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Abstract—Forward scattering from a ﬁnite, right-circular cylinder is
analyzed as a function of size. Both axial and broadside incidence are
treated. Predictions based upon combinations of Physical Optics, Wu’s
series, and empirical formulas are compared with numerical results
from the moment method. The analysis examines cylinders that vary
between 1 to 20 wavelengths in radius and 0 to 20 wavelengths in
length. Approximate formulas accurately model the RCS of cylinders
as small as one wavelength in radius. Accuracy of predictions improves
with increase in cylinder size.
1. INTRODUCTION
The exact solution for scattering from an inﬁnitely long, perfectly
conducting, right-circular cylinder viewed at broadside incidence is
attributed to Lord Rayleigh [1]. It has received the most intensive
study of all two-dimensional structures [2], and several books contain
calculations of bistatic RCS. Ruck et al. [3] present a summary of
cylinder studies that includes plots of the bistatic RCS for several radii.
Although these bistatic data include the relevant forward scattering
case, a cylinder of ﬁnite length scatters diﬀerently.
The topic of interest, the conventional bistatic RCS in the forward
direction, will be called “Forward RCS” and denoted by σ F . Crispin
and Siegel [4] state that the Physical Optics (PO) result for σ F depends
upon the projected area of the object. In the limit of vanishing
wavelength, σ F is the same for all objects having the same projected
area, regardless of the shape of the object or the choice of incident
polarization. Siegel’s [5] claim seems bold in its disregard for scattering
parameters as important as shape and polarization. However, it will
be shown that PO provides the leading term in σ F for a ﬁnite, rightcircular cylinder viewed at axial or broadside incidence.
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Forward RCS σ F is distinct from Total RCS σ T (sometimes called
the Extinction RCS) predicted by the Forward Scattering Theorem
(FST) [3]. King and Wu [6] use the FST to predict σ T for a circular
cylinder at practical wavelengths. The perfectly conducting cylinder
is inﬁnitely long and illuminated at broadside incidence. Wu expands
the solution in an asymptotic series in which the leading term is the
Geometric Optics value. The remaining terms depend upon shape
though inverse powers of radius. Predictions of σ T based upon Wu’s
series agree with computations of the exact eigenfunction expansion for
both vertical and horizontal polarization (see Figs. 18 and 19 in [6]).
Siegel’s PO result and Wu’s series will be included in a formula
for the forward RCS of a ﬁnite, perfectly-conducting cylinder, which
includes two new contributions. Brieﬂy, surfaces that are tangent to
the shadow boundary may contribute to forward scattering. At axial
incidence, forward scattering depends upon the area of the curved
surface of the cylinder. At broadside incidence, forward scattering
also depends upon the area of the ﬂat surfaces at the sides. It is these
surface area contributions and Wu’s series which furnish the shape and
polarization information that is missing in PO.
Predictions of σ F based upon Physical Optics, Wu’s series, and
empirical formulas are combined in ways guided by results of method
of moment (MM) calculations. All quantitative MM data are obtained
using the body-of-revolution solution called Cicero [7]. It enables
calculation of forward scattering from cylinders between 1 and 20
wavelengths in radius and 0 and 20 wavelengths in length. Much of
the data is for cylinders 4 wavelengths long having radii between 2 and
16 wavelengths.
2. ANALYSIS
Figure 1 shows a perfectly conducting, circular cylinder which is
symmetrical along the X axis of the coordinate system used for
analysis. The cylinder has radius a and length L. All dimensions
are given in wavelengths where λ = 2.54 cm. Illumination by a plane
wave is depicted with its wave propagation vector conﬁned to the X-Y
plane, and e−jt time dependence is suppressed. The incidence angle
(αInc ) and observation angle (αObs = αInc + 180◦ ) are measured from
the X-axis and the phase reference is the origin. In Fig. 1, vertical
polarization is shown with the electric ﬁeld vector E aligned parallel
to the Z-axis: horizontal corresponds to the E perpendicular to the
Z-axis. The polarization notation is as follows; σvv denotes vertical
polarization RCS, σhh horizontal, σop opposite-sense circular, and σpp
same-sense circular.
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Figure 1. Coordinate system for circular cylinder.
2.1. Axial Incidence
According to Physical Optics, if the wavelength is small, forward RCS
depends on the projected area and the phase is purely imaginary [5].
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where Areap is the projected area under the curve separating the
illuminated and shadowed regions. At axial incidence, the near ﬂat
surface and the curved surface are directly illuminated, so the shadow
boundary lies at the far end of the cylinder.
The contribution from the curved surface of a cylinder is given
empirically by:
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where Areacs = 2πaL is the area of the curved surface, and Hp = 2a is
the height. Combining (1) and (2), the forward RCS at axial incidence
is:
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(Symmetry dictates that σvv = σhh = σop and σpp vanishes.) Fig. 2(a)
compares (3) with MM RCS data with a = 2, 3 and 4 for 0 ≤ L ≤ 16.
For a given radius, the PO RCS for a cylinder and an inﬁnitely thin
disk (L = 0) are the same. The MM data show a monotonic increase in
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RCS with increase in L that is due to currents on the curved surface.
By combining terms from PO and the curved surface, (3) provides very
accurate estimates of RCS for radii as small as 2.

Cylinder Length L

Cylinder Length L

(a)

(b)

Figure 2. Forward scattering at axial incidence as function of length.
(a) RCS. (b) Phase.
Figure 2(b) shows that the phase for a = 2 continues to diverge
from MM data as length increases. Although the largest diﬀerence is
small (∼ 0.12 radian), a better approximation is provided for rod-like
cylinders viewed axially:
ρFvv (0◦ ) = ρFhh (0◦ ) = ρ(3) − 0.0656a−4/3 L0.57

(3a)

where ρ(3) denotes the phase predicted by (3). In the region covered
by Fig. 2(b), phases now agree to within 0.01 radians.
2.2. Broadside Incidence
At broadside incidence, half of the curved surface (Y ≥ 0) and the
entire ﬂat surfaces are directly illuminated. Forward RCS depends
upon polarization in two ways: (1) the curvature of the cylinder at
the shadow boundary, and (2) the ﬂat sides. The eﬀect of curvature
is explicit in Wu’s formulas for the total RCS σ T of an inﬁnitely long
cylinder (17.11) and (17.12) in [6]). To suit the present application,
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Wu’s asymptotic series is truncated to three terms and the coeﬃcients
are reduced to three signiﬁcant ﬁgures:
Whh ≈ 1 + 0.498(ka)−2/3 − 0.011(ka)−4/3
Wvv ≈ 1 − 0.432(ka)−2/3 − 0.214(ka)−4/3

(4)

The ﬁrst term is the Geometric Optics result, and the terms in inverse
powers of (ka) are corrections. The diﬀerence in the surface current
density near the shadow boundary on the curved surface results in
Whh > Wvv . In order to apply (4), it is ﬁrst necessary to relate formulas
for Forward and Total RCS. Since σ T ∝ Areap W , it can be inferred
that σ F ∝ Area2p W 2 so that:
σ F (90◦ ) = σ P O (90◦ )W 2

where σ
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In the case of horizontal polarization, Whh increases the PO result:
2
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Figure 3 quantiﬁes the eﬀect of small curvature on RCS with 4 ≤ L ≤ 8.
F (90◦ ) from (6) is in close agreement with MM
Fig. 3(a) shows that σhh
data whereas σ P O from (5a) underestimates MM RCS by as much as
∼1 1/2 dB. For horizontal polarization, PO modiﬁed by Wu’s series
gives an excellent approximation down to a = 1.
In the case of vertical polarization, scattering also arises from the
ﬂat sides of the ﬁnite cylinder. A formula [8] for the contribution from
the two sides is:
side
=
σvv

14
a3
AreaS Hp = 28
and ρside
vv = 3π/4
πλ
λ

(7)

where Areas = πa2 is the surface area and Hp = 2a is the height.
(Notice that (7) has the same form as (2) with a diﬀerent constant.)
Combining (4), (5) and (7):
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RCS data shown in Fig. 3(b) conﬁrm that (8) combines Physical
Optics, Wu’s series and side contributions properly. Depending upon
the choice of radius and length, the RCS (8) may be less than or greater
than the PO prediction.

Cylinder Length L

Cylinder Length L

(a)

(b)

Figure 3. Forward RCS at broadside incidence as function of length.
(a) Horizontal polarization. (b) Vertical polarization.
Figure 4 illustrates the eﬀect of large curvature on RCS for a
F (90◦ ) is accurately
family of cylinders having L = 4. In Fig. 4(a), σhh
P
O
◦
represented by σ (90 ) because there is no side return and Whh ≈ 1.
F (90◦ ) becomes as much as 4 dB greater than
On the other hand, σvv
σ P O (90◦ ) largely due to the strong contribution (7) from the ﬂat sides.
Circular polarization RCS is obtained by combining (6) and (8):
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4
Figure 4(b) shows RCS results for circular polarization. σpp is normally
greater than σop in backscattering; the converse is true in forward
F (90◦ ) agrees closely with MM data while σ F (90◦ ) falls
scattering. σop
pp
F (90◦ ) is much weaker and
farther below as the radius increases. σpp
close agreement with MM data is not maintained for a < 6. Still,
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Figure 4. Forward RCS at broadside incidence as function of radius.
(a) Linear polarization. (b) Circular polarization.
(10) has value considering the corresponding PO result vanishes for all
radii.
Figure 5 compares the corresponding results for scattering phase.
The match with MM data for vertical polarization is excellent.
Horizontal polarization data agree to within 0.1 radians.
The
correspondence with opposite-sense circular is also excellent, and samesense circular RCS matches as well as the horizontal polarization case.
3. DISCUSSION
Forward RCS has been investigated when a ﬁnite, right-circular
cylinder is illuminated at axial and broadside incidence. Provided a
very short cylinder is not viewed broadside, the dominant term is given
by PO. A second term, called Wu’s series, is due to surface curvature
at the shadow boundary. Two new terms, found empirically, are
associated with surface areas that are tangent to the shadow boundary.
Together, the terms account for the dependence of scattering upon
shape and polarization that is observed in MM data.
When all terms are included, predictions are in very close
agreement with MM RCS with one exception. Of four polarization
combinations examined, only the weakest return (parallel circular
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Figure 5. Forward phase at broadside incidence as function of radius.
(a) Linear polarization. (b) Circular polarization.
polarization shown in Fig. 4(b)) shows a large mismatch in RCS and
only when the radius is not large.
The same approach may be used to predict forward scattering
at arbitrary aspects. It remains to determine the aspect dependence
of (2) near axial incidence, and (4) and (7) near broadside incidence.
This implies that PO given by (1) is adequate at intermediate aspects.
Finally, empirical ﬁndings about Forward RCS σ F can be carried over
to Total RCS σ T .
4. CONCLUSIONS
Simple formulas are presented for predicting the forward RCS of a
ﬁnite, circular cylinder illuminated at axial or broadside incidence. By
adding terms to the Physical Optics result, the proper dependence of
scattering upon shape and polarization is obtained. RCS estimates
are in excellent agreement with moment method calculations when
the radius is large, and in most cases when the radius is as small as
two wavelengths. The same technique can be used to predict forward
scattering at arbitrary incidence angles, and from other objects (e.g.,
a ﬁnite, rectangular cylinder).
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