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Abstract—A delay nonlinear differential equation is proposed to
investigate the condition of the microwave chaotic behavior existing
between the antenna and the front-end protection circuit of a receiver
such as the radar front-end limiter circuit. This investigation concerns
the case of intentional or unintentional signals applied to the antenna
outside of its bandwidth.
Bifurcation diagrams show that the
chaotic behavior appears for antenna impedance up to 10 Ω and for
amplitudes greater than 1.2 V. Electrical simulation results agree well
with theoretical ones.
1. INTRODUCTION
Radar receivers necessitate sensitive front-end circuits such as low noise
amplifiers or RF detectors to process very small signals. Front-end
protection circuits such as limiters are often used to limit the level
of intentional or unintentional electromagnetic interferences. Limiters
are generally placed between the receive antenna and receiver circuits.
Most of them use the PIN diodes as power controllers [1–3]. In
nonlinear region and under certain conditions, the PIN diode can
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generate chaotic phenomena. Consequently due to a large chaos
bandwidth, certain frequencies can affect the radar operation. The
chaotic behavior has already been observed in a microwave limiter
circuit [4], in ‘R-L-Diode’ circuits [5] and also in VHF microstrip
oscillator [6]. Some theoretical approaches have been proposed for
diode resonator [7, 8]. In this paper, we present a theoretical study
in order to understand the origin of microwave chaotic behavior in
front-end RF limiter circuits. A delay nonlinear differential equation
is derived from this study. This equation allows us to investigate
the conditions in which the chaotic behavior can appear. Microwave
electrical simulations are used to validate the theoretical study.
2. THEORY
Figure 1 presents the studied front-end limiter structure. It’s a limiter
circuit model with a PIN diode-terminated transmission line.

Figure 1. Limiter structure and the driving source, “COAX” coaxial
transmission line and “MLIN” microstrip transmission line.
For radar applications, the antenna can be described by a driving
sinusoidal source E(t) with the amplitude Eg and the impedance Zg :
E(t) = Eg cos(2πf t + ϕ0 )

(1)

with f , the frequency and ϕ0 , the initial value of the phase.
We consider that these two transmission lines “COAX” and
“MLIN” are lossless. We also consider that the coaxial microstrip
transition doesn’t affect the characteristic impedance Z0 . In this case,
we have a single line without losses and with a global delay time
Td . Diode current ID (t) and diode voltage VD (t) can be expressed as
function of the incident voltage V+ (t) and the reflected voltage V− (t)
at the node “B” (Figure 1):
VD (t) = V+ (t) + V− (t)
Z0 ID (t) = V+ (t) − V− (t)

(2)
(3)
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By adding and subtracting the Equations (3) and (2), we obtain
respectively (4a) and (4b):
2V+ (t) = VD (t) + Z0 ID (t)

(4a)

2V− (t) = VD (t) − Z0 ID (t)

(4b)

and
The incident voltage V+ (t) can be expressed using the delayed reflected
voltage V− (t − 2 Td ) and the delayed driving voltage E(t − Td ):
V+ (t) = Γ(t − Td ) V− (t − 2 Td ) + α(t − Td ) E(t − Td )

(5)

The parameters Γ(t) and α(t) represent respectively the reflection
coefficient and transmission coefficient versus time at the node “A”.
A relation between VD (t), ID (t) and E(t) can be derived from the
Equations (4) and (5):
VD (t) − Γ(t − Td )VD (t−2 Td )+Z0 (ID (t)+Γ(t−Td )ID (t−2 Td ))
= 2 α(t − Td ) E(t − Td )
(6)
Using the PIN diode model shown in Figure 2, we can relate VD (t) and
ID (t) (7) [9, 11, 12]:
d
ID (t) = I(t) + q(t)
(7)
dt
with
·
µ
¶
¸
VD (t)
I(t) = Is exp
−1
(8)
βVt
where Is is the diode saturation current, the voltage Vt is the thermal
voltage and β is an ideality coefficient.

Figure 2. The equivalent electrical model of the PIN diode.
The depletion charge q(t) is describe by the capacitor C [10, 11]:
q(t) = CD (t) VD (t) + τ ID (t)

(9)

where τ is the carrier lifetime and CD (t) is the capacitor defined as:
CD (t) = ³

Cj0
1−

VD (t)
V0

´1
2

(10)
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The capacitor Cj0 is defined in the unbiased state and V0 is the built-in
potential.
The current ID (t) can be rewritten using the Equations (7) to
(10):
µ
¶
1 d
d
VD (t)
ID (t) = 1 + τ
I(t) + Cj0 V0 2
(11)
dt
dt (V0 − VD (t)) 21
Equations (6) and (11) give the delay nonlinear differential equation:
VD (t) − Γ(t − Td ) VD (t − 2 Td )
Ãµ
¶
1 d
VD (t)
d
I(t) + Cj0 V0 2
+Z0 1 + τ
dt
dt (V0 −VD (t)) 12
Ãµ
!!
¶
1 d
d
VD (t − 2 Td )
+Γ(t−Td ) 1+τ
I(t−2 Td )+ Cj0 V0 2
dt
dt (V0 −VD (t−2 Td )) 21
= 2 α(t − Td ) E(t − Td )
(12)
The transmission coefficient α(t) is determined as:
Z0
α(t) =
(1 + ΓD (t − Td ) cos (2πf 2Td ))
Z0 + Zg

(13)

ΓD (t) is the reflection coefficient at the node “B”. It is given by:
ΓD (t) =

VD (t)
ID (t)
VD (t)
ID (t)

− Z0
+ Z0

=

VD (t) − Z0 ID (t)
VD (t) + Z0 ID (t)

(14)

The reflection coefficient Γ(t) at the node “A” is determined using the
Equation (15):
Zg − Z0
(15)
Γ(t) =
Zg + Z0
The Equation (12) becomes:
VD (t) − Γ(t − Td ) VD (t − 2 Td )
Ãµ
¶
1 d
d
VD (t)
+Z0
1+τ
I(t) + Cj0 V0 2
dt
dt (V0 − VD (t)) 12
Ãµ
!!
¶
1 d
d
VD (t − 2 Td )
+Γ(t−Td ) 1+τ
I(t−2 Td )+Cj0 V0 2
dt
dt (V0 −VD (t−2 Td )) 21
Ã
!
Z0
VD (t − 2 Td ) − Z0 ID (t − 2 Td )
=2
1+
cos (2πf 2Td )
Z0 + Zg
VD (t − 2 Td ) + Z0 ID (t − 2 Td )
Eg cos (2πf (t − Td ) + ϕ0 )

(16)
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The delay nonlinear differential Equation (16) is solved using the
R
Matlab°
software.
The PIN diode is a commercial PIN diode “BAP64-02” [13] often
used for designing RF attenuators and limiters applications up to
3 GHz. The parameters of the transmission line are Td = 1 ns and
Z0 = 50 Ω. The initial phase value ϕ0 of the driving source is taken
equal to zero. Figure 3 shows the bifurcation diagrams calculated at
f = 1 GHz. The bifurcation diagrams present the local maxima of
the voltage VD (t) versus the bifurcation parameters Zg in Figure 3(a)
and Eg in Figure 3(b). A finite integer number of local maxima
corresponds to a periodic behavior (Zg > 10 Ω and Eg < 1.2 V). A
infinity of local maxima corresponds to a chaotic behavior. From these
results, we can deduce that the chaotic behavior appears for important
impedance mismatch up to Zg = 10 Ω and for a minimum driving
voltage Eg = 1.2 V. The important impedance mismatch added to
the presence of a nonlinear component such as diodes working in the
nonlinear region favor the chaos generation.

(a)

(b)

Figure 3. Bifurcation diagrams: (a) Bifurcation parameter Zg with
Eg = 2 V and (b) bifurcation parameter Eg with Zg = 5 Ω.
The method of induced electromotive force and the analytical
expressions of the radiated and electrical powers allow to obtain an
electrical model of a dipole antenna [14, 15]. Equations (17) give the
resistance Rdipole and the reactance Xdipole of the radiation impedance
for a dipole antenna:
Ã
η
1
Rdipole =
C +ln(kl)−Ci(kl)+ sin(kl)(Si(2kl)−2Si(kl))
2
2
2π sin (kl/2)
µ
µ ¶
¶!
1
kl
+ cos(kl) C + ln
+ Ci(2kl) − 2Ci(kl)
(17a)
2
2
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and
Xdipole

Ã
η
=
2Si(kl) + cos(kl)(2Si(kl) − Si(2kl))
4π sin2 (kl/2)
¶¶ !
µ
µ
2ka2
− sin(kl) 2Ci(kl) − Ci(2kl) − Ci
(17b)
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where Ci and Si are the cosine and sine integral functions, l is the
dipole length, a is the dipole radius, k = 2πf c−1 with c = 3 (108 ms−1 ),
η = 120π Ω (impedance in free space), C = 0.577. Figure 4 depicts
Rdipole and Xdipole versus frequency.
For the frequencies outside the antenna bandwidth and more
precisely for those lower than f0 , Rdipole is of few ohms and this leads
to an impedance mismatch.
Figure 5 shows the bifurcation diagram using the parameter Td .
From Figure 5, the chaotic regime occurs every Td = 0.5 ns. This is
due to the periodicity of the term “cos(2πf 2Td )” in the expression of
α(t) in Equation (16). This periodicity is equal to Td = f −1 /2 = 0.5 ns
at 1 GHz. Figure 6 plots the attractors for different delay times Td .
The attractors display the voltage VD (t) versus the current ID (t).
For Td ∈ {n T2 ; n ∈ N∗ }, the trajectory fills the phase space
(Figure 6(b)). For all other values of Td , the chaos phenomena is
very reduced.

-1.5
-2
3

Figure 4.
Dipole resistance
and reactance for l = 6 cm and
a = 0.1 mm.
The resonant
frequency is f0 = 2.5 GHz and the
dipole bandwidth is f0 /10 GHz,
Rdipole < 10 Ω for f ≤ 1 GHz.

Figure 5. Bifurcation diagram
using the parameter Td with Zg =
5 Ω and Eg = 2 V.
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Figure 6. Attractors for Eg = 2 V and Zg = 5 Ω: (a) Td = 1.3 ns, (b)
Td = 1 ns.

(a)

(b)

Figure 7. Bifurcation diagrams at Td = 1 ns: (a) Bifurcation
parameter Zg at Eg = 2 V and (b) bifurcation parameter Eg at
Zg = 5 Ω.
3. ELECTRICAL SIMULATIONS
The design of the studied limiter model of Figure 1 is analyzed with
the microwave electrical software; “Advanced Design System” (ADS ).
The PIN diode is described by a complete model available in the ADS
library. The electrical characteristics are the same as those of the
theoretical result part. The Figure 7 depicts the bifurcation diagrams
with the bifurcation parameters Zg and Eg .
From the bifurcation diagrams, we plot the periodic and chaotic
attractors for two different amplitudes of the driving source (Figure 8).

Caudron et al.

250
200
150
100
50
0
- 50
-100
-150
-200
-250

1
0
-1
V D (V)

V D (mV)

26

-2
-3
-4
-5

-0.8 -0.6-0.4 -0.2 0 0.2 0.4 0.6 0.8
I D (mA)

(a)

-6
-150 -100 -50

0
50 100
I D (mA)

150

(b)

Figure 8. Attractors at Zg = 5 Ω and Td = 1 ns: (a) Periodic attractor
for Eg = 0.1 V and (b) chaotic attractor for Eg = 2 V.

We find a good agreement between the theoretical results and those
obtained by using the electrical simulations. In the bifurcation
diagrams, the borders between the periodic and chaotic operating
regimes are similar with those given by the theoretical part, up to
Zg = 8 Ω and for a minimum driving voltage Eg = 1.4 V. The shapes
and the amplitudes of attractors are also comparable. Compared to
the simulation study, the theory allows to understand more precisely
the parameters which govern the chaotic behavior. In the other hand,
the simulations allow to validate the theory by using a complete model
which accounts for the parasitic elements of the diode but necessitate
the knowledge of theoretical conditions which ensure to obtain a
chaotic behavior.
4. CONCLUSION
A delay nonlinear differential equation is proposed to understand the
origin of the microwave chaotic behavior in the radar front-end limiter
circuit. Bifurcation diagrams provide the conditions at which the
chaotic behavior appears. They also show that the trajectory fills the
phase space only for a periodic delay time of the half driving signal
period. Simulation results agree well with the theoretical ones. This
study can be extended to all the receiver systems where the protection
circuits are needed. It can be also extended to the other cases where
the line impedance is different of 50 Ω.
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