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Abstract—A theoretical analysis of the properties of the defect modes
in a one-dimensional defective photonic crystal (PC) is given. Two
defective PCs stacked in symmetric and asymmetric geometries are
considered. The defect modes are investigated by the calculated
wavelength-dependent transmittance for both TE and TM waves. It is
found that there exists a single defect mode within the photonic band
gap (PBG) in the asymmetric PC. There are, however, two defect
modes within the PBG in the symmetric one. The dependences of
defect modes on the angle of incidence are illustrated. Additionally,
the effect of defect thickness on the number of defect modes is also
examined.
1. INTRODUCTION
A one-dimensional binary dielectric superlattice is a periodic structure
that is formed by two distinct dielectrics with different refractive
indices. Such a layered structure is usually designed to serve as a
dielectric mirror (also known as a Bragg reflector) which plays an
important part in many modern photonic systems [1–4]. A periodic
bilayer system is now known as one-dimensional photonic crystal
(1DPC), which has been a hot topic in optical physics over the past
two decades [5–16]. In a PC, there will be photonic band gaps (PBGs)
created due to the spatial periodicity.
By capitalizing on the existence of the PBGs in a PC, one of the
important and useful applications in photonics is to utilize the PBG to
design a multilayer narrowband transmission filter also called a FabryPerot resonator (FPR). An FPR can be simply realized by introducing
a defect layer into the PC to break the spatial periodicity. This defect
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layer behaves, in principle, as a cavity resonator when the resonant
condition is satisfied. The defect modes will be located within the
PBG, which are much similar to the defect states generated in the
forbidden band in a doped semiconductor. Materials for the defect
layer usually call for dielectrics [1–4]. Recently, due to the realization
of a metamaterial with negative refractive index (NRI) predicted by
Veselago [17], defect layer using NRI materials are also available [18–
20]. In addition, by making use of an electro-optical nonlinear defect,
the device can become tunable [21–24].
In a 1DPC, adding a defect layer D in it will lead to the system
denoted as A/(HL)N D(HL)N /S where A means the usual air, N
is the number of periods for the periodic bilayers, and S denotes
the substrate. In addition, H and L are the high- and low-index
layers with their thicknesses usually set to be quarter-wavelength, i.e.,
nH dH = nL dL = λ0 /4, where nH , nL , and dH , dL are the refractive
indices and thicknesses of H and L, respectively, and λ0 is the design
wavelength. The above structure is referred to as an asymmetric
defective PC with respect to the defect layer D, as depicted in the lower
one of Fig. 1. In addition to the asymmetric structure, the defective PC
can also be designed in a symmetric manner like A/(HL)N D(LH)N /S,
as depicted in the upper one of Fig. 1.
The purpose of this paper is to investigate the properties of defect
modes in these two defective PCs. We specifically investigate the defect
modes as a function of the angle of incidence for both TE and TM
waves for both the symmetric and asymmetric defective PCs. As we
shall show later, in the asymmetric PC, we find there is only one defect

Figure 1. Structures of two defective PCs, in which the upper one is
referred to as symmetric PC, whereas the asymmetric one is depicted
in the lower figure.
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mode within the PBG. However, there will be two defect modes in
the symmetric PC. The presence of two defect modes may be more
efficient in utilizing the PBG compared to the single mode in the
asymmetric one [25, 26]. Moreover, the feature of two-mode makes
the structure more useful in the signal processing especially in optical
communication. For instance, it can be used as a frequency-selective
filter (or wavelength multiplexer) that can extract two signals with
fairly different frequencies. The analysis on the properties of defect
modes gives some useful information for the design of narrowband
transmission filter based on the one-dimensional PCs.
2. THEORY
Let us first consider the symmetric defective PC with a structure of
A/(HL)N D(LH)N /S, as depicted in Fig. 1. The transmittance T is
related to the transmission coefficient t by
nS cos θS 2
T =
|t| ,
(1)
nA cos θA
where t is given by
1
t=
,
(2)
M11
according to the transfer matrix method [2], where M11 is one of the
matrix elements of the total system matrix M written by
¶
µ
M11 M12
.
(3)
M=
M21 M22
The total system matrix is given by
£
¤ £
¤
−1
−1 N
Msym = D−1
DD PD D−1
A DH PH DH DL PL DL
D
£
¤
−1 N
DL PL D−1
DS ,
L DH PH DH
where the dynamical matrix in Eq. (4) for medium i is given by
µ
¶
1
1
Di =
,
ni cos θi −ni cos θi
for TE wave and

µ
¶
cos θi cos θi
Di =
,
ni
−ni

(4)

(5)

(6)

for TM wave, and i = A, H, L, and S, respectively. The translational
matrix in layer H, L, or D is expressed as
µ
¶
exp (jφi )
0
Pi =
,
(7)
0
exp (−jφi )
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where the phase is φi = 2πni di /λ, where λ is the wavelength of
the incident wave. In the above formulations, ni , θi , and di are the
refractive index, the ray angle, and the thickness of layer i, respectively.
For i = A, the ray angle in air is then equal to the incident angle
denoted by θ ≡ θA . All the ray angles are related by the Snell’s law of
refraction.
As for the asymmetric defective PC shown in the bottom of Fig. 1,
the total system matrix is given by
£
¤ £
¤
−1
−1 N
Masy = D−1
DD PD D−1
A DH PH DH DL PL DL
D
£
¤
−1 N
DH PH D−1
DS .
(8)
H DL PL DL
From Eq. (8), we can obtain the matrix element M11 , the transmittance
T in this case is determined again by Eqs. (1) and (2).
3. NUMERICAL RESULTS AND DISCUSSION
In what follows we shall investigate the defect modes based on the
calculated angle-dependent transmittance for both the asymmetric
and symmetric defective PCs. The material parameters used in our
calculation are nH = 2.1 for layer H, nL = nD = 1.4 for layer L
and D. Without loss of generality, the defect modes are investigated
for the quarter-wavelength stack, i.e., nH dH = nL dL = λ0 /4 with
a design wavelength of λ0 = 1550 nm in infrared region. We choose
the quarter-wavelength stack because its analytical expression for the
transmittance can be obtained and thus some physics can be gained
insight directly. In addition, we choose λ0 = 1550 nm for its use in
optical communications. The number of periods for each PC is N = 10.
The substrate S is simply assumed to be air with nS = nA = 1.
3.1. Defect Modes in Asymmetric PC A/(HL)10 L(HL)10 /S
In Fig. 2, we have plotted the wavelength-dependent transmittance
for the asymmetric PC in TE wave at different angles of incidence 0◦ ,
15◦ , 30◦ , 45◦ , 60◦ , and 75◦ , respectively. Some features are of note.
In this case, there is a single resonant peak within the PBG which
corresponds to the so-called defect mode. For normal incidence, i.e.,
at 0◦ , it is seen that this resonant peak locates at the design wavelength
of λ0 = 1550 nm. The peak height is then strongly decreased with the
increase in the angle of incidence. At a much larger angle, say 75◦ , the
resonant peak height has been lowered down to 0.16. In addition, the
position of defect mode is shifted to the left as the angle of incidence
increases. The decrease in peak height means an incomplete resonance
at the defect mode.
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Figure 2. Calculated TE-wave transmittance for the asymmetric
filter A/(HL)10 L(HL)10 /S as a function of the wavelength at different
angles of incidence 0◦ , 15◦ , 30◦ , 45◦ , 60◦ , and 75◦ , respectively.

Figure 3.
The angle-dependent peak wavelength (left) and
peak height (right) for the defect mode in asymmetric filter
A/(HL)10 L(HL)10 /S in TE wave.
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Another feature in Fig. 2 that is worth mentioning is the width of
PBG. In normal incidence, the left band edge λL and right band edge
λR can be analytically determined by the theory of Bragg reflector,
i.e., they can be obtained by using the following equation [1],
λL =

π (nH dH + nL dL )
,
cos−1 (−ρ)

λR =

π (nH dH + nL dL )
,
cos−1 (ρ)

(9)

where ρ = (nH − nL )/(nH + nL ) is the Fresnel coefficient. Based on
Eq. (9) together with the given material parameters, the calculated
band edges are given by λL = 1374 nm and λR = 1778 nm. The
band gap has a size of 404 nm with band center λc at 1556 nm. Good
agreement with the Fig. 2 is thus seen. As the incident angle increases,
both λL and λR moved to the left. As a result, the PBG is moved to
the left, as illustrated in Fig. 2. The dependence of peak wavelength
and peak height on the angle of incidence is plotted in Fig. 3.
The defect modes for TM wave are plotted in Fig. 4, in which the
angles of incidence 0◦ , 15◦ , 30◦ , 45◦ , 60◦ , and 75◦ in Fig. 2 are also taken

Figure 4. Calculated TM-wave transmittance for the asymmetric
filter A/(HL)10 L(HL)10 /S as a function of the wavelength at different
angles of incidence 0◦ , 15◦ , 30◦ , 45◦ , 60◦ , and 75◦ , respectively.
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Figure 5.
The angle-dependent peak wavelength (left) and
peak height (right) for the defect mode in asymmetric filter
A/(HL)10 L(HL)10 /S in TM wave.
for the purpose of comparison. For normal incidence, i.e., at 0◦ , the
figure is identical to that in Fig. 2 because there is no difference between
TE and TM waves at normal incidence. Like in TE wave, the position
of defect mode is shifted to shorter wavelength as the angle increases.
The resonant peak height is initially increases appreciably from 0◦ to
45◦ and then decreases as the angle increases. The dependence of peak
wavelength and peak height on the incident angle in this case is shown
in Fig. 5.
To explain the above properties in the asymmetric defective PC,
let us start from the simple normal incidence. In this case, an exact
expression for the transmittance at design wavelength can be found,
namely
T (λ0 ) = ·³

4
´2N ³ ´2N ¸2
³
´ ³
´2
³
´.
nL
nH
1
2 2π
2 2π n d
+
cos
+
n
+
sin
n
d
D
D
D
D
D
nH
nL
λ0
nD
λ0

With the fact that

(10)

λ0
,
(11)
4
and thus cos(2πnD dD /λ0 ) = 0 and sin(2πnD dD /λ0 ) = 1, it can be
seen from Eq. (10) that there will be a single defect mode at λ0 with
a maximum transmittance,
4
T (λ0 ) = ³
(12)
´2 .
1
nD + nD
nD dD = nL dL =
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The peak height will thus be lowered down as nD increases. That
explains why we chose the low-index layer as a defect. Now with
nD = 1.4, Eq. (12) yields T (λ0 ) = 0.895 consistent with the results
shown in the top curves of Figs. 2 and 4, and the right curves of Figs. 3
and 5. It should be noted that the peak transmittance can be unity if
the defect layer is replaced by the air of nD = 1. In addition, Eq. (12)
shows that the peak height and the peak wavelength are independent
of the stack number N . The effects of N are to narrow the peak shape
and to make the band edges more sharp as N increases.
Physically, the presence of a single defect mode can be understood
by making use of the equivalent absentee layer, i.e., two consecutive
quarter-wavelength layers of HH or LL will effectively reduce to be
absentee. Thus, the asymmetric filter can be equivalently reduced to
a single quarter-wavelength layer as follows:
(HL)N L(HL)N → (HL)N −1 HLLHL(HL)N −1
→ (HL)N −1 L(HL)N −1 → · · · → L.

(13)

For a single quarter-wavelength layer, it can be regarded as a simple
single-layer FPR with the transmittance peak occurring when the
optical length Lp is given by
λ0
(2m + 1), m = 0, 1, 2, . . . .
(14)
4
For m = 0, Eq. (14) leads to Eq. (11). The origin of single defect mode
is thus seen.
Now let us continue to investigate the angular dependence of defect
mode. At resonance, the multilayer effectively acts a single layer and
the resonance condition in Eq. (11) or (14), in the oblique incidence,
should be corrected as
λ0
Lp = nD dD cos θD = nL dL cos θL =
cos θL , .
(15)
4
The peak position is proportional to cos θL . Thus, the peak wavelength
will be less than λ0 and decrease with the increase in the incident angle
θA because
s
n2
cos θL = 1 − A
sin θA .
(16)
n2L
Lp = nD dD = nL dL =

This explains the shifting properties as the incident angle increases, as
illustrated in Fig. 2 for TE wave and 4 for TM wave, respectively.
As for the angle-dependent peak height, we can physically
understand as follows: Again, at resonance, we treat the structure
as a single defect slab. For a slab under oblique, in TE wave, it is
known that the reflectance is an increasing function of the incident
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angle, which means the transmittance will decrease as the angle
increases. Thus the transmittance peak height will decrease as a
function of the incident angle, as shown in Fig. 2 and the right in
Fig. 3, respectively. However, in TM wave, it is known that there
exists the Brewster angle (at which transmittance is unity) in the
angle-dependent transmittance. For the angles smaller than Brewster
angle, the transmittance is an increasing function and then becomes
a decreasing function when the angle larger than the Brewster angle.
Such properties are evidently illustrated in Fig. 4 and the right in
Fig. 5, respectively. In addition, we have found an effective Brewster
angle ∼ 45◦ in TM wave in this filter.
3.2. Defect Modes in Symmetric PC A/(HL)10 L(LH)10 /S
In Fig. 6, we have plotted the wavelength-dependent transmittance
for the symmetric PC in TE wave at different angles of incidence, 0◦ ,
15◦ , 30◦ , 45◦ , 60◦ , and 75◦ , respectively. In this case, there are two
defect modes, as indicated by the two resonant peaks 1 and 2 within

Figure 6. Calculated TE-wave transmittance the symmetric filter
A/(HL)10 L(LH)10 /S as a function of the wavelength at different
angles of incidence 0◦ , 15◦ , 30◦ , 45◦ , 60◦ , and 75◦ , respectively.
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Figure 7. The angle-dependent two peak wavelengths for the defect
mode in symmetric filter A/(HL)10 L(LH)10 /S in TE wave.
the PBG. The presence of two defect modes can be ascribed to the
structural reflection symmetry [27]. This feature of symmetry will give
rise to two possible field solutions in the defect layer at resonance. One
solution proportional to cosine function belongs to an even symmetry
which corresponds to the lower energy state, as marked by 2. The other
proportional to sine function is an odd symmetry and is indicated by
1. The dependence of defect modes 1 and 2 on the angle of incidence
is plotted in Fig. 7.
For normal incidence, θ = 0◦ , we see that the left peak locates at
the wavelength less than the design wavelength λ0 whereas the position
of right peak is higher than λ0 . If the incident angle increases, then,
similar to the asymmetric case, the positions of two defect modes are
again shifted to the left. However, the peak heights for the two peaks
remain unchanged as the incident angle changes.
Shown in Fig. 8 are the defect modes in TM wave for the
symmetric PC. The peak heights of two defect modes, the same as
in Fig. 6, are not influenced by the incident angle. The positions of
two defect modes are also moved to shorter wavelength as the incident
angle increases. Moreover, the separation of two peaks is decreased
with the increase in the angle of incidence. The positions of two defect
modes as a function of the angle of incidence are shown in Fig. 9.
To explain the above properties in the symmetric defective PC, we
again start from the simple normal incidence. In this case, an explicit
expression for the transmittance at design wavelength can be found to

Progress In Electromagnetics Research, PIER 103, 2010

179

Figure 8.
Calculated TM-wave transmittance symmetric PC
A/(HL)10 L(LH)10 /S as a function of the wavelength at different
angles of incidence 0◦ , 15◦ , 30◦ , 45◦ , 60◦ , and 75◦ , respectively.

Figure 9. The peak wavelength for the defect mode in symmetric PC
A/(HL)10 L(LH)10 /S in TM wave as a function of angle of incidence.
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be
T (λ0 ) =

³
4 cos2

2π
n d
λ0 D D

´

"
+

µ
1
nD

4
.
¶2N
µ
¶2N #2 ³
´
nL
nH
2 2π
sin λ0 nD dD
+nD
nH
nL

(17)

With nD dD = nL dL = λ0 /4, Eq. (17) becomes
4

T (λ0 ) = ·
1
nD

³

nL
nH

´2N

³
+ nD

nH
nL

´2N ¸2 ≈ ·

4
³
nD

nH
nL

´2N ¸2 ,

(18)

which is obviously very close to zero as N À 1. It is concluded that
there will be no defect mode at the design wavelength λ0 = 1550 nm
in this case, as illustrated in the top curve of Fig. 6. In fact, numerical
results demonstrate that there are two defect modes away from λ0 .
The presence of two defect modes can be qualitatively explained
as follows: Due to the structurally reflection symmetry, the structure
can be analogously regarded as a single attractive quantum well when
resonance occurs. In a single quantum well, it is known that there
will two kinds of bound states that could be even and odd symmetry
in wavefunctions. The even symmetry means the wavefunction is
proportional to cosine function, while it is proportional to sine function
for the odd symmetry. The even bound state equivalently corresponds
to defect mode 2 (in Fig. 8) with lower energy whereas the odd bound
state with a higher energy corresponds to the defect mode 1.
As for the angular dependence of the peak positions, we can
similarly use Eqs. (15) and (16) to reason the shifting behaviors in
the defect modes. In this symmetric one, the two defect modes has
a complete transmission, i.e., T = 1, which can be ascribed to the
impedance match when resonates. Impedance match means the whole
structure is matched to the air such that the reflection coefficient is
zero.
3.3. Thickness Effect in Asymmetric PC A/(HL)10 mL(HL)10
/S
Let us finally examine the effect of defect thickness on the number
of defect modes in asymmetric defective PC, A/(HL)10 mL(HL)10 /S,
where m representing the repeated number of defect layer is limited to
the condition of m < 10. Some results in normal incidence are shown
in Fig. 10, where the left is plotted at m = odd and the right is for
m = even. It is of interest to see that the number of defect modes is
odd when m is odd, and is even when m is even. For the odd number
of m = 1 (See Figs. 2 and 4), 3, 5, and 7, there is always a single defect
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Figure 10.
The transmittance spectra in asymmetric PC
A/(HL)10 mL(HL)10 /S in normal incidence at different numbers of
defect layers, m = odd (left) and m = even (right).
mode fixed at 1550 nm. This dependence can be simply understood by
using absentee layer, that is, mL → L, for m = odd. The structure
thus effectively has a single defect L as described previously.
For m = even, in Fig. 10, two defect modes appear with the PBG.
In addition, the separation of these two defect modes decreases as m
increases. The appearance of two defect modes can be qualitatively
explained as follows. For m = even, the structure (HL)N mL(HL)N is
identical to H(LH)N −1 (m + 1)L(HL)N , which can be approximately
as a symmetric one with defect layer of (m + 1)L if N is large. Based
on the previous discussion in the symmetrical filter, it is thus expected
to have two defect modes in this case.
The presence of multiple defect modes at the even number of
m makes the structure possible to be designed as a multichannel
filter which can efficiently enhance the spectral utilization in the PBG
instead of using the quantum-well defect [26, 28].
4. CONCLUSION
Based on the calculated resonant transmission properties in a defective
1DPC, the properties of the defect modes for the asymmetric and
symmetric structures have been theoretically investigated. In an
asymmetric structure, there is a single defect mode inside the PBG.
The peak height is strongly dependent on the angle of incidence for
both TE and TM waves. The position of defect mode moves to
shorter wavelength as the angle increases. In a symmetric one, we
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find that there are two defect modes. The peak heights of these
two modes are independent of the incident angle. The effect of the
incident angle is to shift the defect positions to the shorter wavelengths.
The dependence of defect thickness on the number of defect modes
is also illustrated. The analysis on the defect modes provides useful
information for the design of a narrowband transmission filter based on
the 1DPCs. Finally, it is worthwhile to mention that the local defect
modes in this study are mainly due to the presence of defect layer in
the structure. However, the other possible local defects arising from
the external surfaces are beyond the current work.
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