, ky, h1 + h2 + h3|h1 + h2 + h3)
= Gxy (kx, ky, h1 + h2 + h3|h1 + h2 + h3)

=
1

jωε0

kxky
β2TmTe

{
k3k4Te

εr2k3T cmo cos k2h2 + jεr3k2T cme sin k2h2

× [εr3k2 (εr1k2 cos k1h1 sin k2h2 + εr2k1 sin k1h1 cos k2h2)
× cos k3h3 + εr2k3 (εr1k2 cos k1h1 cos k2h2 − εr2k1 sin k1h1

× sin k2h2) sin k3h3]−
k2

0Tm
k2T cee cos k2h2 + jk3T ceo sin k2h2

× [k3 (k1 cos k1h1 sin k2h2 + k2 sin k1h1 cos k2h2) cos k3h3

+ k2 (k1cos k1h1cosk2h2−k2 sink1h1 sink2h2) sink3h3]
}
, (24r)

Gxx(kx, ky, h1|0 � z0 � h1)

=
−1
ωε0

kxk2 cos k1z0
Tm

, (24s)

Gxx(kx, ky, h1 + h2|0 � z0 � h1)

=
−1
ωε0

kxk2 cos k1z0
Tm

(cos k2h2 − jPm sin k2h2) , (24t)

Gxx(kx, ky, h1 + h2 + h3|0 � z0 � h1)

=
−1
ωε0

kxk2 cos k1z0
Tm

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
, (24u)

Gyz(kx, ky, h1|0 � z0 � h1)

=
−1
ωε0

kyk2 cos k1z0
Tm

, (25a)

Gyz(kx, ky, h1 + h2|0 � z0 � h1)

=
−1
ωε0

kyk2 cos k1z0
Tm

(cos k2h2 − jPm sin k2h2) , (25b)

Gyz(kx, ky, h1 + h2 + h3|0 � z0 � h1)

=
−1
ωε0

kyk2 cos k1z0
Tm

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
, (25c)
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Gzx(kx, ky, 0 � z � h1|h1)

=
1
ωε0

kxk2 cos k1z

Tm
, (25d)

Gzx(kx, ky, 0 � z � h1|h1 + h2)

=
1
ωε0

kxk2 cos k1z

Tm
(cos k2h2 − jPm sin k2h2) , (25e)

Gzx(kx, ky, 0 � z � h1|h1 + h2 + h3)

=
1
ωε0

kxk2 cos k1z

Tm

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
, (25f)

Gzy(kx, ky, 0 � z � h1|h1)

=
1
ωε0

kyk2 cos k1z

Tm
, (25g)

Gzy(kx, ky, 0 � z � h1|h1 + h2)

=
1
ωε0

kyk2 cos k1z

Tm
(cos k2h2 − jPm sin k2h2) , (25h)

Gzy(kx, ky, 0 � z � h1|h1 + h2 + h3)

=
1
ωε0

kyk2 cos k1z

Tm

[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm cos k2h2) sin k3h3

]
, (25i)

Gzz(kx, ky, 0 � z � h1|0 � z0 � h1)

=
−1

jωε0εr1
×



[
δ(z − z0) +

β2

k1Tm
(εr1k2 sin k1(z0 − h1)

+jPmεr2k1 cos k1(z − z0)) cos k1z

]
(0 � z � z0),[

β2

k1Tm
(εr1k2 sin k1(z − h1)

+jPmεr2k1 cos k1(z − h1)) cos k1z0

]
(z0 � z � h1).

(25j)

where

Tm = εr1k2 cos k1h1 + jPmεr2k1 sin k1h1, (26a)
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Te = k1 cos k1h1 + jPek2 sin k1h1, (26b)

Pm =
εr3k2T

c
me cos k2h2 + jεr2k3T

c
mo sin k2h2

εr2k3T cmo cos k2h2 + jεr3k2T cme sin k2h2
, (26c)

Pe =
k3T

c
eo cos k2h2 + jk2T

c
ee sin k2h2

k2T cee cos k2h2 + jk3T ceo sin k2h2
, (26d)

T cmo = εr3k4 cos k3h3 + jk3 sin k3h3, (26e)
T cme = k3 cos k3h3 + jεr3k4 sin k3h3, (26f)
T ceo = k4 cos k3h3 + jk3 sin k3h3, (26g)
T cee = k3 cos k3h3 + jk4 sin k3h3, (26h)

k1 =
√
εr1k2

0 − β2,�m(k1) � 0, (26i)

k2 =
√
εr2k2

0 − β2,�m(k2) � 0, (26j)

k3 =
√
εr3k2

0 − β2,�m(k3) � 0, (26k)

k4 =
√
k2

0 − β2,�m(k4) � 0, (26l)

β2 = k2
x + k2

y, (26m)

k2
0 = ω2µ0ε0. (26n)

APPENDIX B. COMPONENTS OF MATRIX

ZPF11 =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Q (kxm, kyn)J0

(
d0

√
k2
xm + k2

yn

)
, (27a)

ZFP1j =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

R (kxm, kyn, h1) · F ∗j (kxm, kyn)

× J0

(
d0

√
k2
xm + k2

yn

)
e−j(kxmx0+kyny0)

(j = 1, · · · , N1), (27b)

ZFP1j =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

R (kxm, kyn, h1 + h2) · F ∗j (kxm, kyn)

× J0

(
d0

√
k2
xm + k2

yn

)
e−j(kxmx0+kyny0)

(j = N1 + 1, · · · , N1 +N2), (27c)
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ZFP1j =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

R (kxm, kyn, h1 + h2 + h3)

· F ∗j (kxm, kyn)J0

(
d0

√
k2
xm + k2

yn

)
e−j(kxmx0+kyny0)

(j = N1 +N2 + 1, · · · , N1 +N2 +N3), (27d)

ZPFi1 =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

R (kxm, kyn, h1) · F ∗i (kxm, kyn) e−j(kxmx0+kyny0)

(i = 1, · · · , N1), (27e)

ZPFi1 =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

R (kxm, kyn, h1 + h2)

· F ∗i (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1 + 1, · · · , N1 +N2), (27f)

ZPFi1 =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

R (kxm, kyn, h1 + h2 + h3)

· F ∗i (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1 +N2 + 1, · · · , N1 +N2 +N3), (27g)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn)

·G (kxm, kyn, h1|h1) · F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i, j = 1, · · · , N1), (27h)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn) ·G (kxm, kyn, h1|h1 + h2)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = 1, · · · , N1, j = N1 + 1, · · · , N1 +N2), (27i)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn) ·G (kxm, kyn, h1|h1 + h2 + h3)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = 1, · · · , N1, j = N1 +N2 + 1, · · · , N1 +N2 +N3), (27j)
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ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn) ·G (kxm, kyn, h1 + h2|h1)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1 + 1, · · · , N1 +N2, j = 1, · · · , N1), (27k)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn) ·G (kxm, kyn, h1 + h2|h1 + h2)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1 + 1, · · · , N1 +N2, j = N1 + 1, · · · , N1 +N2), (27l)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn) ·G (kxm, kyn, h1+ h2|h1+ h2 + h3)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1+ 1, · · · , N1+N2, j = N1+N2 + 1, · · · , N1+N2+N3),
(27m)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn) ·G (kxm, kyn, h1 + h2 + h3|h1)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1 +N2 + 1, · · · , N1 +N2 +N3, j = 1, · · · , N1), (27n)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn) ·G (kxm, kyn, h1+ h2+ h3|h1 + h2)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1 +N2+ 1, · · · , N1 +N2+N3, j = N1 + 1, · · · , N1 +N2),
(27o)

ZPPij =
−1
ab

∞∑
m=−∞

∞∑
m=−∞

Fi (kxm, kyn)

·G (kxm, kyn, h1 + h2 + h3|h1 + h2 + h3)

· F ∗j (kxm, kyn) e−j(kxmx0+kyny0)

(i = N1 +N2 + 1, · · · , N1 +N2 +N3,

j = N1 +N2 + 1, · · · , N1 +N2 +N3), (27p)
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Q (kx, ky) =
∫ h1

0

∫ h1

0
Gzz (kx, ky, z|z0) dz0dz

= j
Z0

k0

k2
0 sin k1h1Tm − β2k2 sin k1d1

k3
1Tm

, (27q)

R (kx, ky, z) = x̂Rx (kx, ky, z) + ŷRy (kx, ky, z) , (27r)

Rx (kx, ky, h1) =
∫ h1

0
Gxx (kx, ky, h1|z0) dz0

= −Z0

k0

kxk2 sin k1h1

k1Tm
, (27s)

Rx(kx, ky, h1+h2)

=
∫ h1

0
Gxx (kx, ky, h1 + h2|z0) dz0

= −Z0

k0

kxk2 sin k1h1

k1Tm
(cos k2h2 − jPm sin k2h2) , (27t)

Rx(kx, ky, h1+h2 + h3)

=
∫ h1

0
Gxx (kx, ky, h1 + h2 + h3|z0) dz0

= −
∫ h1

0
Gzx (kx, ky, z|h1 + h2 + h3) dz

×
[
(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm) sin k3h3

]
, (27u)

Ry (kx, ky, h1) =
∫ h1

0
Gyz (kx, ky, h1|z0) dz0

= −Z0

k0

kyk2 sin k1h1

k1Tm
, (27v)

Ry(kx, ky, h1 + h2)

=
∫ h1

0
Gyz (kx, ky, h1 + h2|z0) dz0

= −Z0

k0

kyk2 sin k1h1

k1Tm
(cos k2h2 − jPm sin k2h2) , (27w)

Ry(kx, ky, h1+h2 + h3)

=
∫ h1

0
Gyz (kx, ky, h1 + h2 + h3|z0) dz0
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= −Z0

k0

kyk2 sin k1h1

k1Tm
[(cos k2h2 − jPm sin k2h2) cos k3h3

− εr2k3

εr3k2
(sin k2h2 + jPm) sin k3h3

]
. (27x)

Fj (kx, ky) is the fourier transformation of the spatial current distri-
bution, i.e.,

Fj (kx, ky) =
∫ ∫

patch
J (x, y) e−jkxx−jkyydxdy. (28)
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