Progress In Electromagnetics Research M, Vol. 21, 77–92, 2011

LINEAR AND NONLINEAR REFRACTIVE
CHANGES IN SPHERICAL QUANTUM DOT

INDEX

B. Çakır1, * , Y. Yakar2 , and A. Özmen1
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Abstract—In this study, refractive index changes associated with intersubband transitions in a spherical quantum dot, GaAs/Alx Ga1−x As,
have been theoretically calculated in the presence of impurity. In this
regard, the effect of dot radius, stoichiometric ratio, impurity and incident optical intensity on the refractive index changes have been investigated for the transitions between higher energy states, i.e., 1s-1p,
1p-1d and 1d-1f. The results show that these parameters have a great
influence on the refractive index changes.
1. INTRODUCTION
Recent developments in modern technology have given an opportunity
to confine the electrons in semiconductor nanostructures. The
nanostructures with three-dimensional confinement of electrons are
called Quantum Dots (QDs). QDs have found various application
areas especially microelectronic and optoelectronic devices. These
structures also exhibit the atomic properties like shell structures and
discrete energy levels [1, 2]. Therefore, the electronic structures, energy
states, optical and other physical properties of QDs with one- and twoelectrons have been commonly studied by using various calculation
methods [3–12]. The nonlinear optical properties of QD have the
potential for device application such as infrared photo detectors,
quantum dot lasers, high-speed electro-optical modulators, light
emitting diodes, one electron transistors, optical memory technology
and other extensive applications in optic communication. Therefore,
in recently, the nonlinear properties of QD have attracted much
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attention for both practical applications and theoretical researches [13–
34]. Ahn and Chuang [13] calculated the linear and nonlinear
optical intersubband absorption coefficients for general asymmetric
quantum well systems using the density matrix formalism. The optical
absorption coefficients for the transitions between the ground and
higher electronic energy states were investigated by some authors [17–
20] using an approach which is a combination of Quantum Genetic
Algorithm (QGA) procedure and Hartree-Fock Roothaan (HFR)
method. Chen et al. [21] discussed the influences of an external electric
field and incident optical intensity on the linear and nonlinear optical
absorption coefficients in an asymmetric double triangular quantum
wells. Şahin [24, 25] carried out the optical properties of a spherical QD
using matrix diagonalization technique for a finite confining potential
well model. Shao et al. [27] studied the third-harmonic generation
coefficient for cylinder quantum dots under the influence of an applied
electric field using the compact density-matrix approach and iterative
method. Later, optical absorption coefficients and refractive index
changes associated with intersubband transitions were calculated by
Rezaei et al. [28, 30] in a two-dimensional QD system under the
influence of a uniform magnetic field. Zhang et al. [31] examined the
optical absorption coefficients and the changes in the refractive index
in GaAs/AlGaAs parabolic quantum dots under the influence of an
applied electric and magnetic fields by using a compact density matrix
approach. In very recently, Kırak et al. [34] investigated in detail the
influence of an external electric field of the electronic properties in a
spherical quantum dot of parabolic confinement. Also, they studied the
linear and the third-order nonlinear optical absorption coefficients and
refractive index changes for the 1s-1p and 1p-1d transitions by using a
variational procedure. All of the above mentioned studies, except [34],
are concentrated on the calculation of the absorption coefficients and
refractive index changes for the transition between the lowest energy
states, which is the transition 1s-1p between the ground (` = 0) and
the first excited (` = 1) state. Therefore, studies in this field are still
important for both theoretical research and practical applications. To
our knowledge, up to now the refractive index changes have not been
investigated for the transitions between higher energy states, i.e., the
1p-1d and 1d-1f transitions of QD with and without impurity.
In the previous study [20], we computed the linear, the thirdorder nonlinear and the total absorption coefficients of a spherical QD
with and without impurity. In the present study, we have calculated
the linear, nonlinear and total refractive index (RI) changes of the
spherical QD, GaAs/Alx Ga1−x As, with and without impurity for the
transitions 1s-1p, 1p-1d and 1d-1f.
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2. THEORY
We consider a shallow hydrogenic impurity located at the center of a
spherical QD confined by a finite spherical potential well with radius
R. The Hamiltonian of this system can be written, in atomic units
(au) and the effective mass approximation, as follows
Z
∇2
−
+ V (r),
(1)
∗
2m
εr r
where Z is impurity charge, r is the distance between electron and
impurity, m∗ is the effective mass of electron and εr denotes the real
part of relative electric permittivity of the medium. The confinement
potential is assumed in a form of the spherical potential well, i.e.,
V (r) = 0 for r < R and V (r) = V0 for r ≥ R. Time independent
Schrödinger equation is given by
H=−

Hψi = Ei ψi ,

(2)

in which Ei and ψi are the energies and wavefunctions of the system.
The energies Ei and the wavefunctions ψi have been calculated by
using the method that is a combination of the QGA and HFR given
details in Refs. [5, 6].
In the electric dipole approximation, if the polarization of an
electromagnetic radiation is chosen in z-direction, the dipole transition
matrix element between ith state (lower) and f th state (upper) is given
by

 R
Z∞³

Z ³
´∗
´∗
hMz if i = e
ψfr<R r cos θψir<R dτ + ψfr>R r cos θψir>R dτ , (3)


0

R

where ψf ve ψi are the wavefunctions of upper and lower states. The
wavefunctions within (outside) of QD have been labeled with ψ r<R
(ψ r>R ).
The matrix element is important for calculation of different
optical properties of a system related to electronic transitions. Dipole
transitions in a spherical QD are allowed only between states satisfying
the selection rules ∆` = ±1, where ` is the angular momentum
quantum number.
In order to calculate the RI changes we consider the interaction
between the linearly polarized electromagnetic wave (angular frequency
is ω) and QDs. If the wave length of the progressive electromagnetic
wave is larger than dimension of a QD (103 Å for UV visible), the
amplitude of electromagnetic wave may be considered as a constant
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throughout QD. Then the electric field of an incident wave can be
expressed as
¡
¢
Ẽ(t) = 2Ẽ0 cos(ωt) = Ẽ0 eiωt + e−iωt .
(4)
The electronic polarization P (t) caused by the incident field Ẽ(t) is
defined as follows
P (t) = ε0 χ(1) (ω)Ẽ0 eiωt + ε0 χ(2) (2ω)Ẽ02 e2iωt
+ε0 χ(3) (3ω)Ẽ03 e3iωt + c.c.,

(5)

where the terms up to the third-order in Ẽ are retained. The terms
χ(1) (ω), χ(2) (2ω) and χ(3) (3ω) are known as the linear, the secondand the third-order nonlinear optical susceptibilities, respectively,
and ε0 is the electrical permittivity of vacuum. In this study,
it was not considered χ(2) (2ω) since the system has a spherical
symmetry. The second-order nonlinear susceptibility can occur only
in noncentrosymmetric structures, that is, in structures that do not
display inversion symmetry [35].
The analytical expressions of the linear ε0 χ(1) (ω) and the thirdorder nonlinear ε0 χ(3) (ω) terms for a two-level quantum system are
obtained as follows [16, 21, 25, 29]
¯
¯2
¯
¯
ρ ¯hM if i ¯
(1)
ε0 χ (ω) =
,
(6)
Ef i − ~ω − i~Γ0
and

¯
¯2 ¯ ¯2
¯
¯ ¯ ¯
ρ ¯hM if i ¯ ¯Ẽ ¯

ε0 χ(3) (ω) = −
Ef i − ~ω − i~Γ0


¯
¯2
³
´2
¯
¯
4 ¯hM if i ¯
hM if f −hM iii


×
−
, (7)
2
2
(E
−
i~Γ
)(E
−~ω−i~Γ
)
(Ef i −~ω) +(~Γ0 )
0
0
fi
fi
in which ρ is electron charge density in QD, Ef i = Ef − Ei denotes
energy difference between i and f electronic states, ~ω is incident
photon energy and Γ0 = 1/τ is relaxation ratio for the states i and
f . It should be noted that for more realistic calculations, the electron
density is ρ = n/VQD , n is the number of electrons in QD and VQD is
the volume of QD [25].
The susceptibility is related to the change in refractive index as
follows [14, 15, 25]:
µ
¶
∆n
χ(ω)
= Re
.
(8)
nr
2n2r
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Using this relation, the analytical expressions for the linear and
nonlinear refractive index changes are defined for a spherical symmetric
systems [14, 15, 25]:
Ã
!
¯2
Ef − Ei − ~ω
∆n(1) (ω)
ρ ¯¯
¯
= 2 ¯hM if i ¯
,
(9)
nr
2nr ε0
(Ef − Ei − ~ω)2 + (~Γ0 )2
and



¯
¯
Ef −Ei −~ω
ρIµc ¯
∆n(3) (ω, I)
¯4 

= − 3 ¯hM if i ¯  h
i2  . (10)
nr
nr ε0
(Ef −Ei −~ω)2 + (~Γ0 )2

2
where µ is the permeability of the
√ system defined as µ = 1/ε0 c , c is the
speed of light in vacuum, nr = εr represents the RI of semiconductor.
The total refractive index changes are given as

∆n(ω, I)
∆n1 (ω) ∆n3 (ω, I)
=
+
,
nr
nr
nr

(11)

where the term I is the incident optical intensity and I = 2ε0 nr c|Ẽ|2 .
As seen in Equation (10), since the third-order nonlinear optical
(3)
absorption coefficient ∆nn is negative and is also proportional to
the incident optical intensity I, the total absorption coefficient ∆n
n
is decreases as I increases.
3. RESULTS AND DISCUSSION
We have calculated the linear, the third-order nonlinear and the
total RI changes given by Equations (9)–(11) for the spherical QD,
GaAs/Alx Ga1−x As. We have used the material parameters of GaAs
for the well region and that of Alx Ga1−x As for the barrier region since
their physical parameters are well known, which are given in Ref. [36]
as the functions of stoichiometric ratio x, which is known Aluminium
concentration ratio. The difference between the band gaps of GaAs and
Alx Ga1−x As is ∆Eg (x) = (1.155x + 0.37x2 ) eV, the effective dielectric
constant is ε(x) = (13.18 − 3.12x) and the effective electron mass is
m(x) = (0.0665 + 0.0835x)m0 , m0 is the free-electron mass. We have
used 60% of the band gap difference for the confining potential V0 as
suggested in Ref. [36]. The parameters used in our calculations are as
follows: the relaxation time τ = 0.2 ps, nr = 3.15 and ρ = 3×1022 m−3 .
Using the above given parameters of GaAs (x = 0) one can obtain the
effective Bohr radius and the effective Rydberg energy as ∼
= 101 Å and
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Dipol matrix element |M fi | 2 in au

∼
= 5.72 meV, respectively. We have used the energy eigenvalues Ei and
the wavefunctions ψi which were obtained by Özmen et al. [17].
Photoabsorption process may be defined as an optical (intersubband) transition in low dimensional quantum mechanical systems. The
photoabsorption occurs from a lower state to an upper state with absorbing a photon.
Figures 1 and 2 display the square of dipole transition matrix
element between ith and f th states and differences between energy
levels in the dipole transitions as a function of dot radius at x = 0.3. As
can be seen from these figures, energy differences between the levels are
large in small dot radii, whereas the square of dipole matrix elements
6
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Figure 1. The variation of the square of dipole matrix element of the
QD with impurity as a function of dot radius.
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Figure 2. The variation of difference between the energy levels of the
QD with impurity as a function of dot radius.
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is small. On the other hand, in large dot radii, while energy differences
are going to small value, the square of dipole matrix element increase
quickly.
RI changes are important parameters in investigation of optical
properties of QDs. In Figure 3, we plot the linear, nonlinear and total
RI changes for the transitions 1s-1p, 1p-1d and 1d-1f in the QD with
impurity as a function of photon energy ~ω at R = 1a∗ . As seen from
Figure 3, the linear RI change increases constantly with increasing
photon energy until it reaches a maximum value, which happened
in the normal dispersion, defined by dn/dω > 0. As the photon
energy approaches the threshold energy, the sign of normal dispersion
changes and the anomalous dispersion, defined by dn/dω < 0, is
found in the resonance frequency of the QD. This region is known
as an absorption band since photon is very strongly absorbed. While
going up the transition between higher energy levels, the maximum
values of RI changes move toward higher energy region because the
energy differences between higher levels increase. As for the total RI,
the linear change generated by the term χ(1) in the RI is positive,
whereas the third-order nonlinear change generated by the term χ(3)
Z=1
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Figure 3. The linear, the nonlinear and the total RI changes for
transitions 1s-1p, 1p-1d and 1d-1f in the QD with impurity as a
function of incident photon energy (~ω).
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is negative. Therefore the total RI change is significantly reduced by
the nonlinear contribution. The contributions of both the linear and
the third-order nonlinear RI changes should be considered especially
for those operating under high incident optical intensity I.
Figure 4 shows the total RI changes of the QD for the transitions
1s-1p, 1p-1d and 1d-1f as a function of photon energy for three different
values of the dot radii R = 0.9a∗ , 1.4a∗ and 3a∗ for case with impurity
at I = 80 MW/m2 and x = 0.3. As seen from Figure 4, the RI changes
strongly depend on dot radius of QD. The energy difference in QD
increases as dot radius decreases. Thus, the RI changes display a
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Figure 4. The total RI changes for the transitions 1s-1p, 1p-1d and
1d-1f in the QD with impurity as a function of incident photon energy
~ω for three different values of dot radius at x = 0.3.
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shift toward lower energy (red shift) as the dot radius increases. All
transitions are shown the same characteristic feature. As the dot radius
increases, the peak values of total RI changes move toward lower energy
regions. At the same time, the amplitudes of the RI changes increase
as the dot radius increases. On the other hand, while the intensity of
linear RI term increases in small dot radii, the intensity of nonlinear
term increases in large dot radii. That is, as the linear term is more
effective in small dot radii, the nonlinear term is more effective in large
dot radii. The reason is that as the energy difference of the levels is
more dominant in small dot radii, the dipole transition matrix element
is more dominant in large dot radii, see Figure 1 and Figure 2. As a
result of this case, the total RI changes turn upside-down in large dot
radii.
For cases with impurity, in Figures 5(a) and (b), we display the
linear and nonlinear RI changes for the transitions 1s-1p, 1p-1d and
1d-1f as a function of photon energy for three different values of the
stoichiometric ratio x: 0.2, 0.3 and 0.4 for the dot radii R = 1.1a∗ and
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(b)
Figure 5. The linear and the nonlinear RI changes for the transitions
1s-1p, 1p-1d and 1d-1f in the QD with impurity as a function of incident
photon energy (~ω) for three different values of the stoichiometric ratio:
x = 0.2, 0.3 and 0.4: (a) for the dot radius R = 1.1a∗ and (b) for the
dot radius R = 3a∗ .
3a∗ . The confining potential V0 corresponding to these stoichiometric
ratios are 147.48 meV, 228 meV and 313 meV, respectively. In all
transitions, the peak values and the amplitudes of the linear and the
nonlinear RI changes move toward larger energy regions because the
energy difference between subbands for the same dot radius increases
with increasing V0 . In addition, the amplitudes of the RI changes
increase while going up the transitions between higher energy levels at
the same stoichiometric ratio. This is because that the dipole matrix
element of the transitions between higher energy levels increases more
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Figure 6. The linear and the nonlinear RI changes for the transitions
1s-1p, 1p-1d and 1d-1f in the QD with and without impurity as a
function of the incident photon energy (~ω) at R = 0.9a∗ .
than that of lower energy levels, seen Figure 1. It is clearly seen that
the maximum values of the RI changes move toward higher photon
energy region while increasing the stoichiometric ratio x (or confining
potential), especially at strong and medium confining potential regions.
On the other hand, as seen from Figure 5(b), as the dot radius increase,
the nonlinear RI term is more dominant when compared with the linear
RI term. In large dot radii, because the effect of confinement potential
is very little, maximum values of the RI changes shift toward lower
photon energy regions, redshift. However, the amplitudes of the RI
changes increase in large dot radii. Also we have seen that the peak
values of the RI changes in the transitions 1p-1d shift to the lower
photon energy region more than that of the 1s-1p. The reason for this,
the energy difference of the 1p-1d, 0.726557, is smaller than that of the
1s-1p, 0.833425, at R = 3a∗ , as seen from Figure 2.
Understanding the effect of impurity on the electronic states
of semiconductor structures is important in semiconductor physics
because their presence can dramatically alter the performance of
quantum devices, optical and transport properties [37]. In Figure 6,
the linear and the third-order nonlinear RI changes of the QD for the
transitions 1s-1p, 1p-1d and 1d-1f have illustrated as a function of
the photon energy for cases with and without impurity at x = 0.3,
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Figure 7. The total RI changes for the transitions 1s-1p in the
QD with impurity as a function of incident photon energy (~ω) for
five different values of the incident optical intensity at the dot radii
R = 0.9a∗ and 3a∗ .
I = 60 MW/m2 and R = 0.9a∗ . For all transitions it is obviously
shown that the peaks of linear and nonlinear RI changes of the QD
with impurity move toward higher photon energy region, blue shift,
compared with the case without impurity. This shift is more significant
in the transitions between lower energy states where electron is more
localized near the impurity. Besides, it is clearly seen that presence
of impurity decreases the amplitudes of the linear and the third-order
nonlinear RI changes, especially in small dot radii.
The nonlinear RI term has a considerable contribution to
magnetude of the RI changes. In order to illustrate this effect, we
have demonstrated the total RI changes in Figure 7 as a function of
the photon energy ~ω for five different values of the incident optical
intensities I = 10, 30, 50, 70 and 90 MW/m2 for the transitions 1s1p at the dot radii R = 0.9a∗ and 3a∗ . As seen from the curves in
Figure 7, as the incident optical intensity I increases, the total RI
changes are reduced. The higher incident optical intensity I causes to
increase the nonlinear RI term, but the linear RI term does not change
with increasing the optical intensity I. However, these two terms are
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opposite in sign, so the stronger the optical intensity is, the larger the
nonlinear term will be, but the total RI changes are reduced. Therefore,
a relatively weaker incident optical intensity should be employed if it
is desired to obtain a larger change in the RI. There are small shifts
at the peak values of the curves as the incident optical intensity I
increases. On the other hand, as seen from the curves in R = 3a∗ ,
the total RI changes turn upside-down in large dot radii as the optical
intensity I increases, as seen in Figure 4, and the amplitudes of the
total RI changes increase as the optical intensity I increases because
the nonlinear term is more dominant.
4. CONCLUSION
We have investigated the RI changes for the transitions 1s-1p, 1p-1d
and 1d-1f in the spherical QD, GaAs/Alx Ga1−x As, with and without
impurity. Impurity, stoichiometric ratio, dot radius and incident
optical intensity has a great influence on the linear, nonlinear and
total RI changes. Moreover, the magnitudes of the linear, nonlinear
and total RI changes increase for transitions between higher energy
levels. This result is in good agreement with the literature result [32].
To our knowledge there are very few reports of the absorption spectra
including the transitions between higher electronic states in QDs.
With respect to the lack of such studies, we believe that our study
makes an important contribution to the literature. The theoretical
investigation of the optical RI changes in spherical QDs will lead to
a better understanding of the properties of QDs. Such theoretical
studies may have profound consequences about practical application
of the electro-optical devices, and the optical absorption saturation
also has extensive application in the optical communication.
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