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1. INTRODUCTION

More recently, much attention has been focused on the area of electro-
magnetic wave propagation, scattering, radiation, and guidance in bi-
isotropic chiral media owing to their diverse and potential applications
for fabricating novel chirowaveguides, chiro-shifters, chirolenses, chi-
ral fibers, and chiral shielding, etc., [1–4]. Biisotropic chiral materials
exhibit intrinsic handedness in their interaction with electromagnetic
waves, and being extra parameter presented by chirality, it permits
to design devices possessing better characteristics than those of their
dielectric counterparts. It is expected that as applications of chirality
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in the 1–100 GHz range become practical, and naturally, much work
remains to be done on characterizing the transmission characteristics
as well as constitutive parameters of various chiral media. Till now,
several authors have presented studies on the constitutive characteris-
tics of artificial chiral composites theoretically. For example, the single
scattering theory, full-wave method, and other approaches have been
used by Luebbers and Whites, et al. to calculate the effective chi-
rality parameter of a composite chiral material over a wide frequency
band, respectively [5–9]. The macroscopic effective medium theory
under Rayleigh approximation and renormalization method have been
developed by Lakhtakia, Sihvola, Zhuck, and Omar more recently to
evaluate the effective parameters of a disordered random biisotropic
chiral medium [10–12]. Furthermore, to be able to determine the
medium parameter of the biisotropic chiral material is of great im-
portance for practical applications, and some measurement techniques
have also been proposed and experimental work has been carried out to
obtain material parameters of chiral composites by Hollinger, Ro, Va-
raden, and Guerin, et al. [13–16]. The free-space and short-waveguide
techniques have been suggested to measure the chirality parameter
by Tretyakov, Engheta, et al. [17, 18]. On the other hand, cavity and
waveguide perturbation techniques can also give ways to determine chi-
rality and nonreciprocity parameters [19–22] . For isotropic non-chiral
case, it is well known that Roumeliotis, Kokkorakis, Kanellopoulos, and
Fikioris have done excellent analyses of an electromagnetic cylindrical
or spherical cavity with an internal off-axis small dielectric sphere [23–
25]. The resonant frequency and Q-factor of cylindrical and spherical
cavities containing chiral media have been examined by Rao, Xu, et
al. [26, 27]. Additionally, chiral resonators have some potential appli-
cations in the design of novel bandpass filters [28].

In this study, the author pays attention to a perfectly conduct-
ing cylindrical and a spherical cavity loaded with a biisotropic chiral
sphere, and these structures are evidently helpful to the measurement
of constitutive parameters of chiral materials. In the following sec-
tions, two cases of magnetic and electric modes are treated carefully
using a boundary-value approach, and the formulas for determining of
the lower- and higher-order resonant frequency shifts are developed.
Some numerical results are also presented to show some novel effect of
chirality on the resonant frequency shift of different order modes.
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2. GEOMETRY

Figs. 1(a)(b) present the geometries of the problem, in which one
small biisotropic chiral sphere of radius R1 , is located at the point
(ρ0, ϕ0, z0) with respect to the cylindrical coordinate system
O2(ρ2, ϕ2, z2) in a perfectly conducting cylindrical cavity, and the
point (d, θ0, ϕ0) in a perfectly conducting spherical cavity, respec-
tively. The cavities are filled with non-chiral medium with permit-
tivity ε1 and permeability µ1 , and the radius of the cavities is R2

and the height of cylindrical cavity is H . At first, the chiral sphere
is supposed to be reciprocal and it is characterized by the permittiv-
ity ε , the permeability , µ and the chiral admittance ξc . For a time
harmonic excitation (e−iωt) , its constitutive relations are assumed to
be described by the following equations in an appropriate frequency
range:

�D = ω�E + iξc�B (1)
�H = iξc�E + �B/µ (2)

where the three quantities ε, µ ,and ξc are all real numbers for the
lossless case and complex if losses are considered.

3. FIELD EQUATIONS FOR THE CYLINDRICAL
CAVITY

3.1 The Magnetic Mode Case (TE)

The corresponding unperturbed electric and magnetic fields in the
case of magnetic mode (TE mode or H-mode) with respect to
O2(ρ2, ϕ2, z2) in cylindrical cavity are described by

�Emnl(ρ2, ϕ2, z2) = �M
(1)
mnl(ρ2, ϕ2, Z2) (3)

�Hmnl(ρ2, ϕ2, z2) = − i

η1

�N
(1)
mnl(ρ2, ϕ2, z2) (4)

where η =
√

µ1
ε1

, i =
√
−1; �M

(1)
mnl(·) and �N

(1)
mnl(·) are the cylindrical

vector wave functions of the first kind defined as follows:

�M
(1)
mnl(ρ2, ϕ2, z2) =

[ im

ρ2
Jm(kmn)�eρ2 − kmnJ ′m(kmnρ2)�eϕ2

]
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Figure 1. The geometries of the cylindrical and spherical cavities con-
taining a biisotropic (non)reciprocal chiral sphere, respectively.
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eimϕ2 sin(kzlz2) (5a)

�N
(1)
mnl(ρ2, ϕ2, z2) =

1
kmnl

∇× �M
(1)
mnl(ρ2, ϕ2, z2) (5b)

with
k2
mnl = k2

mn + k2
zl, kzl = lπ/H, l = 1, 2, 3, · · ·. (5c)

in which Jm and J ′m stand for the Bessel function of the first kind
and its derivative, respectively; while kmn is determined by

J ′m(kmnR2) = 0, n = 1, 2, 3, · · ·. (6)

It is worth noting that, because of the smallness of chiral sphere, its
scattered field is weak compared to the original field that can be re-
garded as the incident field of the chiral sphere, and furthermore it can
be expressed as the following form by taking advantage of the transla-
tional addition theorem with respect to the spherical coordinate system
O(r, θ, ϕ) :

�Emnl =
∞∑

µ=−∞

∞∑
v=|µ|

[Aµ−m,v
�M (1)
µv (r, θ, ϕ) + Bµ−m,v

�N (1)
µv (r, θ, ϕ)] (7)

�Hmnl = − i

η1

∞∑
µ=−∞

∞∑
v=|µ|

[Aµ−m,v
�N (1)
µv (r, θ, ϕ) + Bµ−m,v

�M (1)
µv (r, θ, ϕ)]

(8)

where Aµ−m,v and Bµ−m,v are shown in Appendix 1; �M
(1)
µv (r, θ, ϕ)

and �N
(1)
µv (r, θ, ϕ) are the spherical vector wave functions, respectively.

The electric and magnetic fields in the inner region of the chiral sphere
(r ≤ R1) are now expanded in terms of the generalized spherical vector
wave functions as [29, 30]:

�EI(r, θ, ϕ) =
∞∑

n′=1

n′∑
m′=−n′

[
Cm′n′

�V
(1)
m′n′(kmnl+, r, θ, ϕ)

+ Dm′n′
�W

(1)
m′n′(kmnl−, r, θ, ϕ)

]
(9)

�HI(r, θ, ϕ) = − i

ηc

∞∑
n′=1

n′∑
m′=−n′

[
Cm′n′

�V
(1)
m′n′(kmnl+, r, θ, ϕ)

−Dm′n′
�W

(1)
m′n′(kmnl−, r, θ, ϕ)

]
(10)
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where ηc =
√

µ
ε+µξ2c

is the chiral admittance; kmnl+ and kmnl− are
the wavenumbers of the right- and left-handed circularly polarized
eigenmodes in chiral sphere, and given by

kmnl± =
±µξc +

√
µε + µ2ξ2

c√
µ1ε1

kmnl (11)

In (9) and (10), �V
(1)
m′n′(·) and �W

(1)
m′n′(·) are defined as

{
�V

(1)
m′n′(kmnl+, r, θ, ϕ)

�W
(1)
m′n′(kmnl−, r, θ, ϕ)

}

=
1√
2

[
�M

(1)
m′n′(kmnl±, r, θ, ϕ)± �N

(1)
m′n′(kmnl±, r, θ, ϕ)

]

=
eim

′ϕ

√
2

{
± 1

kmnl±r
jn′(kmnl±r)n′(n′ + 1)Pm′

n′ (cos θ)�er

+jn′(kmnl±r)
[
iτm′n′�eθ − πm′n′(θ)�eϕ

]
± 1

kmnl±r

∂

∂r
[rjn′(kmnl±r)](πm′n′(θ)�eθ + iτm′n′(θ)�eϕ)

}
(12a, b)

In (12a, b), jn′ is the spherical Bessel function of the first kind;
πm′n′(θ) = ∂

∂θPm′
n′ (cos θ), τm′n′(θ) = m′

sin θPm′
n′ (cos θ), Pm′

n′ (cos θ) is the
associated Legendre function; �er,�eθ and �eϕ are three unit vectors of
the coordinate system O1(r, θ, ϕ) , see Fig. 1. The scattered fields of
chiral sphere are written as

�Es =
∞∑

n′=1

n′∑
m′=−n′

[
Em′n′

�V
(3)
m′n′(kmnl, r, θ, ϕ)

+ Fm′n′
�W

(3)
m′n′(kmnl, r, θ, ϕ)

]
(13)

�Hs = − i

η1

∞∑
n′=1

n′∑
m′=−n′

[
Em′n′

�V
(3)
m′n′(kmnl, r, θ, ϕ)

− Fm′n′
�W

(3)
m′n′(kmnl, r, θ, ϕ)

]
(14)

where �V
(3)
m′n′(·) and �W

(3)
m′n′(·) are the generalized spherical vector wave

functions of the third kind and their expressions are given by (12a, b)
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in which kmnl± should be replaced by kmnl , and jn′ replaced by
the special Hankel function of the first kind h

(1)
n′ , respectively. Here

Em′n′ , Fm′n′ together with Cm′n′ , Dm′n′ are unknown mode expand-
ing coefficients. Straightforwardly, applying boundary conditions at
the chiral sphere surface yields four sets of equations:∣∣∣∣∣∣∣

jn′+ jn′− −hn′ −hn′

∂jn′+ −∂jn′− −∂hn′ ∂hn′

ηjn′+ −ηjn′− −hn′ hn′

η∂jn′+ η∂jn′− −∂hn′ −∂hn′

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

Cm′n′

Dm′n′

Em′n′

Fm′n′

∣∣∣∣∣∣∣ =
√

2

∣∣∣∣∣∣∣
Am′−m,n′jn′

Bm′−m,n′∂jn′
Bm′−m,n′jn′

Am′−m,n′∂jn′

∣∣∣∣∣∣∣
(15)

where

jn′ = jn′(kmnlR1), hn′ = h
(1)
n′ (kmnlR1), ∂jn′ =

d

rdr
(rjn′(r))|r=kmnlR1

∂hn′ =
d

rdr
(rh

(1)
n′ (r))|r=kmnlR1 , jn′± = jn′(kmnl±R1)

∂jn′± =
d

r±dr±
(r±jn′(r±))|r±=kmnl±R1 ,

∂hn′± =
d

r±dr±
(r±h

(1)
n′ (r±))|r=kmnl±R1 , η = η1/ηc

Some algebraic manipulation from (15) leads to the following expres-
sions,

Em′n′ =
√

2(Am′−m,n′D1n′ + Bm′−m,n′D2n′) (16)

Fm′n′ =
√

2(Am′−m,n′D3n′ + Bm′−m,n′D4n′) (17)

and the coefficients D1n′ , · · ·, D4n′ are shown in Appendix 2. In
the region VA ∈ (ε1, µ1) the total fields are also governed by vector
Helmholtz equation with corresponding wavenumber K

(t)
mnl , i.e.,

∇2(�Fmnl + �Fs) + K
(t)
mnl(�Fmnl + �Fs) = 0 (18)

where F = E, H , and using the vector Green’s function as Roumeli-
otis, et al. have done, the relative resonant frequency can be derived,
i.e.,

∆fmnl

fmnl
= −

N∑
i=1

∆f
(i)
mnl

fmnl
=

I1

2k2
mnlI2

(19)
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where ∆f
(i)
mnl is the ith-order perturbed resonant frequency shift, and

the perturbed factor I1 , is calculated by

I1 =©
∫∫

[(�er × �Et
mnl) · (∇× �E∗mnl)− (∇× �Et

mnl) · (�er × �E∗mnl)]ds1

(20a)

I2 =
∫∫∫
v2

|�Emnl|2dv2 =
πH

2
(
(kmnR2)2 −m2

)
J2
m(kmnR2) (20b)

here v2 is the total space of the cavity, and the boundary conditions
for perfectly conducting walls of cylindrical cavity in (20a) and small
electric size of chiral sphere in (20b) have been taken into account.
Substituting (7), (8), (13) and (14) into (20a) combined with the
orthogonal properties of generalized spherical vector wave functions, we
get the following expression after some mathematical manipulations,

I1 = kmnlR
2
1

∫ π

0

∫ 2π

0


{ ∞∑
µ=−∞

∞∑
v=|µ|

Sv(A∗µ−m,v∂jv�B∗µv + �B∗µ−m,vjv�C∗µv)
}

·
{ ∞∑
n′=1

n′∑
m′=−n′

Sn′(Gm′n′hn′
�Bm′n′ −Hm′n′∂hn′

�Cm′n′)
}

−
{ ∞∑
n′=1

n′∑
m′=−n′

Sn′(Gm′n′∂hn′
�Bm′n′ + Hm′n′hn′

�Cm′n′)
}

·
{ ∞∑
µ=−∞

∞∑
v=|µ|

Sv(A∗µ−m,vjv�B∗µv − �B∗µ−m,v∂jv�C∗µv)
}

 sin θ1dθ1dϕ1

(21)

where Sx =
√

x(x + 1), x = v, n′; �Bµv(m′n′) and �Cµv(m′n′) are the
complex spherical surface vector functions, given by

�Bµv =
eiµϕ

Sv

[
∂Pµ

v (cos θ)
∂θ

�eθ +
iµ

sin θ
Pµ
v (cos θ)�eϕ

]
(22)

�Cµv =
eiµϕ

Sv

[
−∂Pµ

v (cos θ)
∂θ

�eϕ +
iµ

sin θ
Pµ
v (cos θ)�eθ

]
(23)
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and Gm′n′ = (Em′n′ + Fm′n′)/
√

2, Hm′n′ = (Em′n′ − Fm′n′)/
√

2 . Al-
ternatively, the perturbed factor I1 can be decoupled into

I1 =
N∑
j=1

I
(j)
1 (24)

where I
(j)
1 (j = 1, ..., N) is the j th-order perturbed factor, expressed

by

I
(j)
1 = −j(j + 1)i

kmnl

∫ π

0

∫ 2π

0


D1j+3j

j∑
µ=−j

|A−µ−m,j |2|�Bµj |2

+D2j−4j

j∑
µ=−j

|B−µ−m,j |2|�Cµj |2

 sin θdθdϕ

(25)

where D1j±3j = D1j±D3j , D2j±4j = D2j±D4j ; D1j−3j = D2j+4j and
the approximate formulas of (A3) are introduced above.

Finally, using the orthogonal relations of �Bµv and �Cµv in Appendix
3 and in [23], we obtain the analytical formulas for the first-, second-,
and third-perturbed relative resonant frequency shifts as follow:

∆f̃ (1) = 2C[D̃11+31(Bm±1CzCα + BmSzSα) + D̃21−41Bm±1Sz] (26)

and

C =
k2
mnR3

1

H[(kmnR2)2 −m2]J2
m(kmnR2)

, S(C)α =
(

kmn(zl)

kmnl

)2

Cz = cos2(kzlz0), Sz = sin2(kzlz0),
Bm±q = J2

m+q(kmnρ0) + J2
m−q(kmnρ0)

∆f̃ (2) =
CX2

3
·
{

D̃12+32[Bm±2CzSαCα + Bm±1Sz(Cα − Sα)2

+3BmCzCαSα] + D̃22−42(Bm±2SzSα + Bm±1CzCα)
}

(27)

∆f̃ (3) =
CX4

75
·
{

D̃13+33[
5
4

Bm±3CzCαS2
α +

10
3

Bm±2SzSα(
3
2

Sα − 1)2

+
1
12

Bm±1CzCα(15Cα − 11)2 +
1
2

BmSzSα(1− 5Cα)2]

+D̃23−43[
1
12

Bm±1Sz(1− 5Cα)2 +
10
3

Bm±2CzCαSα +
5
4

Bm±3SzS
2
α]

}
(28)
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and ∆f̃ (p) = ∆f
(p)
mnl

fmnl
, p = 1, 2, 3; X = kmnlR1,

D̃1n+3n =
[n(ε + µξ2

c ) + (n + 1)ε1]µ1 − [nε + (n + 1)ε1]µ
n[nε + (n + 1)ε1]µ + (n + 1)[n(ε + µξ2

c ) + (n + 1)ε1]µ1

(29a)

D̃2n−4n =
n(ε1 − ε)µ + (n + 1)[ε1 − (ε + µξ2

c )]µ1

n[nε + (n + 1)ε1]µ + (n + 1)[n(ε + µξ2
c ) + (n + 1)ε1]µ1

(29b)

The total resonant frequency shift is calculated by

∆fmnl = ∆f
(1)
mnl + ∆f

(2)
mnl + ∆f

(3)
mnl + O(R9

12) (30)

where R12 = R1/R2 . Here the higher-order perturbation corresponds
to the contribution of higher-order polarisability moment of chiral sam-
ple. Comparing our results with the traditional perturbation formula
under the condition of Rayleigh approximation for non-chiral materi-
als [25], it is exact enough here to determine the resonant frequency
shift of an perfectly conducting cylindrical cavity loaded with recip-
rocal chiral sphere. Since the higher-order resonant frequency shift is
taken into account, the restriction on the dimension of chiral sphere is
relaxed greatly and only if the chiral sphere is kept away from the cav-
ity walls. Additionally, it is interesting to note that, for non-magnetic
chiral sphere ( µ1 = µ ), (29) is turned into:

D̃1n+3n =
nµξ2

c

n[nε + (n + 1)ε1] + (n + 1)[n(ε + µξ2
c ) + (n + 1)ε1]

> 0

(31a)

D̃2n−4n = − ε− ε1 + (n + 1)µξ2
c

n[nε + (n + 1)ε1] + (n + 1)[n(ε + µξ2
c ) + (n + 1)ε1]

< 0

(31b)

and especially, for non-chiral sphere, (29) reduces to the most simple
form:

D̃1n+3n =
µ1 − µ

nµ + (n + 1)µ1
(32a)

D̃2n−4n =
ε1 − ε

nε + (n + 1)ε1
(32b)
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3.2. The Electric Mode Case (TM)

The unperturbed electric and magnetic fields for electric mode (TM)
in a perfectly conducting cylindrical cavity are

�Emnl(ρ2, ϕ2, z2) = iη1
�N

(1)
mnl(ρ2, ϕ2, z2) (33)

�Hmnl(ρ2, ϕ2, z2) = �M
(1)
mnl(ρ2, ϕ2, z2) (34)

and in O1(r, θ, ϕ) ,

�Emnl = iη1

∞∑
µ=−∞

∞∑
v=|µ|

[
A′µ−m,v

�N (1)
µv (r, θ, ϕ) + B′µ−m,v

�M (1)
µv (r, θ, ϕ)

]

(35)

�Hmnl =
∞∑

µ=−∞

∞∑
v=|µ|

[
A′µ−m,v

�M (1)
µv (r, θ, ϕ) + B′µ−m,v

�N (1)
µv (r, θ, ϕ)

]

(36)

where A′µ−m,v and B′µ−m,v are also given in Appendix 1. The internal
and scattered fields of the reciprocal chiral sphere can be described by

�EI(r, θ, ϕ) = iηc

∞∑
n′=1

n′∑
m′=−n′

[
cm′n′ �V

(1)
m′n′(k

′
mnl+, r, θ, ϕ)

−dm′n′ �W
(1)
m′n′(k

′
mnl−, r, θ, ϕ)

]
(37)

�HI(r, θ, ϕ) =
∞∑

n′=1

n′∑
m′=−n′

[
cm′n′ �V

(1)
m′n′(k

′
mnl+, r, θ, ϕ)

+dm′n′ �W
(1)
m′n′(k

′
mnl−, r, θ, ϕ)

]
(38)

�Es = iη1

∞∑
n′=1

n′∑
m′=−n′

[
em′n′ �V

(3)
m′n′(k

′
mnl, r, θ, ϕ)

−fm′n′ �W
(3)
m′n′(k

′
mnl, r, θ, ϕ)

]
(39)

�Hs =
∞∑

n′=1

n′∑
m′=−n′

[
em′n′ �V

(3)
m′n′(k

′
mnl, r, θ, ϕ)

+fm′n′ �W
(3)
m′n′(k

′
mnl, r, θ, ϕ)

]
(40)
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with

k′mnl± =
±µξc +

√
µε + µ2ξ2

c√
µ1ε1

k′mnl, (41)

k′mnl
2 = k′mn

2 + k′zl
2
, k′zl = lπ/H, l = 1, 2, 3, · · · , (42)

Jm(k′mnR2) = 0, n = 0, 1, 2, 3, · · · . (43)

and the above unknown coefficients are determined by

[D]




cm′n′
dm′n′
em′n′
fm′n′


 =

√
2




A′m′−m,n′jn′

B′m′−m,n′∂jn′

B′m′−m,n′jn′

A′m′−m,n′∂jn′


 (44)

or

em′n′ =
√

2(A′m′−m,n′d1n′ + B′m′−m,n′d2n′) (45)

fm′n′ =
√

2(A′m′−m,n′d3n′ + B′m′−m,n′d4n′) (46)

where the coefficient matrix [D] takes the same form as in (15) but
here η = ηc/η1 ,, and the tedious expressions d1n′ , · · ·, and d4n′ can
refer to Appendix 2. Correspondingly, the perturbed factor I1 in (20)
here becomes

I1 = k′mnlR
2
1

∫ π

0

∫ 2π

0


{ ∞∑
µ=−∞

∞∑
v=|µ|

Sv(A′∗µ−m,v∂jv�B∗µv + �B′∗µ−m,vjv�C∗µv)
}

·
{ ∞∑
n′=1

n′∑
m′=−n′

Sn′(gm′n′hn′
�Bm′n′ − hm′n′∂hn′

�Cm′n′)
}

−
{ ∞∑
n′=1

n′∑
m′=−n′

Sn′(gm′n′∂hn′
�Bm′n′ + hm′n′hn′

�Cm′n′)
}

·
{ ∞∑
µ=−∞

∞∑
v=|µ|

Sv(A′∗µ−m,vjv�B∗µv − �B′∗µ−m,v∂jv�C∗µv)
}

 sin θ1dθ1dϕ1

(47)
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and
I2 =

πH

δl0
(k′mnR2)2J2

m+1(k
′
mnR2) (48)

where δl0 =
{

1, l = 0
2, l �= 0 , gm′n′ = (em′n′ + fm′n′)/

√
2,

hm′n′ = (em′n′ − fm′n′)/
√

2 . As the case stands, the j th-order per-
turbed factor takes the following form,

I
(j)
1 = −i

j(j + 1)
k′mnl

∫ π

0

∫ 2π

0


D2j−4j

j∑
µ=−j

|A′−µ−m,j |2|�Bµj |2

+D1j+3j

j∑
µ=−j

|B′−µ−m,j |2|�Cµj |2

 sin θdθdϕ

(49)

Also, the first-, second-, and third- perturbed relative resonant fre-
quency shifts can be derived after some mathematical manipulations,
given by

∆f̃ (1)′ = C ′[D̃21−41(B′m±1S′zC
′
α + B′mC ′zS

′
α) + D̃11+31B′m±1C ′z] (50)

and

C ′ =
δl0R3

1

HR2
2J2

m+1(k′mnR2)
, S′(C ′)α = (

k′mn(zl)

k′mnl

)2

C ′z = cos2(k′zlz0), S′z = sin2(k′zlz0),
B′m±q = J2

m+q(k
′
mnρ0) + J2

m−q(k
′
mnρ0)

∆f̃ (2)′ =
C ′X

′2

6

{
D̃22−42[Bm±2S′zS

′
αC ′α + B′m±1C ′z(C

′
α − S′α)2

+3B′mS′zC
′
αS′α] + D̃12+32(B′m±2C ′zS

′
α + B′m±1S′zC

′
α)

}
(51)

4. THE CASE OF SPHERICAL CAVITY

In Fig. 1 (b), when the biisotropic reciprocal chiral sphere is placed in
a perfectly conducting spherical cavity, the corresponding unperturbed
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electric and magnetic fields for TE-mode in the spherical coordinate
system O2(r2, θ2, ϕ2) are written as

�Emn(r2, θ2, ϕ2) = �M (1)
mn(r2, θ2, ϕ2) (57)

�Hmn(r2, θ2, ϕ2) = − i

η1

�N (1)
mn(r2, θ2, ϕ2) (58)

where �M
(1)
mn(·) and �N

(1)
mn(·) are the spherical vector wave functions of

the first kind with wavenumber knl determined by

jn(knlR2) = 0, n, l = 1, 2, 3, · · ·. (59)

and jn(knlR2) is the spherical Bessel function of the first kind. Fur-
thermore, (57) and (58) can be expressed as the following form by
taking advantage of the translational addition theorem with respect to
the spherical coordinate system O1(r, θ, ϕ)

�Emn =
∞∑
v=1

v∑
µ=−v

[
Amn
µv

�M (1)
µv (r, θ, ϕ) + Bmn

µv
�N (1)
µv (r, θ, ϕ)

]
(60)

�Hmn = − i

η1

∞∑
v=1

v∑
µ=−v

[
Amn
µv

�N (1)
µv (r, θ, ϕ) + Bmn

µv
�M (1)
µv (r, θ, ϕ)

]
(61)

where Amn
µv and Bmn

µv are shown in [25, 31]. Then, following an anal-
ogous way adopted from (9) to (25) and using the substitutions:

knl ⇒ kmnl, knl± ⇒ kmnl±, A(B)mn
µv ⇒ A(B)µ−m,v (62)

we can obtain arbitrary order resonant frequency shift for TEmnl

mode:

∆f̃ (1) =
2
9

N0[D̃11+31(|Amn
−11|2 + 2|Amn

01 |2 + 4|Amn
11 |2)

+ D̃21−41(|Bmn
−11|2 + 2|Bmn

01 |2 + 4|Bmn
11 |2)] (63)

∆f̃ (2) =
1
50

N0X2 · [D̃12+32(
1
6
|Amn
−22|2 +

2
3
|Amn
−12|2

+ 4|Amn
02 |2) + 24|Amn

12 |2) + 96|Amn
22 |2)
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+ D̃22−42(
1
6
|Bmn
−22|2 +

2
3
|Bmn
−12|2

+ 4|Bmn
02 |2) + 24|Bmn

12 |2) + 96|Bmn
22 |2)] (64)

∆f̃ (3) =
4

3675
N0X4 · [D̃13+33(

1
180
|Amn
−33|2 +

1
30
|Amn
−23|2 +

1
3
|Amn
−13|2

+ 4|Amn
03 |2) + 48|Amn

13 |2) + 480|Amn
23 |2 + 2880|Amn

33 |2)

+ D̃23−43(
1

180
|Bmn
−33|2 +

1
30
|Bmn
−23|2 +

1
3
|Bmn
−13|2

+ 4|Bmn
03 |2) + 48|Bmn

13 |2) + 480|Amn
23 |2 + 2880|Bmn

33 |2)] (65)

with ∆f̃ (p) = ∆f
(p)
nl

fmnl
, N0 = R3

12
j2n+1(knlR2)

(2n+1)
n(n+1)

(n−m)!
(n+m)! , X = knlR1 . So

the total resonant frequency shift is determined by (30). As a special
case, in Fig. 1(b), when the chiral sphere is located at the center of
spherical cavity, since

lim
d→0

Amn
µv = δmµδnv, lim

d→0
Bmn
µv = 0 (66)

we find,

∆fm1l

f1l
=

2
3

1
j2
2(k1lR2)

R3
12D̃11+31 (67)

∆fm2l

f2l
=

1
15

(k2lR2)2

j2
3(k2lR2)

R5
12D̃12+32 (68)

∆fm3l

f3l
=

4
1575

(k3lR2)4

j2
4(k3lR2)

R7
12D̃13+33 (69)

and generally (n ≥ 1) ,

∆fmnl

fnl
=

n + 1
(1 · 3 · 5 · · · (2n− 1))2(2n + 1)

(knlR2)2(n−1)

j2
n+1(knlR2)

R2n+1
12 D̃1n+3n

(70)

It is noting that, only n th-order perturbation has contribution to the
resonant frequency shift of TEmnl mode. On the other hand, similar
results can be obtained for TMmnl mode and are suppressed here.

In the strict sense, the above formulas are only suited for the three-
parameter reciprocal chiral material. However, we can easily extend
our results to biisotropic four-parameter nonreciprocal chiral case. It
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is known that the constitutive behaviour of biisotropic nonreciprocal
chiral medium can be described by the following equations [32–38],

�D = ε�E + (χ + iκ)�H (71)
�B = µ�H + (χ− iκ)�E (72)

where χ is the nonreciprocity parameter, and κ the chirality param-
eter. Physically, only if χ = 0 (71) and (71) are equivalent to (1)
and (2). When the loaded chiral sphere in Fig.1 is nonreciprocal, the
arbitrary order frequency shift for both TEmnl and TMmnl modes in
cylindrical or spherical cavity can be calculated according to the for-
mulas developed in above sections by using the following substitutions
for D̃1n+3n and D̃2n−4n :

D̃1n+3n =
[nε + (n + 1)ε1](µ1 − µ) + n(χ2 + κ2)

[nε + (n + 1)ε1][nµ + (n + 1)µ1]− n2(χ2 + κ2)
(73)

D̃2n−4n =
[nµ + (n + 1)µ1](ε1 − ε) + n(χ2 + κ2)

[nε + (n + 1)ε1][nµ + (n + 1)µ1]− n2(χ2 + κ2)
(74)

where n = 1, 2, · · ·, N ; and here the contribution of higher-order polar-
isability moment of nonreciprocal chiral sample to the higher-order res-
onant frequency shift is also considered. In (73) and (74), κ = 0 is the
nonactive case. Obviously, the nonreciprocity parameter χ has simi-
lar effect as κ on the resonant frequency shift of TEmnl and TMmnl

modes.

5. NUMERICAL RESULTS AND REMARKS

To validate the analytical model, this section presents the calculated
values of lower- and higher-relative resonant frequency shifts in a cylin-
drical cavity to demonstrate the influences of geometrical size as well
as constitutive parameters of chiral sphere. As have been pointed out
[5–15], the chiral samples can be fabricated by embedding identical,
randomly oriented chiral inclusions in a continuous material. All the
parameters chosen here for calculations are in a realizable range and
related to some publications. The loss of chiral sphere is neglected
here so that the attenuation by chiral sphere can not mask effects pro-
duced by chirality. For practical consideration, the permittivity ε1 ,
and permeability µ1 , are chosen to be ε1 = ε0, µ1 = µ0 and the
eigenvalues kmnR2(k′mnR2) of the empty cylindrical cavity are given
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Figure 2. ∆f021
f021

versus ρ0/R2 in a perfectly conducting cylindri-
cal cavity with a chiral sphere: R1/R2 = 0.05, R2/H2 = 1.0, z0/H =
0.6, ε = 3.5ε0, µ = 1.2µ0, ξc = 0 ( ); 10−3Ω−1 ( );
3× 10−3Ω−1 ( ).

by: k02R2 = 3.83171, k11R2 = 1.84118, k12R2 = 5.33144, k21R2 =
3.05424, k22R2 = 6.70613; k′01R2 = 2.404825, k′11R2 = 3.83171 .

At first, Fig. 2 depicts ∆f021
f021

versus ρ0/R2 corresponding to differ-
ent chiral admittances.

The results are obtained using the first-order perturbed formula
(26), and are also checked by taking account of the contributions of
higher-order resonant frequency shifts (27–29). Since R1/R2 = 0.05�
1 the computed data show excellent agreement with (26) that can
predict the perturbation effect of chiral sphere exactly.

In Fig. 2, ξc = 0 is the non-chiral case. Notice that, because of
ε > ε1(ε1 = ε0) and µ > µ1(µ1 = µ0) the total resonant frequency
keeps ∆fmnl < 0 for non-chiral sphere. Such case is also suitable for
chiral sample. However, when chiral sphere is placed on or very near
the axis of cavity, we find ∆f021 > 0 (e.g., ξc = 3 × 10−3Ω−1 ). It is
clear that |∆fmnl| is also dependent on the chiral admittance ξc .

Fig. 3 illustrates ∆f021
f021

as a function of ρ0/R2 for the chiral sphere
of “large size”.
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Figure 3. As in Fig. 2, except that R1/R2 = 0.2, ξc = 3 × 10−3Ω−1

(one-order: ; three-order: ).

It is observed that, for chiral sample of “large size”, the calculated
result from (26) is exact as that from two- or three-order modified
formulas (27)–(29) only when the sample is placed not far from the
axis of cavity. But, when ρ0 → 0, |∆f021| becomes very small, this
is disadvantageous for measuring the constitutive parameters of chiral
samples. The best place for chiral sample of “large size” is the point
on which the resonant frequency shift reaches the maximum value.

Furthermore, Figs. 4 and 5 depict ∆fmnl
fmnl

versus ρ0/R2 for some
different TE and TMmnl modes, respectively.

In Figs. 4 and 5, R1/R2 is chosen to be 0.1 and all computed data
are obtained from (29) by taking account of higher-order resonant fre-
quency shifts. It is shown that the resonant frequency shifts for TEmnl

and TMmnl modes are always ∆fmnl < 0 for the given constitutive
parameters. Especially, for TE 111 , TE 121 and TM 010 ,TM 112 modes
the magnitudes of |∆fmnl| are the largest when ρ0 = 0

Fig. 6 shows ∆fmnl
fmnl

versus z0/H for TM 010 and TM 012 corre-
sponding different chiral admittances.

In Fig. 6, the resonant frequency shift ∆f010 keeps constant with
z0/H changing. Such feature has no relation to chiral admittance
only because of l = 0 , and this phenomenon is similar to non-chiral
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Figure 4 ∆fmnl
fmnl

versus ρ0/R2 for TEmnl mode in a perfectly con-
ducting cylindrical cavity with a chiral sphere: R1/R2 = 0.1, R2/H2 =
1.0, z0/H = 0.6, ε = 3.5ε0, µ = 1.2µ0, ξc = 3× 10−3Ω−1 .

Figure 5. ∆fmnl
fmnl

versus ρ0/R2 for TEmnl mode in a perfectly con-
ducting cylindrical cavity with a chiral sphere: R1/R2 = 0.1, R2/H2 =
1.0, z0/H = 0.2, ε = 3.5ε0, µ = 1.2µ0, ξc = 3× 10−3Ω−1 .
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Figure 6. ∆fmnl
fmnl

versus z0/H in a perfectly conducting cylindrical
cavity with a chiral sphere: R1/R2 = 0.1, R2/H2 = 1.0, ρ2/R2 =
0.5, ε = 3.5ε0, µ = 1.2µ0, ξc = 0 ( ); 10−3Ω−1 ( ); 3 ×
10−3Ω−1 ( ).

Figure 7. ∆f111
f111

versus ρ0/R2 for TM 011 in a perfectly conduct-
ing cylindrical cavity with a (non)reciprocal chiral sphere: R1/R2 =
0.1 R2/H2 = 1.0, z0/H = 0.2, ε = 3.5ε0, µ = 1.2µ0, χ = 0, κ =
0.5
√

µ0ε0 ( ); χ = κ = 0.5
√

µ0ε0 ( ); χ = 2κ =
√

µ0ε0

( ).
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case [23]. As ξc increases continuously, ∆f010 tends towards positive
shift. For TM 012 mode, the oscillation is enhanced greatly with ξc
increasing.

Finally, Fig. 7 depicts the combined effect of nonreciprocity and
chirality parameters on the resonant frequency shift of TM 011 mode
in a cylindrical cavity.

It is shown that the magnitude of relative resonant frequency shift
decreases with the increasing of χ or κ and tends to positive shift.

Correspondingly, similar phenomena can be observed for the influ-
ences of chirality on the resonant frequency shift of different modes in
a spherical cavity.

6. CONCLUSIONS

We have investigated the resonant features of a perfectly conducting
cylindrical and spherical cavities with a biisotropic (non)reciprocal chi-
ral sphere by means of boundary-value technique, and not only the
first-order but also the second- and third- order perturbational con-
tributions are considered. It is believed that the formulas presented
above have certain advantages since both “small” and “large” size are
applicable, so it can be directly used for characterizing the constitutive
parameter of chiral samples. On the other hand, the study above can
be easily extended to the case of small biisotropic (non)reciprocal chi-
ral sample of other shapes following the similar procedure developed
above, and are also useful in developing cavity technique for measuring
of the constitutive characteristics of bianisotropic materials.
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APPENDIX 1

In (7), (8), (40), and (41),

Aµ−m,v =
1
2
(−1)µ−mJµ−m(kmnρ0)e−i(µ−m)ϕ0

2v + 1
v(v + 1)

(v − µ)!
(v + µ)!

iv−µ

· kmnl(eikzlz0 + (−1)v+µe−ikzlz0) sin α
dPµ

v (cos α)
dα

Bµ−m,v =
1
2
(−1)µ−mJµ−m(kmnρ0)e−i(µ−m)ϕ0

2v + 1
v(v + 1)

(v − µ)!
(v + µ)!

iv−µ

· kmnl(eikzlz0 − (−1)v+µe−ikzlz0)(m + n)Pµ
v (cos α)

A′µ−m,v =
i

2
(−1)µ−mJµ−m(k′mnρ0)e−i(µ−m)ϕ0

2v + 1
v(v + 1)

(v − µ)!
(v + µ)!

iv−µ

· k′mnl(e
ik′zlz0 − (−1)v+µe−ik

′
zlz0) sin α

dPµ
v (cos α)

dα

B′µ−m,v =
i

2
(−1)µ−mJµ−m(k′mnρ0)e−i(µ−m)ϕ0

2v + 1
v(v + 1)

(v − µ)!
(v + µ)!

iv−µ

· k′mnl(e
ik′zlz0 + (−1)v+µe−ik

′
zlz0)(m + n)Pµ

v (cos α)
(A1)

APPENDIX 2

In (16) and (17),

D1n′ = [(1 + η)(ηjj−∂j+∂h + j+h∂j∂j− − j+j−∂j∂h)
+(1− η)(−ηjj+∂j−∂h + j−h∂j∂j+ + j+j−∂j∂h)
−2ηjh∂j+∂j−] /∆

D2n′ = [(1 + η)(ηj+h∂j∂j− − jh∂j+∂j− + jj−∂j+∂h)
+(1− η)(−ηj−h∂j∂j+ + jh∂j+∂j− + jj+∂j−∂h)
−2η∂j∂hj+j−] /∆

D3n′ = [(1 + η)(ηjj+∂j−∂h + j−h∂j∂j+

+ (1− η)(j+h∂j∂j− − ηjj−∂j+∂h)
− 2η(∂j∂hj+j− + jh∂j+∂j−)]/∆
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D4n′ = [(1 + η)(−ηj−h∂j+∂j − jj+∂j−∂h)
+ (1− η)(ηj+h∂j∂j− − jj−∂j+∂h)
+ 2η(∂j∂hj+j− + jh∂j+∂j−)]/∆

∆ =2[2η(j+j−∂h2 + ∂j+∂j−h2)− η2h∂h(j+∂j− + j−∂j+)]
(A2)

where the subscript n′ of spherical Bessel and Hankel functions and
their derivatives is omitted. When x = kmnR1(x± = kmnl±R1) < 1
we have

j ≈ xn′

1 · 3 · 5 · · · (2n′ + 1)
, j± ≈

xn′
±

1 · 3 · 5 · · · (2n′ + 1)

∂j ≈ xn′−1(n′ + 1)
1 · 3 · 5 · · · (2n′ + 1)

, ∂j± ≈
xn′−1
± (n′ + 1)

1 · 3 · 5 · · · (2n′ + 1)

h ≈ −i
1 · 3 · 5 · · · (2n′ − 1)

xn′+1
, h± ≈ −i

1 · 3 · 5 · · · (2n′ − 1)
xn′+1
±

∂h ≈ i
1 · 3 · 5 · · · (2n′ − 1)n′

xn′+2
, ∂h± ≈ i

1 · 3 · 5 · · · (2n′ − 1)n′

xn′+2
±

and h∂j − j∂h = − i

x2

(A3)
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APPENDIX 3

∫∫
�B−2,2 · �B∗−2,2dΩ =

∫∫
�C−2,2 · �C∗−2,2dΩ =

π

30
,∫∫

�B−1,2 · �B∗−1,2dΩ =
∫∫

�C−1,2 · �C∗−1,2dΩ =
2π

15
,∫∫

�B0,2 · �B∗0,2dΩ =
∫∫

�C0,2 · �C∗0,2dΩ =
4π

5
,∫∫

�B1,2 · �B∗1,2dΩ =
∫∫

�C1,2 · �C∗1,2dΩ =
24π

5
,∫∫

�B2,2 · �B∗2,2dΩ =
∫∫

�C2,2 · �C∗2,2dΩ =
96π

5
,∫∫

�B−3,3 · �B∗−3,3dΩ =
∫∫

�C−3,3 · �C∗−3,3dΩ =
π

1260
,∫∫

�B−2,3 · �B∗−2,3dΩ =
∫∫

�C−2,3 · �C∗−2,3dΩ =
π

210
,∫∫

�B−1,3 · �B∗−1,3dΩ =
∫∫

�C−1,3 · �C∗−1,3dΩ =
π

21
,∫∫

�B0,3 · �B∗0,3dΩ =
∫∫

�C0,3 · �C∗0,3dΩ =
4π

7
,∫∫

�B1,3 · �B∗1,3dΩ =
∫∫

�C1,3 · �C∗1,3dΩ =
48π

7
,∫∫

�B2,3 · �B∗2,3dΩ =
∫∫

�C2,3 · �C∗2,3dΩ =
480π

7
,∫∫

�B3.3 · �B∗3,3dΩ =
∫∫

�C3,3 · �C∗3,3dΩ =
2880π

7
,

(A4)
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