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Equivalent Circuit Analysis of Artificial Dielectric Layers

Eiichi Sano1 and Masayuki Ikebe2, *

Abstract—On the basis of equivalent circuit analysis, we investigated the electromagnetic
characteristics of artificial dielectric layers (ADLs) having arrays of square metal patches for the normal
incidence of plane waves, where the electromagnetic wavelength ranges from p/10 to p/2 (p: period).
A good agreement was obtained between measured and calculated S parameters and electromagnetic
parameters (permittivity and permeability) for a fabricated ADL except at around 5.2 and 9.2 GHz. A
possible cause of the discrepancy between the measured and calculated electromagnetic characteristics
is discussed by investigating the electromagnetic wave propagating along the surface of the ADL.
Applications of the equivalent circuit analysis to ADLs with other geometries are also discussed.

1. INTRODUCTION

Metamaterials are artificial materials that exhibit electromagnetic properties not generally found in
nature. Since Pendry claims that materials with a negative refractive index can act as perfect lenses [1],
metamaterials have received an enormous amount of attention and interest from both the scientific
and industrial communities. Artificial dielectric layers (ADLs) — composed of arrays of metal strips
embedded in an insulating material — are one of the oldest metamaterials even though the term
“metamaterial” was not used at the time of their invention. Artificial dielectric layers were originally
proposed in a configuration of arrays of metal plates to produce a material for microwave concave lenses
with an index of refraction less than unity [2]. Since the electric dipoles in an ADL produce a large
effective permittivity, microwave applications other than lens have recently been investigated. These
include miniaturized resonators [3, 4], silicon substrate shielding [5, 6], and antenna backplanes [7, 8].
Periodic arrays of square metal patches are often used in ADLs for the purpose of design convenience [5–
7].

For an ADL composed of a dielectric layer having two periodic arrays of square metal patches on
both surfaces, where one patch array is shifted by one-half period to the other patch array, the effective
permittivity in the direction of the edges of the patches is approximated by εeff = εdA/t2, where εd is
the permittivity of the dielectric layer, A is a quarter the area of a square patch, and t is the thickness
of the dielectric layer [5, 9]. In general, the period in a periodic metamaterial is much smaller than the
electromagnetic wavelength at the operating frequency. The periods in ADLs are about three orders
smaller than the wavelengths [5–7]. When the period is increased to increase the εeff of an ADL, it
approaches the electromagnetic wavelength, and the assumption, under which the above approximate
expression is derived, may be violated. The electromagnetic behavior of ADLs is of great concern in
the frequency region where the electromagnetic wavelength ranges from p/10 to p/2 (p: period of patch
array).

Although numerical simulations on the basis of a finite-difference time-domain scheme or finite
element method are rigorous to investigate the electromagnetic behavior of ADLs, a huge amount
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of computation time is required, and intuitive grasp of the relation between the ADL structure and
electromagnetic parameters (effective permittivity and permeability) is quite difficult. Although mode-
expansion methods reduce computation resources, they are still complicated to handle [10, 11].

In this study, we investigate the electromagnetic characteristics of ADLs having arrays of square
metal patches for the normal incidence of plane waves, where the electromagnetic wavelength ranges
from p/10 to p/2. Although the electromagnetic characteristics of ADLs only for the normal incidence
of plane waves were analyzed using a simple equivalent circuit, the analysis method can be extended
to the electromagnetic characterization for oblique incidence of transverse electric (TE) and transverse
magnetic (TM) waves by changing the impedances in the equivalent circuit in a similar manner to those
described by Luukkonen et al. [12]. In Section 2, we describe the measurement and analysis methods and
discuss the evaluation by using well-understood artificial magnetic conductors (AMCs). In Section 3,
we analyze the electromagnetic characteristics of an ADL on the basis of a simple equivalent circuit.
In Section 4, we discuss the applicable range of the equivalent circuit analysis. In the final section, we
mention applications of the equivalent analysis method to ADLs with other geometries.

2. MEASUREMENT AND ANALYSIS METHODS

A vector network analyzer (Keysight Technologies, E8361C) and a pair of horn antennas (Schwarzbeck,
BBHA9120C) were used to measure the scattering (S) parameters. The two-port system was calibrated
using the gated reflect line calibration method (Keysight Technologies, 85071E) [13]. Fig. 1 shows a
schematic view and a photograph of a fabricated ADL. The p and gap g of Cu patches were 16 and 1 mm,
respectively. The patch array on the front surface was shifted by one-half period (8 mm) to the patch
array on the rear surface in both x and y directions. The substrate was FR4 with a t of 1.6 mm. The
wave vector of the incident plane wave was in the z-direction.Commercially available electromagnetic
absorbers were placed on four edges of the fabricated ADL to avoid any electromagnetic wave radiation
from the edges.
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Figure 1. (a) Schematic view and (b) photograph of ADL.

Before investigating the fabricated ADL, AMCs were measured and analyzed using an equivalent
circuit. An AMC is produced by replacing the rear metal patches in ADL with whole metal. The
equivalent circuit of an AMC for the normal incidence of plane waves is shown in Fig. 2(a) [14]. The
gap capacitance is given by

Cg = α(p − g)ε0
εd + 1

2
K(

√
1 − (g/p)2)

K(g/p)
, (1)
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where ε0 is the permittivity of vacuum, εd the relative permittivity of the FR4 substrate, K the
complete elliptic integral of the first kind, and α a factor related to the finite size edge effects [14].
The characteristic impedance of an AMC is given by

Z =
jZd tan(βt)

1 − ωCgZd tan(βt)
, (2)

where Zd is the characteristic impedance of the FR4 substrate, β the wave number in the substrate,
and ω the angular frequency [14].
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Figure 2. Equivalent circuits for (a) AMC and (b) ADL.

Two types of AMCs were measured and characterized. The periods were 3.6 and 4.8 mm, while
both AMCs had a g of 0.15 mm and a t of 1.6 mm. Fig. 3 shows comparisons between measured and
calculated reflection (S11) phases and characteristic impedances, where the capacitance values of 0.13
and 0.21 pF used in the calculations were determined by adjusting the α in Eq. (1) to 0.55 and 0.62
for the AMCs with p of 3.6 and 4.8 mm, respectively, to fit the calculated resonant frequencies to the
measured resonant frequencies. Good agreement between measured and calculated results was obtained,
which showed that the validity of the measurement and analysis methods was confirmed.
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Figure 3. Comparisons between measured and calculated (a) reflection phases and (b) characteristic
impedances for AMCs.

3. MEASURED AND CALCULATED RESULTS FOR ADL

A straightforward modification of the equivalent circuit for an AMC leads to an equivalent circuit for an
ADL shown in Fig. 2(b). The S parameters for an ADL were converted from the cascade-connecting F
matrices [15]. Fig. 4 shows comparisons between measured and calculated S parameters and reflection
(S11) phase, where the capacitance value of 0.54 pF used in the calculations was determined by adjusting
the α in Eq. (1) to 0.58 to fit the calculated resonant frequency to the measured resonant frequency
at 6.8 GHz. Good agreement between measured and calculated results was obtained. A possible cause
of the discrepancy between measured and calculated S parameters at around 5GHz is discussed in the
next section.
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Figure 4. Comparisons between measured and calculated (a) S parameters and (b) reflection phase
for ADL. Dotted lines: calculations using equivalent circuit shown in Fig. 2(b). Solid lines: calculations
taking into account surface waves.

The characteristic impedance, permittivity, and permeability of the fabricated ADL were reduced
from the S parameters using the expressions described in a previous study [16] (Eqs. (4)–(6) in [16]).
Fig. 5 shows a comparison between measured and calculated characteristic impedance. A clear resonance
was observed at 6.8 GHz. Since the reflection phase was not zero at the resonance frequency, as shown
in Fig. 4(b), however, the ADL did not act as a magnetic conductor. The complex permittivity and
permeability of the ADL are respectively shown in Figs. 6 and 7. (The permittivity and permeability
described in as follows are meant as relative values.) The agreement between measured and calculated
(represented with dotted lines) permittivity and permeability was quite good except at around 5.2 and
9.2 GHz.
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Figure 5. Comparison between measured and calculated characteristic impedance of ADL. Dotted
lines: calculations using equivalent circuit shown in Fig. 2(b). Solid lines: calculations taking into
account surface waves.

4. DISCUSSION

The equivalent circuit could well explain the electromagnetic characteristics of the fabricated ADL for
the normal incidence of plane waves except at around 5.2 and 9.2 GHz. In this section, we discuss
a possible cause of the discrepancy between measured and calculated electromagnetic characteristics
(especially permittivity). To do this, the electromagnetic wave propagating along the surface of the
fabricated ADL (x direction in Fig. 1(a)) was modeled using an equivalent circuit. Fig. 8 shows a
unit cell composed of two parallel strip lines (each in the front metal-substrate-rear metal) and a gap
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calculations using equivalent circuit shown in
Fig. 2(b). Solid lines: calculations taking into
account surface waves.
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Figure 8. Equivalent circuit for electromagnetic
wave propagating along the surface of ADL.
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Figure 9. Calculated dispersion for wave
propagating along surface of ADL, where k0 is
wave number in free space.

capacitor extracted from the ADL. Since the parallel strip line with a certain t is equivalent to a
microstrip line (MSL) with t/2 [17], the unit cell can be modeled with two MSLs and the gap capacitor
C ′

g [= Cg(p − 2g)/2/(p − g), where Cg is given by Eq. (1)]. Each MSL had a width of 7mm, length l
of 7.5 mm, and a t of 0.8 mm. The effective permittivity εeff and characteristic impedance ZMSL of the
MSLs were calculated to be 3.47 and 17.3 Ω, respectively [17]. A periodic boundary condition for the
unit cell leads to frequency versus wave number (dispersion) characteristics given by

βxp = cos−1

[
cos2(βMSLl) − sin2(βMSLl) +

sin(βMSLl) cos(βMSLl)
ZMSLωC ′

g

]
, (3)

where βx is the propagation constant in the x direction and βMSL the propagation constant of MSLs.
The calculated dispersion characteristics for the electromagnetic wave propagating in the x direction

are shown in Fig. 9. A right-handed propagation mode appeared in the frequency region from
4.54 to 5.36 GHz, while a left-handed propagation mode appeared in the frequency region from 9.15
to 10.73 GHz. These frequency regions correspond to those where the measured electromagnetic
characteristics deviated from the calculations. When a plane wave with a frequency in these regions is
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incident to an ADL, a standing wave is generated on the surface of the ADL and affects the measured
S parameters. The effect of this surface wave is ignored in the equivalent circuit shown in Fig. 2(b).

We then attempted to introduce the effects of the surface wave propagations in the frequency
regions from 4.54 to 5.36 GHz and from 9.15 to 10.73 GHz into the equivalent circuit shown in Fig. 2(b).
To do this, the propagation constant in the FR4 substrate was changed to

βz =
√

εdk
2
0 − β2

x, (4)

where k0 is the wave number in free space, and βx is given by Eq. (3). The solid lines in Figs. 4–7 are the
calculated results using the modified propagation constant. The modification qualitatively explained
the experimental results. The possible cause of the quantitative discrepancy between the calculated and
measured results was the imperfection of the surface wave absorption at the ADL edges.

Under the assumption that permeability equals 1.0, sin(βt) ∼ βt, and cos(βt) ∼ 1.0 in the low-
frequency regions, a straight forward calculation leads to approximate expressions for real and imaginary
permittivity of an ADL and given by

ε′r = εd +
2Cg

ε0t
(5)

and

ε′′r = ωCgZ0

(
1 + 2εd +

2Cg

ε0t

)
≈ 0, (6)

respectively, where ε0 is the permittivity of vacuum and Z0 the characteristic impedance in free space.
Eq. (5) gives the real permittivity of 80.2 for the ADL used in the experiments, while the electrostatic
approximation (εeff = εdA/t2) gives the real permittivity of 97. It is obvious that the difference
in the permittivity values is caused by the different basis of the equivalent circuit and electrostatic
approximation models.

5. APPLICATIONS TO ADLS WITH OTHER GEOMETRIES

The equivalent circuit analysis was applied to ADLs with other geometries. Fig. 10(a) shows the shape
of the elemental metal patch used in the exploration of another ADL. The metal patch had four slits with
each width ws of 1mm and length ls of 5mm. The ADL was composed of a 1.6-mm-thick FR4 substrate
sandwiched by two metal patch arrays, the elemental patch of which had the shape shown in Fig. 10(a).
To take into account the effect of the slits, three circuit elements [Cs, Ls1, and LS2 shown in Fig. 10(b)]
were added to the equivalent circuit of the patch array without slits. Here C ′′

g = Cg(p− g −ws)/(p− g)
and Cs = Cgls/(p − g), where Cg is given by Eq. (1). Fig. 11 shows a comparison between measured
and calculated S parameters for the ADL, where Ls1 of 1.8 nH and Ls2 of 1.05 nH were used to match
the resonances measured at around 8 and 10 GHz to the calculation. A quite good agreement between
measured and calculated S parameters was obtained.

The equivalent circuit analysis was applied to ADLs with arbitrary numbers of metal layers by
cascading appropriate equivalent circuits. Fig. 12(a) shows a schematic cross section of an ADL
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Figure 10. (a) Elemental metal patch with four slits and (b) equivalent circuit of ADL composed of
FR4 substrate sandwiched by two metal patch arrays.
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Figure 11. Measured and calculated S parameters for ADL having patches with slits.
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Figure 12. Measured and calculated S parameters for ADL composed of four patch layers and three
FR4 layers between them. (a) Schematic cross section. (b) S parameters.

composed of four metal patch layers and three FR4 layers between them, where two metal layers
had the elemental square patch shown in Fig. 1(a) and the other layers had the elemental square patch
with slits shown in Fig. 10(a). The thickness of each FR4 layer was 1.6 mm. The S parameters for the
ADL were calculated by connecting the equivalent circuits shown in Figs. 2(b) and 10(b) through the
transmission line for the FR4 layer. Fig. 12(b) compares the measured and calculated S parameters for
the ADL. Agreement was fairly good.

6. CONCLUSION

On the basis of equivalent circuit analysis, we investigated the electromagnetic characteristics of ADLs
having arrays of square metal patches for the normal incidence of plane waves where the electromagnetic
wavelength ranges from p/10 to p/2. A good agreement was obtained between measured and calculated
S parameters and electromagnetic parameters (permittivity and permeability) for the fabricated ADL
except at around 5.2 and 9.2 GHz. An equivalent circuit analysis for the electromagnetic wave
propagating along the surface of the ADL revealed that these frequency regions corresponded to right-
handed and left-handed propagation modes. The improved equivalent circuit model taking into account
the surface wave propagation qualitatively explained the experimental results. These new findings are
useful for understanding the fundamental behavior of ADLs. It was also shown that the equivalent
circuit analysis was effective for ADLs with other geometries. Although the equivalent circuit analysis
is inferior to full-wave numerical simulations in terms of accuracy, it is helpful to intuitively grasp the
relation between the ADL structure and electromagnetic characteristics and useful for schematic design
of ADLs.
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